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1944 c Dieudonné[95] Ú?�;5�Vg´��ÿÀÆ?\��Ï�wÍI

�. 1950 ∼ 1951 cmïá�R�� Bing-Nagata-Smirnov Ýþz½n [53, 311, 354]

��¡&¢Ýþ5��5
��5�Cz,Ó�é2ÂÝþ5��ïÄÐ«
1

²�cµ§é�;59�Ýþ5��\ó��m
2ÂÝþ�mnØ�ïÄS4.

1961 c Alexandroff[3] 3Ù.� “��ÿÀÆ±9§�y�©ÛÚ�ê�'

X” �ISÆâ¬ÆþJÑ
^N�ïÄ�m���, =ò�ª���ÿÀ�m

aÏLN�a��Ý�ò§�é(u�N, ÏLN���m�'X�NÿÀ�

mØ�ïÄµe��N(�, ¦N�¤��«�ma�m�SÜ5Æ�rkå

óä. 1966 c Arhangel’skǐı[24] uL
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¦�öj½/l¯�

�K�ó�, 
��­��´Ï�p�Çg 1984 c±5ò%ãÉ�NN�°!Ã

h�ÏÚ±Y�y,��öC½
ÆS!ïÄ�Ä:,�Ñ
UY&¢���±9

Øäó��]íÚ&%. �,�Öd�ö�)�¤,���a�°¤�´3�½§

Ýþ�N
p�Ç�ïÄº��Æâg�.

�Ö�v´�ö 1991 c 9 � ∼ 1992 c 7 �3oA�ÆêÆ¤���¯Æö

�>��, a�öU1P�Ú4A²P�����Ï�'%. ,	§XJvkI[

g,�ÆÄ7`DïÄ¤J;ÍÑ�Ä7�]Ï,�Ö´éJ�Öö�¡�.

� ö

1993 c 4 �

�§¬�Ì?. ¥Iy�êÆ[D (1nò). H®: ô���Ñ��, 1998, 287 ∼ 297.



8 ¹

S . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . i

1��có . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iii

1��có . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . v

1�Ù 2ÂÝþ�m��) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.1 PÒ9â� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.2 ål¼ê . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.3 Ä . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

1.4 �éA . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

1.5 �, (modk) � . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

1.6 k �, fÄ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

1.7 2Â�ê;�m . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

1.8 ~ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

1�Ù Ýþ�m�N� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

2.1 N�a . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

2.2 _;N� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

2.3 ûN� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

2.4 mN� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

2.5 4N� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

2.6 ;CXN� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

2.7 s N� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

2.8 ss N� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

2.9 π N� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

2.10 ;N� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

2.11 σ ÛÜk�N� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

1nÙ 2ÂÝþ�ma . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

3.1 äk:�êCX��m . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103



· vi · 8¹

3.2 Σ �m . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

3.3 σ �m, ���m . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126

3.4 k ���m . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137

3.5 Mi �m . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144

3.6 �Ð�m . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 151

3.7 M �m . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160

3.8 ℵ �m . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 168

3.9 g �Ýþ�m . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 176

3.10 ,
ÿ�)û�¯K . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 182

N¹ A ,
CX5���x . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 185

A.1 �;�m . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 185

A.2 æ;�m . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 189

A.3 g�;�m . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 191

A.4 gæ;�m . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 193
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1.1 PÒ9â�

�½: �mþ�÷v T2 ©lún�ÿÀ�m.

�!½Â�Ö~^��
PÒÚâ�,
��ÞA�²;(J.

1.1.1 ¢êf8

± R L«¢��, ω,N,Q,P, I Ú R+ ©OL« R �g,ê8, ��ê8, k

nê8, Ãnê8, ü 4«mÚ�K¢ê8. ω �L«���Ã�Sê. P

S1 = {0}∪{1/n : n ∈ N}. ℵ0, c ©OL«N,R�Äê; ℵ1 L«1��Ø�êÄê.

1.1.2 ÿÀ�mf8�$�

é�mX, τ(X) L«X �ÿÀ, τ c(X) L«X ¥48��N.3ØÚå· 

�, ©OP τ(X) Ú τ c(X) � τ Ú τ c. éX �f8 A 9 X �f�m (Y, τ ′) �f

8 Z,

A ½ cl(A) L« A 3 X ¥�4�;

A◦ ½ int(A) L« A 3X ¥�SÜ;

∂A L« A 3 X ¥�>.;

Ad L« A 3X ¥�à:�8Ü;

clY (Z) ½ clτ ′(Z) L« Z 3 Y ¥�4�;

intY (Z) ½ intτ ′(Z) L« Z 3 Y ¥�SÜ.

1.1.3 ÿÀ�m�8x

é�mX, P

K (X) = {K ⊂ X : K ´ X �;8 },

S (X) = {S ⊂ X : S ´ X �¹4�:�ÂñS� },

Ù¥��k�8À��(½�²�ÂñS�. X ¥�S� {xn} ¡��²��, e

� xn ´pØ�Ó�.

é X �8xP, P

P<ω = {F ⊂ P : F k� };

PF = {∪F : F ∈ P<ω};

∪P = ∪{P : P ∈ P},P �¿;

∩P = ∩{P : P ∈ P},P ��;

P− = P = {P : P ∈ P},P �4�;

P◦ = {P ◦ : P ∈ P},P �SÜ;
⊕

P =
⊕

{P : P ∈ P},P �ÿÀÚ.

é A ⊂ X,x ∈ X, P

(P)A = {P ∈ P : P ∩A 6= ∅}, (P)x = (P){x};
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st(A,P) = ∪(P)A, st(x,P) = ∪(P)x;

stn+1(A,P) = st(st
n
(A,P),P), n ∈ N;

P|A = {P ∩A : P ∈ P}.

e F �´ X �8x, PP ∧ F = {P ∩ F : P ∈ P, F ∈ F}. Ón�½Â
∧

α∈Γ Pα.

1.1.4 �mþ�N�

� X,Y ´�m, f : X → Y .

é A ⊂ X, f 3 A ?��� f|A : A→ f(A) ½Â�é x ∈ A, f|A(x) = f(x).

é B ⊂ Y, f 3 B ?��� fB = f|f−1(B).

eP ´ X �8x, K f(P) = {f(P ) : P ∈ P},P 'u f ��.

eF ´ Y �8x, K f−1(F ) = {f−1(F ) : F ∈ F},F 'u f �_�½�

�.

é�m X,Y,Z Ú W , e f : X → Y, g : X → Z, h : W → Z, é�

�N� f△ g : X → Y × Z Ú¦ÈN� f × h : X × W → Y × Z ©O½

Â� (f△ g)(x) = (f(x), g(x)) Ú (f × h)(x,w) = (f(x), h(w)). �aq½Â

△α∈Γfα : X →
∏

α∈Γ Yα Ú
∏

α∈Γ fα :
∏

α∈ΓXα →
∏

α∈Γ Yα.

idX L«�mX �X �ðÓN�.

éÈ�m
∏

α∈ΓXα 9 β ∈ Γ, ± πβ :
∏

α∈ΓXα → Xβ L«
∏

α∈ΓXα 31 β

��I�mXβ þ�ÝKN�.

1.1.5 �m�$�

� Φ ´�ÿÀ5�.

(1) Φ ¡��\�, e {Xα}α∈Λ ´�xäk5� Φ ��mx, KÿÀÚ
⊕

α∈ΛXα äk5� Φ.

(2) Φ ¡�¢D� (m¢D�, 4¢D�),e�mX äk5� Φ, KX �z�

f�m (mf�m, 4f�m) �äk5� Φ.

(3) Φ ¡��È� (k��È�, �ê�È�),e {Xα}α∈Λ ´�xäk5�Φ

��mx (� Λ ´k�8, Λ ´�ê8), KÈ�m
∏

α∈ΛXα �äk5� Φ.

(4) Φ ¡��N�aL �± (_�±), e÷N� f : X → Y , Ù¥ f ∈ L �

�mX (�m Y ) äk5� Φ, K�m Y (�mX) �äk5� Φ.

�
Qã�Bå�, â� “Φ �m”!“Φ 5�” ½ “Φ �m5�” òL«Ó�

¹¿��¦^.

1.1.6 A�²;(J

�ã�Þ±��!�¦^���ÿÀÆ¥�A�²;Ún½½n±�� [101].

(1) Zermelo ûS½n. ?Û8Ü�U,��5S¤�ûS8.
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(2) ëYÚb�. c = ℵ1 ({P� CH).

(3) Urysohn Ýþz½n. äk�êÄ��K�m�i\Hilbert �N Iℵ0 , Ï


´�Ýþ�m.

(4) Urysohn Ún. X ´�5�m��=�éX ¥Ø���48A,B, �3

ëY¼ê f : X → I, ¦ f(A) ⊂ {0}� f(B) ⊂ {1}.

(5) Tietze *Ü½n. ���m´�5�m��=�½Âu§�4f�mþ�

¢�ëY¼ê�ëY/*Ü����mþ.

(6) Tychonoff È½n. ;�mx�È�m´;�m.

(7) Tychonoff ;*Ü½n. ���m´���K�m��=�§�3;*Ü.

(8) Baire �Æ½n. R ´1��Æ8,= R ¥�ê�mÈ8��8´R �È

f8, l
 R Ø´�ê�äk�SÜ�48�¿.

(9) é��Ún. �ëY¼êx {fα}α∈Λ ©l�m X �:�48, Ù¥ fα :

X → Yα. Ké��¼ê∆α∈Λ : X →
∏

α∈Λ Yα ´i\, = ∆α∈Λ : X → ∆α∈Λ(X)

´Ó�N�.

1.2 å l ¼ ê

Ýþ�m�´�êÆó�ö�É��Ï��´Ùþ�3Ýþ. éålún?

1��z´�)2ÂÝþ�m����å». �!lål¼êÑuÚÑÝþ�m,

é¡Ýþ�m, �Ýþ�m±9�'��Ð�m, [�Ð�m�Vg, y² Stone

½n.

½Â 1.2.1 d ¡�8ÜX �ål (�ål), e d : X ×X → R+ �é?¿�

x, y, z ∈ X, eã^�¤á:

(1) d(x, y) = 0 ��=� x = y (d(x, x) = 0);

(2) d(x, y) = d(y, x);

(3) d(x, y) 6 d(x, z) + d(z, y).

é A,B ⊂ X,x ∈ X, �

d(A,B) = inf{d(x, y) : x ∈ A, y ∈ B};

d(x,B) = d(B, x) = d({x}, B).

é�ê ε, -

B(x, ε) = {y ∈ X : d(x, y) < ε}.

X ¡�Ýþ�m (�Ýþ�m),eX ´± {B(x, ε) : x ∈ X, ε > 0} �Ä)¤�ÿ

À�m. ùÿÀ�¡�d d )¤�ÿÀ. e X �ÿÀ�dÙål d )¤, X ¡�

�Ýþ�m, d ¡�X �Ýþ.
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� {(Xα, dα)}α∈Λ ´Ýþ�mx. P X =
⊕

α∈ΛXα, ½Â d : X ×X → R+

Xe:

d(x, y) =

{
min{dα(x, y), 1}, �3 α ∈ Λ, ¦ x, y ∈ Xα,

1, Ù¦ .

K (X, d) ´Ýþ�m, d ¡�IO�ÿÀÚÝþ.

Ýþ�m´êÆïÄ���é�, äkûÐ�5�, X�Ýþ5´�\5, ¢

D5Ú�ê�È5. Ýþ�mnØ¥���!�­�!�`{�(J´ Stone ½

n.

½Â 1.2.2[53] �m X �8xP ¡�lÑ�, eé x ∈ X, �3 x 3 X �

�� V , ¦ V �P ¥�õ�����.

�ê�lÑ8x�¿¡� σ lÑ8x. ��/, � Φ ´�8x5�,�ê�ä

k5� Φ �8x�¿¡� σ-Φ 8x.

½n 1.2.3[362] (Stone ½n) Ýþ�m´�;�m.

y² � {Uα}α∈Λ ´Ýþ�m (X, d) �mCX. é α ∈ Λ, n ∈ N, �

(3.1) Uαn = {x ∈ X : B(x, 1/2n) ⊂ Uα}.

K Uα =
⋃

n∈N
Uαn, ¿� x ∈ Uαn ��=� d(x,X − Uα) > 1/2n. u´

(3.2) e x ∈ Uαn, y /∈ Uαn+1, K d(x, y) > 1/2n+1.

d Zermelo ûS½n, r�I8 Λ ûSz. �

(3.3) U ∗
αn = Uαn −

⋃
γ<αUγn+1, α ∈ Λ.

Ké α 6= β ∈ Λ, U α < β ½ β < α, d (3.3) ��

(3.4) U ∗
βn ⊂ X − Uαn+1 ½ U ∗

αn ⊂ X − Uβn+1.

e x ∈ U ∗
αn, y ∈ U ∗

βn, d (3.3) Ú (3.4), K� α < β �, x ∈ Uαn, y /∈ Uαn+1; �

β < α �, y ∈ Uβn, x /∈ Uβn+1. ¤±d (3.2) ok d(x, y) > 1/2n+1, =

(3.5) d(U ∗
αn, U

∗
βn) > 1/2n+1.

é x ∈ X, 3 Λ ¥�3��� α, ¦ x ∈ Uα, u´�3 n ∈ N, ¦ x ∈ Uαn, d

(3.3), x ∈ U ∗
αn. ùL²

(3.6)
⋃

α∈Λ,n∈N
U ∗

αn = X.

é α ∈ Λ, n ∈ N, �

(3.7) U+
αn = {x ∈ X : d(x, U∗

αn) < 1/2n+3}.

K

(3.8) U ∗
αn ⊂ U+

αn ⊂ Uα.

d (3.5), (3.7) 9n�Ø�ª,´yé α 6= β ∈ Λ, d(U+
αn, U

+
βn) > 1/2n+2. u´

é x ∈ X, B(x, 1/2n+3) �õ� {U+
αn}α∈Λ ¥������, ¤± {U+

αn}α∈Λ ´ X
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�lÑm8x. �d, {U+
αn}α∈Λ,n∈N ´ {Uα}α∈Λ � σ lÑm\[. �X ´�;�

m.

½Â 1.2.4[7] é8Ü X, ¼ê d : X × X → R+ ¡� X �é¡ål, eé

x, y ∈ X, eã^�¤á:

(1) d(x, y) = 0 ��=� x = y¶

(2) d(x, y) = d(y, x).

�m X ¡�é¡Ýþ�m, XJ�3 X �é¡ål d, ÷v U ∈ τ(X) ��=�

é x ∈ U , �3 ε > 0, ¦ B(x, ε) ⊂ U . ù� d ¡�X �é¡Ýþ.

e d ´X �é¡ål, @o (X, d) ´é¡Ýþ�m��=� d ÷v: A ⊂ X

´ X �48�¿�^�´é x ∈ X − A, d(x,A) > 0. ´�y, é¡Ýþ5´�\

5, m¢D5Ú4¢D5.

½Â 1.2.5[396] � d ´ X �é¡ål. d ¡� X ��Ýþ, e (X, d) ´é

¡Ýþ�m, ¿�é x ∈ X Ú ε > 0, x ∈ B(x, ε)◦. ù� (X, d) ¡��Ýþ�m.

e d ´ X �é¡ål, @o (X, d) ´�Ýþ�m��=� d ÷v: é

A ⊂ X,x ∈ A �¿�^�´ d(x,A) = 0. ´�y, �Ýþ5´�\5Ú¢D5.

½Â 1.2.6 �X ´�m.

(1) ¡ X � Fréchet �m (½ Fréchet-Urysohn �m) [115], XJ x ∈ A ⊂ X,

K�3 A �S�3X ¥Âñu x¶

(2) ¼ê g : N ×X → τ ¡� X � g ¼ê [150] (½4~ g ¼ê [407]), XJé

x ∈ X Ú n ∈ N, x ∈ g(n+ 1, x) ⊂ g(n, x). X�AO`², g ¼êþ^ g L«. é

A ⊂ X, P g(n,A) =
⋃

x∈A g(n, x)¶

(3) ¡ X äk�Ðm [1], XJ�3X �CX� {Fn} ÷v:

é x ∈ X, {st(x,Fn)}n∈N ´ x 3 X ���Ä. ù� {Fn} ¡�X ��Ðm.

½n 1.2.7 eã^��d:

(1) X ´�Ýþ�m¶

(2) X �3�Ýþ¼ê [150], =X äk g ¼ê÷v: éX �: x9S� {xn},

e xn ∈ g(n, x) ½ x ∈ g(n, xn), K xn → x¶

(3) X äk�Ðm [1]¶

(4) X ´1��ê (Fréchet) �é¡Ýþ�m [24].

y² (1) ⇒ (3). � (X, d) ´�Ýþ�m. é n ∈ N, �

Fn = {A ⊂ X : diamA < 1/n},

Ù¥ diamA = sup{d(x, y) : x, y ∈ A}. e x ∈ X, K st(x,Fn) = B(x, 1/n). ¤±

{st(x,Fn)}n∈N ´ x ���Ä.
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(3) ⇒ (2).� {Fn}´X ��Ðm,Ø��Fn+1 \[Fn. ½Â g : N×X →

τ , ¦ g(n, x) = st(x,Fn)◦. K g ´ X ��Ýþ¼ê.

(2) ⇒ (4).� g ´X ��Ýþ¼ê. w,, X ´1��ê�m. é x 6= y ∈ X,

�

m(x, y) = min{n ∈ N : y /∈ g(n, x), x /∈ g(n, y)}.

½Â d : X ×X → R+ �

d(x, y) =

{
0, x = y,

1/m(x, y), x 6= y.

K d ´ X ��Ýþ.

(4) ⇒ (1). � Fréchet �m X äké¡Ýþ d. é A ⊂ X, e x ∈ A − A,

�3 A �S� {xn} Âñu x. XJ d(xn, x) 9 0, @o�3 {xn} �f� Z, ¦

d(x, Z) > 0. - T = Z ∪ {x}. K T ´ X �4f�m, u´ (T, d) ´é¡Ýþ�

m. l
 x ´ T ��á:, gñ. Ï
 d(xn, x) → 0, � d(x,A) = 0.

íØ 1.2.8 �Ýþ5�´�ê�È5.

y² é n ∈ N, � gn ´�m Xn ��Ýþ¼ê. � g : N × (
∏

n∈N
Xn) →

τ(
∏

n∈N
Xn), ¦ g(m,x) = (

∏
n6m gn(m,xn)) ×

∏
n>m Xn, Ù¥ x = (xn) ∈

∏
n∈N

Xn. K g ´
∏

n∈N
Xn ��Ýþ¼ê.

½Â 1.2.9 �m X �mCX� {Un} ¡� X �Ðm, e§´ X ��Ð

m. äkÐm��m¡��Ð�m [8]. �K��Ð�m¡� Moore �m [298].

X �m8� {Un} ¡� X �[Ðm [47], eé x ∈ U ∈ τ , �3 n ∈ N, ¦

x ∈ st(x,Un) ⊂ U . äk[Ðm��m¡�[�Ð�m.

z�48´Gδ 8��m¡� perfect �m.

½n 1.2.10 eã^��d:

(1) X ´�Ð�m¶

(2) X �3�Ð¼ê [150], = X äk g ¼ê÷v: é X �: x 9S�

{xn}, {yn}, e {x, xn} ⊂ g(n, yn), K xn → x¶

(3) X ´ perfect �[�Ð�m [47].

y² (1) ⇒ (2). � {Un} ´ X �Ðm. é x ∈ X,n ∈ N, �½ Un ∈ Un, ¦

x ∈ Un, � g(n, x) =
⋂

i6n Ui. K g ´X ��Ð¼ê.

(2) ⇒ (3). � g ´X ��Ð¼ê. éX �48A, A =
⋂

n∈N
g(n,A), ¤±X

´ perfect. é n ∈ N, � Un = {g(n, x) : x ∈ X}. K {Un} ´ X �Ðm.

(3) ⇒ (1). � {Un} ´ perfect �mX �[Ðm. é n ∈ N, �3X �48�

{Fnj}, ¦ ∪Un =
⋃

j∈N
Fnj . -Hnj = Un ∪ {X − Fnj}. K {Hnj} ´ X �Ðm.
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�Ð5½[�Ð5Ñ´�\5,¢D5Ú�ê�È5. �Ð�m´�Ýþ�g

�;�m (�N¹ A ½n 3.3). eã½n�Ñ�Ýþ�m´�Ð�m���{ü

�¿©^�.¡�mX �ÄB ´:�ê�,eX �z�:=áuB ¥�ê��.

½n 1.2.11[152] äk:�êÄ��Ýþ�m´�Ð�m.

y² � U ´�Ýþ�m X �:�êÄ, (X,6) ´ûS8. é x ∈ X, P

(U )x = {Un(x)}n∈N; é n ∈ N, �

Vn(x) = B(x, 1/n)◦,

h(n, x) = Un(x) ∩ Vn(x),

p(n, x) = min{y ∈ X : x ∈ h(n, y)},

g(n, x) = Vn(x) ∩ (∩{h(i, p(i, x)) : i 6 n})

∩(∩{Uj(p(i, x)) : j, i 6 n, x ∈ Uj(p(i, x))}),

Gn = {g(n, x) : x ∈ X}.

K {Gn} ´ X �Ðm. eØ,, �3 x ∈ X 9 x �m�� W , ¦é i ∈ N k

xi ∈ X ÷v x ∈ g(i, xi) 6⊂ W . du x ∈ Vi(xi), ¤± xi → x. À� l,m ∈ N,

¦ B(x, 1/l) ⊂ Um(x) ⊂ W . eé y ∈ X k x ∈ h(l, y) ⊂ Vl(y), @o y ∈

B(x, 1/l) ⊂ Um(x), u´ p(l, x) ∈ Um(x), l
k k ∈ N, ¦ Um(x) = Uk(p(l, x)).

Ï� Uk(p(l, x)) ∩ h(l, p(l, x)) ´ x �m��, �3 i0 ∈ N, ¦� i > i0 �, xi ∈

Uk(p(l, x)) ∩ h(l, p(l, x)), Ï
� i > i0 �, p(l, xi) 6 p(l, x). ,��¡, e i > l,

K x ∈ g(i, xi) ⊂ h(l, p(l, xi)), @o p(l, x) 6 p(l, xi). �� i > max{i0, l} �,

p(l, xi) = p(l, x), ù� xi ∈ Uk(p(l, xi)), u´� i > max{i0, l, k} �, g(i, xi) ⊂

Uk(p(l, xi)) = Uk(p(l, x)) = Um(x) ⊂ W , gñ. ¤±X ´�Ð�m.

1.3 Ä

Ýþ�m9ÿÀ�mVgJÑ��)���5¯K´Ï¦�m�Ýþz½n,

=é�Ýþ�m�ÑS3�x. ù�¯K3 20 ­V 50 c����÷�)û.

½Â 1.3.1 �mX �8xP ¡�3 x ∈ X ´ÛÜk� (lÑ) � [5, 53], e

�3 x ��� V , ¦ V �P ¥�õk�� (��) ���. eP 3 X �z�:

´ÛÜk� (lÑ) �, K¡P 3 X ´ÛÜk� (lÑ) �.

U Stone ½n��, Bing, Nagata Ú Smirnov ��
²;�Ýþz½n.

½n 1.3.2 (Bing-Nagata-Smirnov Ýþz½n) é�K�mX, eã^�

�d:

(1) X ´�Ýþ�m¶

(2) X äk σ lÑÄ [53]¶
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(3) X äk σ ÛÜk�Ä [311, 354].

y² (1) ⇒ (2). � (X, d)´Ýþ�m. é n ∈ N, �Bn = {B(x, 1/2n)}x∈X .

K st(x,Bn) ⊂ B(x, 1/n). d Stone ½n (½n 1.2.3), Bn äk σ lÑm\[ Vn.

K
⋃

n∈N
Vn ´X � σ lÑÄ.

(2) ⇒ (3) ´w,�, e¡y² (3) ⇒ (1). � X äk σ ÛÜk�ÄB. é X

�mCXU , � V = {B ∈ B : �3 U ∈ U , ¦ B ⊂ U}. K V ´ U � σ ÛÜ

k�m\[. �X ´�;�m, l
X ´�5�m.

PB =
⋃

n∈N
Bn, Ù¥Bn ´ÛÜk��. é n,m ∈ N, B ∈ Bn, �

B0 = ∪{A ∈ Bm : A ⊂ B}.

K B0 ⊂ B. d Urysohn Ún, �3ëY¼ê fB : X → I, ¦ fB(B0) ⊂

{1}� fB(X −B) ⊂ {0}. é x, y ∈ X, ½Â

dnm(x, y) = min{1,
∑

B∈Bn

|fB(x) − fB(y)|}.

K dnm ´X ��ål. ­ü {dnm}n,m∈N � {dk}k∈N. 2½Â ρ : X ×X → R+ �

ρ(x, y) =

∞∑

k=1

dk(x, y)

2k
.

K ρ ´X �ål, �d ρ )¤�X �ÝþÿÀÒ´X �ÿÀ, ¤±X ´�Ýþ

�m.

½n 1.3.2 � (1) ⇔ (2) ¡� Bing Ýþz½n, (1) ⇔ (3) ¡� Nagata-

Smirnov Ýþz½n. dd���?�Ú�Ýþz½n.

½Â 1.3.3[54] �m X �f8xP ¡�;k��,eé K ∈ K (X), (P)K

´k��.

w,, ÛÜk�8x⇒ ;k�8x⇒ :k�8x.

íØ 1.3.4[54] X ´�Ýþ�m��=�X ´äk σ ;k�Ä��K�m.

y² �Iy¿©5. �B ´X � σ ;k�Ä. PB =
⋃

n∈N
Bn, Ù¥Bn

´;k��. äó: Bn ´ÛÜk��. ¯¢þ, é x ∈ X, P (B)x = {Bi}i∈N. é

k ∈ N, - Pk =
⋂

i6k Bi. é n, k ∈ N, eBn 3 x Ø´ÛÜk��, @o (Bn)Pk

´Ã��, l
�3Bn �Ã�8 {Qk}k∈N Ú X �S� {xk}, ¦ xk ∈ Pk ∩Qk.

- F = {x}∪ {xk : k ∈ N}. K F ´X �;8, ù�Bn �;k�5�gñ. �B

´ X � σ ÛÜk�Ä, l
X ´�Ýþ�m.

½n 1.3.5 eã^��d:

(1) X ´�Ýþ�m¶



· 10 · 1�Ù 2ÂÝþ�m��)

(2) X �3mCX� {Un}, ¦é x ∈ X, {st2(x,Un)}n∈N ´ x 3 X ���

Ä[299]¶

(3) X �3mCX� {Un}, ¦é K ∈ K (X), {st(K,Un)}n∈N ´ K 3 X �

��Ä [187]¶

(4) X �3Ðm {Un}, ¦Un+1 (\[Un
[388]¶

(5) X ´8��5��Ð�m [53]. (Bing ÝþzOK)

y² (1) ⇒ (2), (3), (4). �X ´Ýþ�m. é n ∈ N, �

Un = {U ∈ τ(X) : diamU < 1/2n}.

K {Un} ÷v^� (2), (3). Ï� X ´�;�m, �H1 = U1,Hn+1 ´ Un+1 ∧

(
∧

i6n Hi) �m(\[, K {Hn} ÷v (4).

(4) ⇒ (2). |^eUn+1 (\[Un, K st2(x,Un+1) ⊂ st(x,Un).

(3) ⇒ (2)�.Ø��Un+1 \[Un,��3 x ∈ U ∈ τ ,¦z� st2(x,Un) 6⊂ U .

� xn ∈ st2(x,Un) − U , K�3 yn ∈ st(x,Un), ¦ xn ∈ st(yn,Un) , @o yn → x.

Ø��¤k yn ∈ U . 4K = {x}∪{yn : n ∈ N}. KK ∈ K (X), l
�3m ∈ N,

¦ st(K,Um) ⊂ U , u´ xm ∈ U , gñ.

(2) ⇒ (5).Ø��Un+1 \[Un. w,, X ´�Ð�m. �H = {Hα}α∈Λ ´

X �lÑ48x. é α ∈ Λ, x ∈ Hα,�3 n(x) ∈ N,¦ st2(x,Un(x)) ⊂ X−∪{Hβ :

α 6= β ∈ Λ}. - Uα =
⋃

x∈Hα
st(x,Un(x)), @o Hα ⊂ Uα ∈ τ � {Uα}α∈Λ ´pØ

��8x. Ï
X ´8��5�m.

(5) ⇒ (1). 4 {Un} ´8��5�mX �Ðm. d X �g�;5, Un äk

4\[
⋃

m∈N
Fnm, Ù¥Fnm ´ X �lÑ48x. Ï� X ´8��5�m, �

Bnm = {BF : F ∈ Fnm} ´ X �lÑm8x�÷v: é F ∈ Fnm k U ∈ Un, ¦

F ⊂ BF ⊂ U . @o
⋃

n,m∈N
Bnm ´X � σ lÑÄ. Ï
X ´�Ýþ�m.

½Â 1.3.6 (1) �m X �8x P ¡�3 x ∈ X ´4��±�, eé

P ′ ⊂ P, XJ x ∈ ∪P ′, K x ∈ ∪P ′. é A ⊂ X, XJP 3 A �z�:´4�

�±�, K¡P 3 A ´4��±� [275]. äk σ 4��±Ä��K�m¡�M1

�m [79]¶

(2) X �8x B ¡� X �[Ä, XJé x ∈ U ∈ τ , �3 B ∈ B, ¦

x ∈ B◦ ⊂ B ⊂ U . äk σ 4��±[Ä��K�m¡�M2 �m
[79]¶

(3) X �8éxP ¡�X �éÄ, eP ÷v:

(i) (P1, P2) ∈ P ⇒ P1 ⊂ P2 � P1 ∈ τ .

(ii) é x ∈ U ∈ τ , �3 (P1, P2) ∈ P, ¦ x ∈ P1 ⊂ P2 ⊂ U .

X �8éxP ¡�X �=Gx [276], eéP ′ ⊂ P, ∪{P1 : (P1, P2) ∈ P ′} ⊂

�é�mX y²·K A ⇒ B, k���b�X ÷v A �^�, ±�Ø2`².
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∪{P2 : (P1, P2) ∈ P ′}. äk σ =GÄ��m¡�M3 �m
[79].

σ =GÄ~¡� σ =GéÄ. du=Gx´8éx,�ÖU¡� σ =GÄ. Ö

¥Ù¦�9=Gx?Ó�é�.

M1 �m, M2 �mÚM3 �mÚ¡�Mi �m
[79]. ´�, Ýþ�m⇒ M1 �

m⇒ M2 �m⇒ M3 �m⇒ �;�m. e¡?Ø Mi �m��
$�5�. w

,, Mi 5�´�\5.

·K 1.3.7 (1) M1 5�´m¢D5;

(2) M2 ½M3 5�´¢D5.

y² (1) �B ´M1 �m X � σ 4��±Ä. e Z ´ X �mf�m, K

{B ∈ B : B ⊂ Z} ´ Z � σ 4��±Ä, ¤± Z ´M1 �m.

(2) =éM2 5�?1y². �B ´M2 �mX � σ 4��±[Ä.e Z ´

X �f�m, @oB|Z ´ Z � σ 4��±[Ä, � Z ´M2 �m.

é�mX �8xP1 Ú�m Y �8xP2, �

P1 × P2 = {P1 × P2 : P1 ∈ P1, P2 ∈ P2}.

é X �8éxP1 Ú Y �8éxP2, �

P1 × P2 = {(P1 × P2, Q1 ×Q2) : (Pi, Qi) ∈ Pi, i = 1, 2}.

aq�½Â
∏

α∈Λ Pα.

Ún 1.3.8 é i = 1, 2, ePi ´�mXi �ÛÜk�8x (4��±8x,=

Gx), @oP1 × P2 ´�mX1 ×X2 �ÛÜk�8x (4��±8x,=Gx).

y² =y²4��±8x��/. �P1 = {Fα}α∈A,P2 = {Hβ}β∈B. é

C ⊂ A × B, �y² ∪{Fα ×Hβ : (α, β) ∈ C} ⊂ ∪{Fα × Hβ : (α, β) ∈ C}. �

(x, y) ∈ X1 ×X2 − ∪{Fα ×Hβ : (α, β) ∈ C}. �

U = X1 −∪{Fα : x ∈ X1 − Fα, (α, β) ∈ C},

V = X2 − ∪{Hβ : y ∈ X2 −Hβ , (α, β) ∈ C}.

K (x, y) ∈ U × V ∈ τ(X1 ×X2) � (U × V ) ∩ (∪{Fα ×Hβ : (α, β) ∈ C}) = ∅, u

´ (x, y) 6∈ ∪{Fα ×Hβ : (α, β) ∈ C}. ÏdP1 ×P2 ´X1 ×X2 �4��±8x.

·K 1.3.9 é i = 1, 2, 3, Mi 5�´�ê�È5.

y² =y²M1 �m��/. é m ∈ N, �
⋃

n∈N
Bnm ´M1 �m Xm �

Ä, Ù¥Bnm ´4��±�. é n ∈ N, �

Bn = (
∏

m6n

(
⋃

j6n

Bjm)) × {
∏

m>n

Xm}.

K
⋃

n∈N
Bn ´�K�m

∏
m∈N

Xm � σ 4��±Ä.

�!����Ü©,0�Mi �ma��
Ä��x.



· 12 · 1�Ù 2ÂÝþ�m��)

½Â 1.3.10 �mX �f8D ¡�X ��K48,e�3X �m8W , ¦

D = W . �K48�{8¡��Km8.

d½Â, D ´ X ��K48��=�D = D◦−; D ´ X ��Km8��=

�D = D−◦. eP ´X �4��±��K48x,KP◦ ´X �4��±�m

8x.

·K 1.3.11 X ´M1 �m��=�X ´äkd�K48|¤� σ 4��

±[Ä��K�m.

y² eB ´M1 �mX � σ 4��±Ä,KB− ´X � σ 4��±��

K4[Ä. eB ´X � σ 4��±��K4[Ä,KB◦ ´X � σ 4��±Ä.

·K 1.3.12[314] X ´M2 �m��=�X �3 g ¼ê÷v:

(1) e y ∈ g(n, x), K g(n, y) ⊂ g(n, x)¶

(2) e y ∈ X −H ∈ τ , K�3m ∈ N, ¦ y /∈ g(m,H).

y² �
⋃

n∈N
Bn ´ M2 �m X �[Ä, Ù¥ Bn ´4��±�. �

g : N ×X → τ �

g(n, x) = X −∪{P ∈ Bi : x /∈ P, i 6 n}.

K g ´X �÷v (1) Ú (2) � g ¼ê.

��, �X äk g ¼ê÷v^� (1) Ú (2), K X ´�K�m. é n ∈ N, �

Bn = {X − g(n,A) : A ⊂ X}.

d g ÷v (1), Bn ´4��±�. d g ÷v (2),
⋃

n∈N
Bn ´ X �[Ä. � X ´

M2 �m.

·K 1.3.13[156] X ´M3�m��=�X �3 g¼ê÷v: e y ∈ X−H ∈

τ , K�3m ∈ N, ¦ y /∈ g(m,H).

y² �
⋃

n∈N
Pn ´ M3 �m X �éÄ, Ù¥ Pn ´=Gx. ½Â g :

N ×X → τ �

g(n, x) = X −∪{P1 : (P1, P2) ∈ Pi, x /∈ P2, i 6 n}.

K g ´X �÷v�¦� g ¼ê.

��, � X � g ¼ê÷v: é y ∈ X −H ∈ τ , �3 m ∈ N, ¦ y /∈ g(m,H),

K X ´�K�m. é n ∈ N, �

Pn = {(X − g(n,X − U ), U ) : U ∈ τ}.

e τ ′ ⊂ τ , K ∪{X − g(n,X − U ) : U ∈ τ ′} ⊂ X − g(n,X − ∪τ ′) ⊂ ∪τ ′, u´

Pn ´ X �=Gx. é x ∈ U ∈ τ , �3 m ∈ N, ¦ x /∈ g(m,X − U ), l


x ∈ X − g(m,X − U ) ⊂ U . u´
⋃

n∈N
Pn ´X � σ =GÄ.

5 1.3.14 é�mX � g ¼ê, �Ä^�:

(1) e y ∈ X −H ∈ τ , K�3m ∈ N, ¦ y /∈ g(m,H);
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(2) é X �: x 9S� {xn}, e x ∈ g(n, xn), K xn → x;

(3) é X �: x, {x} =
⋂

n∈N
g(n, x).

@o (1) ⇔ (2) ⇒ (3).

Ýþ�m�¥/��x´ÝþÿÀ¥�g,�Ä.éì�!��
Ýþz½

n, k7�?ØÝþ�m¥¥/��x�ÛÜk�5Ú;k�5. 8xU ¡�(

k��, eé U ∈ U , (U )U ´k��.

½½½nnn 1.3.15[46] � (X, d)´Ýþ�m, ε > 0. -Bd(ε) = {Bd(x, ε) : x ∈ X}.

eã^��d:

(1) Bd(ε) ´ÛÜk��;

(2) Bd(ε) ´:k��;

(3) Bd(ε) ´(k��.

y² �Ly² (2) ⇒ (3). � Bd(ε) ´:k��. é B ∈ Bd(ε), 4

B∗ = {x ∈ B : B = Bd(x, ε)}, =¥ B �¥%�8. K B∗=� Bd(ε)¥k��

���. ÄK, �3d Bd(ε)�ØÓ�|¤�S� {Bn}, ¦ Bn ∩ B∗ 6= ∅. �½

xn ∈ Bn ∩ B∗, y ∈ B∗, zn ∈ B∗
n. K d(xn, zn) < ε, u´ zn ∈ Bd(xn, ε) = B, l


d(y, zn) < ε, Ïd y ∈ Bn, gñ. eBd(ε)Ø´(k��,K�3Bd(ε)��B �

Ã�� B∗
n ��, Ù¥ Bn ∈ Bd(ε). �½ xn ∈ B ∩B∗

n, x ∈ B∗. @o d(x, xn) < ε,

u´ x ∈ Bn, gñ.

z�Ýþ�mX �D���N�Ýþd,¦é ε > 0,Bd(ε)´4��±�
[316].

éäkØ�ê�e�ei�m (hedgehog space) J , Ø�3 J þ�N�Ýþ d, ¦

é ε > 0,Bd(ε) ´ÛÜk��
[46, 411].

1.4 � é A

1966 c Borges[56] |^ “�éA” �Ñ
M3 �m��­��x. Borges �

�{´�)2ÂÝþ�m�­�å».

½Â 1.4.1[56] X ¡���m, XJ�3¼êG : N × τ → τ ÷v:

(1) n ∈ N, U ∈ τ ⇒ G(n,U ) ⊂ U =
⋃

m∈N
G(m,U )§

(2) V ⊂ U ⇒ G(n, V ) ⊂ G(n,U )§

G ¡�X ��éA. �b� G 'u n ´4O�.

·K 1.4.2[56] eã^��d:

(1) X ´M3 �m¶

(2) X ´��m¶

(3) �3¼êH : N × τ c → τ ÷v:
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(i) n ∈ N, F ∈ τ c ⇒ H(n,F ) ⊃ F =
⋂

m∈N
H(m,F )§

(ii) L ⊂ F ⇒ H(n,L) ⊂ H(n,F ).

y² (2) ⇔ (3) ´w,�.

(1) ⇔ (3). e g ¼ê÷v 1.3.13 ��¦, Kd H(n,F ) = g(n, F ) ½Â�

¼ê H : N × τ c → τ ÷v (3). ��, e H : N × τ c → τ ÷v (3), Kd

g(n, x) = H(n, {x}) ½Â�¼ê g : N ×X → τ ÷v·K 1.3.13.

�
8�Qã�{'å�,÷v·K 1.3.13 ^�� g ¼ê¡��¼ê.

½Â 1.4.3 X ¡����m [93], XJ�3¼ê F : N × τ → τ c ÷v:

(1) U ∈ τ ⇒ U =
⋃

n∈N
F (n,U )¶

(2) V ⊂ U ⇒ F (n, V ) ⊂ F (n,U )¶

e��X ´�K�m��÷veã^�,K¡X ´ k ���m [265].

(3) é X �;8K ⊂ U , �3m ∈ N, ¦K ⊂ F (m,U ).

þã¼ê F ©O¡�X ���éAÚ k ��éA. �b� F 'u n ´4O

�.

·K 1.4.4[94] eã^��d:

(1) X ´���m¶

(2) X �3��¼ê, = X äk g ¼ê÷v: é X �: x 9S� {xn}, e

x ∈ g(n, xn), K xn → x¶

(3) �3¼êG : N × τ c → τ ÷v:

(i) F ∈ τ c ⇒ F =
⋂

n∈N
G(n,F )¶

(ii) L ⊂ F ⇒ G(n,L) ⊂ G(n, F ).

y² (1) ⇔ (3) ´w,�. d5 1.3.14, (2) ⇔ (3).

d½n 1.2.7 Ú·K 1.4.4, keãíØ.

íØ 1.4.5[94] X ´�Ýþ�m��=�X ´1��ê����m.

íØ 1.4.6[94] ��5�´�\5,¢D5Ú�ê�È5.

�ê�È5�y²|^ 1.4.4(2).

½Â 1.4.7 ¡�mX äk Gδ é��
[79] (G∗

δ é��
[162]), e X �3mC

X� {Un} ÷v: é x ∈ X, {x} =
⋂

n∈N
st(x,Un) ({x} =

⋂
n∈N

st(x,Un)). þã

CX�¡�X � Gδ é��S� (G∗
δ é��S�).

w,, G∗
δ é��⇒ Gδ é��.

Ún 1.4.8[207] � Y ´�K�m X �gæ;f�m. e {Un} ´d X �

m8|¤� Y �CX�, K�3d X �m8|¤� Y �CX� {Vn} ÷v: é

y ∈ Y ,
⋂

n∈N
st(y,Vn) =

⋂
n∈N

st(y,Vn) ⊂
⋂

n∈N
st(y,Un).
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y² d X ��K5Ú Y �gæ;5, é m ∈ N, �3d X �m8|¤�

Y �CX� {Vmn} ÷v:

(1) {Vmn|Y }n ´ (
∧

i,j<m Vij|Y ) ∧ (
∧

k6m Uk|Y ) � θ \[S�¶

(2) é V ∈ Vmn, i, j < m, �3W ∈ Vij , ¦ V ⊂W .

y3, � y ∈ Y , x ∈
⋂

i,j∈N
st(y,Vij). �½ i, j ∈ N, � m > max{i, j}, @o

k n ∈ N, ¦ y =áu Vmn �k���,u´ st(y,Vmn) = ∪{V : y ∈ V ∈ Vmn} ⊂

st(y,Vij). l

⋂

i,j∈N
st(y,Vij) =

⋂
i,j∈N

st(y,Vij) ⊂
⋂

n∈N
st(y,Un).

·K 1.4.9 (1) X äk Gδ é����=�é��∆ = {(x, x) : x ∈ X} ´

X2 � Gδ 8
[79].

(2) äk Gδ é����Kgæ;�mäkG∗
δ é��

[162].

y² dÚn 1.4.8 � (2). e¡y² (1). � {Un} ´�mX � Gδ é��S

�. é n ∈ N, �

Gn = ∪{U × U : U ∈ Un}.

K Gn ∈ τ(X2) �∆ =
⋂

n∈N
Gn.

� X2 �m8� {Gn} ÷v: ∆ =
⋂

n∈N
Gn. é n ∈ N, �

Un = {U ∈ τ(X) : U × U ⊂ Gn}.

K {Un} ´ X � Gδ é��S�.

½n 1.4.10[80] (Chaber ½n) äk Gδ é����ê;�m´;�Ýþ�

m.

y² � X ´äk Gδ é����ê;�m. ky² X ´;�m. 4 {Un}

´ X � Gδ é��S�. e X Ø´;�m, K�3 X �mCX U , ¦ U Ø¹

X ��êfCX. �½ x0 ∈ X, K�3 n(0) ∈ N, ¦ U Ø¹X − st(x0,Un(0)) �

�êfCX. ÄK, é n ∈ N, �3 U ��êfxBn CX X − st(x0,Un), @o
⋃

n∈N
Bn ´ X − {x0} ��êfCX, l
 U Ò¹ X ��êfCX, gñ. é

α < ω1, 8B/À� xα ∈ X 9 n(α) ∈ N, ÷v:

(1) xα /∈
⋃

β<α st(xβ ,Un(β))¶

(2) U Ø¹X −
⋃

β6α st(xβ,Un(β)) ��êfCX.

þã xα Ú n(α) ´�À��. Ï�é α < ω1, e� γ < α �, U Ø¹ X −
⋃

β6γ st(xβ ,Un(β)) ��êfCX, @o U ÒØ¹ X −
⋃

β<α st(xβ ,Un(β)) ��

êfCX. ÄK, {st(xβ ,Un(β)) : β < α} ∪ U ò¹ X �k�fCX. 4 γ ´¦

st(xβ ,Un(β)) Ñy3ùk�CX¥��� β, @oU Ò¹X −
⋃

β6γ st(xβ,Un(β))

�k�fCX, gñ. u´k n(α) ∈ N, ¦ U Ø¹ X −
⋃

β6α st(xβ,Un(β)) ��

êfCX.
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�½m ∈ N Ú ω1 �Ø�ê8A, ¦� β ∈ A �, n(β) = m. duUm �z�

��õ¹ {xβ : β ∈ A} ¥���:, ¤± {xβ : β ∈ A} ´ X �Ø�ê4lÑ8,

gñ.

Ùg, y²X ´�Ýþ�m. d·K 1.4.9, X äkG∗
δ é��.� {Hn} ´X

�G∗
δ é��S��Hn+1 \[Hn. é x ∈ U ∈ τ, {U}∪{X− st(x,Hn) : n ∈ N}

´X �mCX,§�3k�fCX,l
km ∈ N, ¦ st(x,Um) ⊂ U . � {Un} ´

X �Ðm. d Bing ÝþzOK, X ´�Ýþ�m.

·K 1.4.11 ��m⇒ k ���m⇒ ���m⇒ äkGδ é��, perfect,

g�;�m. Ï
�K���mäkG∗
δ é��.

y² w,, ��m⇒ k ���m⇒ ���m. � X ´���m, d½Â

1.4.3, X ´ perfect �m. 2díØ 1.4.6 Ú·K 1.4.9, X äk Gδ é��. é X

�mCXU Ú n ∈ N, �

Un = {F (n,U ) : U ∈ U },

Ù¥ F : N × τ → τ c ´X ���éA.K
⋃

n∈N
Un ´U � σ =G\[, Ï
X

´g�;�m (�N¹ A ½n 3.3).

íØ 1.4.12 �ê;����m´;�Ýþ�m.

½Â 1.4.13[160] X ¡�üN�5�m, XJéX ¥Ø���48 F,K, é

Am8D(F,K) ÷v:

(1) F ⊂ D(F,K) ⊂ D(F,K) ⊂ X −K¶

(2) e F ⊂ F ′,K′ ⊂ K, KD(F,K) ⊂ D(F ′,K′).

D ¡�X �üN�5�f.

½n 1.4.14[160] X ´��m��=�X ´üN�5����m.

y² �X ´��m,K�3¼êH : N× τ c → τ ÷v·K 1.4.2(3), Ø��

H(n+ 1, F ) ⊂ H(n, F ). é X ¥Ø���48 F,K, �

D(F,K) = ∪{H(n, F ) −H(n,K) : n ∈ N}.

K F ⊂ D(F,K) ∈ τ . e y ∈ K, @o�3 m ∈ N, ¦ y /∈ H(m,F ), u´

(X − H(m,F )) ∩ H(m,K) ´ y �m���Ø�u D(F,K), Ï
 D(F,K) ⊂

X −K. d D �½Â, D �÷v½Â 1.4.13(2).

��,�X ´üN�5����m. 2�DÚG©O´X �üN�5�fÚ

÷v·K 1.4.4(3)�¼ê. ½ÂH : N× τ c → τ , ¦H(n, F ) = D(F,X−G(n,F )),

K H ÷v·K 1.4.2(3). �X ´��m.

e¡=\?Ø k ���m�5�.

·K 1.4.15 é�K�mX, eã^��d:

(1) X ´ k ���m¶
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(2) X �3 k ��¼ê [126, 219], = X äk g ¼ê÷v: é x ∈ X 9 X �S

� {xn}, {yn}, e xn ∈ g(n, yn) � xn → x, K yn → x¶

(3) �3¼êG : N × τ c → τ ÷v:

(i) F ∈ τ c ⇒ F =
⋂

n∈N
G(n,F )¶

(ii) L ⊂ F ⇒ G(n,L) ⊂ G(n, F )¶

(iii) e X �;8K ∩ F = ∅, K�3m ∈ N, ¦K ∩G(m,F ) = ∅[265].

y² (1) ⇒ (2). � F : N × τ → τ c ´ X � k ��éA, Ø�� F (n,U ) ⊂

F (n+1, U ). ½Â g : N×X → τ , ¦ g(n, x) = X −F (n,X −{x}). K g ´X � k

��¼ê. ¯¢þ, é X �: x 9S� {xn}, {yn}, e xn ∈ g(n, yn) � xn → x ∈

U ∈ τ , Ø��¤k xn ∈ U , u´�3m ∈ N, ¦ {x} ∪ {xn : n ∈ N} ⊂ F (m,U ),

l
� n > m �, xn ∈ F (n,U ) − F (n,X − {yn}), Ïd yn ∈ U , � yn → x.

(2) ⇒ (3). � g ´ X � k ��¼ê. ½Â G : N × τ c → τ , ¦ G(n,F ) =

g(n, F ). w,, G ÷v (3) �^� (i) Ú (ii). e X �;8K ∩ F = ∅, 
é n ∈ N

kK ∩G(n,F ) 6= ∅, Kk yn ∈ F Ú xn ∈ K ∩ g(n, yn). díØ 1.4.12, {xn} �3

Âñf� {xnk
}, � xnk

→ x ∈ K, @o ynk
→ x ∈ F , gñ. Ïd, �3m ∈ N, ¦

K ∩G(m,F ) = ∅.

(3) ⇒ (1) ´w,�.

íØ 1.4.16[265] k ��5�´�\5,¢D5Ú�ê�È5.

1.5 �, (modk) �

�!Ì�£ãd�(½�2ÂÝþ�ma.

½Â 1.5.1 �m X �8xP ¡� X �� [17], XJé x ∈ U ∈ τ , �3

P ∈ P, ¦ x ∈ P ⊂ U . äk σ ÛÜk����K�m¡� σ �m [323].

d�K5, σ �mäk σ ÛÜk�4�.

·K 1.5.2 σ �m´�\5, ¢D5Ú�ê�È5.

½Â 1.5.3[203] �mX �8éxP ¡�X �é�, eP ÷v:

(1) (P1, P2) ∈ P ⇒ P1 ⊂ P2¶

(2) é x ∈ U ∈ τ , �3 (P1, P2) ∈ P, ¦ x ∈ P1 ⊂ P2 ⊂ U .

·K 1.5.4[203] X ´���m��=�X äk σ =G�.

y² � F : N × τ → τ c ´ X ���éA. é n ∈ N, �

Pn = {(F (n,U ), U ) : U ∈ τ},

K
⋃

n∈N
Pn ´ X � σ =G�.

�
⋃

n∈N
Pn ´ X �é�, Ù¥Pn ´X �=Gx. ½Â g : N ×X → τ , ¦
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g(n, x) = X − ∪{P1 : (P1, P2) ∈ Pi, x /∈ P2, i 6 n} .

K g ´ X � g ¼ê. é X �: x 9S� {xn}, e x ∈ g(n, xn) � xn 9 x,

Ø�� x /∈ Z, Ù¥ Z = {xn : n ∈ N}, u´k m ∈ N Ú (P1, P2) ∈ Pm, ¦

x ∈ P1 ⊂ P2 ⊂ X − Z. é n > m, g(m,xn) ∩ P1 = ∅, ,
 x ∈ g(m,xn) ∩ P1, g

ñ. � g ´ X ���¼ê. ÏdX ´���m.

·K 1.5.5 Moore �m⇒ σ �m⇒ ���m.

y² � {Un} ´Moore �mX �Ðm. Ï�X ´g�;�m, Un k σ Û

Ük�\[Fn. @o
⋃

n∈N
Fn ´ X � σ ÛÜk��, � X ´ σ �m. d·K

1.5.4, σ �m´���m.

½Â 1.5.6[280] äk�ê���K�m¡� cosmic �m.

·K 1.5.7[280] cosmic 5�´¢D5Ú�ê�È5.

X ¡� ℵ1 ;�m
[186], e X �4lÑf�m�õ´�ê8. w,, Lindelöf

�mÚ¢D�©�mÑ´ ℵ1 ;�m. ℵ1 ;�m�ÛÜk�8x�õ´�ê�.

·K 1.5.8 X ´ cosmic �m��=�X ´ ℵ1 ;� σ �m.

e¡0���A«í2/ª.

½Â 1.5.9 �P ´�mX �8x.

(1) é A ⊂ X,P ¡� A 3 X ��, XJ A ⊂ ∩P, ¿�e U ´ X ¥¹ A

�m8, @o�3 P ∈ P, ¦ A ⊂ P ⊂ U .

(2) P ¡� X � (modk) � [282], XJ�3 X �CX K ⊂ K (X), ¦é

K ∈ K , {P ∈ P : K ⊂ P} ´ K 3 X ��. ù��¡P ´'uK � (modk)

�. äk σ ÛÜk�4 (modk) ���m¡�rΣ �m [309].

w,, σ �m´r Σ �m.

·K 1.5.10[309] r Σ �m´�\5,4¢D5Ú�ê�È5.

y² =y²�ê�È��/. é i ∈ N, � Pi =
⋃

j∈N
Pij ´r Σ �

m Xi 'u Ki �4 (modk) �, Ù¥ Pij ´ÛÜk���Pij ⊂ Pij+1. �

X =
∏

i∈N
Xi. ½Â

K =
∏

i∈N
Ki, Fn = (

∏
i6n Pin) × {

∏
i>nXi}, n ∈ N,

K
⋃

n∈N
Fn ´X 'uK � σ ÛÜk�4 (modk) �.

½n 1.5.11[309] �;r Σ �m´�ê�È5.

y² Eæ^·K 1.5.10 y²¥�PÒ.��Xi ´�;�m,�y²X ´�

;�m. Ï��;�m´�)ä�m (�N¹A½n 1.11),é i, j ∈ N9 P ∈ Pij ,

�3 Xi ¥¹ P �m8 V (P ), ¦ {V (P ) : P ∈ Pij} ´ÛÜk��. é X �mC

X U , �
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F = {F ∈ Fn : n ∈ N, �3U
′ ∈ U

<ω, ¦ F ⊂ ∪U
′}.

é F ∈ F , À�UF ∈ U <ω, ¦ F ⊂ ∪UF . -

UF = {Uj(F ) : j 6 kF}, Ù¥ kF = |UF |.

@o8x

W (n, j) = {Uj(F ) ∩ V (F ) : F ∈ Fn ∩ F}

´ÛÜk��, �
⋃

n,j∈N
W (n, j) ´U � σ ÛÜk�m\[. �X ´�;�m.

½Â 1.5.12[287] �mX �8xP ¡�X �A� (modk)�,XJé x ∈ X,

�3Kx ∈ K (X) ÷v: eKx ⊂ U ∈ τ , K�3 P ∈ P, ¦ x ∈ P ⊂ U .

w,, X � (modk) �´A� (modk) �.

Ún 1.5.13[287] �P ´�mX �'uk��µ4�:�ê48x. eP

´ X �A� (modk) �, K�3X �CXK ⊂ K (X) ÷v:

(1) P ´'uK � (modk) �;

(2) e x ∈ P ∈ P, @okK ∈ K , ¦ x ∈ K ⊂ P .

y² é x ∈ X, �

Cx = (∩(P)x) ∩Kx,

Ù¥Kx ÷v½Â 1.5.12 ��¦. -

K = {Cx : x ∈ X}.

K X �;CX K ÷v (2). � Cx ⊂ U ∈ τ , 4 (P)x = {Pn}n∈N, Ø��

Pn+1 ⊂ Pn. � L = Kx − U . @o {X − Pn}n∈N ´ X �;8 L �4O�mCX,

u´�3m ∈ N, ¦ L ⊂ X − Pm, l
 Kx ⊂ U ∪ (X − Pm), ¤±k n ∈ N, ¦

x ∈ Pn ⊂ U ∪ (X − Pm). � j > max{n,m}, @o Cx ⊂ Pj ⊂ U . �P ´'uK

� (modk) �.

·K 1.5.14[287] X ´r Σ �m��=�X äk σ ÛÜk�4A� (modk)

�.

½Â 1.5.15 �m X �8xP ¡� X � p �, XJé x 6= y ∈ X, �3

P ∈ P, ¦ x ∈ P ⊂ X − {y}. äk σ 4��±4 p ���m¡� σ♯ �m [352].

p ��¡�X �©lCX [282], ½ ct � [352].

·K 1.5.16[162] X ´ σ♯ �m��=�X �3 σ♯ ¼ê, = X äk g ¼ê

÷v:

(1) é x ∈ X, {x} =
⋂

n∈N
g(n, x);

(2) e y ∈ g(n, x), K g(n, y) ⊂ g(n, x).

y² �
⋃

n∈N
Pn ´ σ♯ �m X �4 p �, Ù¥ Fn ´4��±�. ½Â

g : N ×X → τ , ¦
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g(n, x) = X − ∪{F ∈ Fi : x /∈ F, i 6 n}.

K g ´X � σ♯ ¼ê.

��, � g ´X � σ♯ ¼ê, K {X − g(n,A) : n ∈ N, A ⊂ X} ´X � σ 4�

�±4 p �.

íØ 1.5.17 σ♯ �m´�\5, ¢D5Ú�ê�È5.

·K 1.5.18[36] äk Gδ é���gæ;�m´ σ♯ �m.

y² �gæ;�m X äk Gδ é��S� {Un}. d X �gæ;5, é

n ∈ N, �3 X � σ 4��±4CX Pn ÷v: é x ∈ X, k P ∈ Pn Ú

U ∈ (Un)<ω
x , ¦ x ∈ P ⊂ ∪U (�N¹ A ½n 4.8), u´

⋃
n∈N

Pn ´ X � σ 4

��±4 p �. � X ´ σ♯ �m.

íØ 1.5.19[348] ���m´ σ♯ �m.

1.6 k �, fÄ

�!?Ø�
0uÄ���m�8x5�.

½Â 1.6.1[280] �m X �8xP ¡� X ��Ä, XJé X �;8 K ⊂

U ∈ τ , �3 P ∈ P, ¦ K ⊂ P ⊂ U . äk�ê�Ä��K�m¡� ℵ0 �m.

·K 1.6.2[280] �©Ýþ�m⇒ ℵ0 �m⇒ cosmic �m.

·K 1.6.3[280] ℵ0 �m´¢D5Ú�ê�È5.

½n 1.6.4[221, 392] äk:�ê�Ä��K�m´ ℵ0 �m.

y² �P ´�mX �:�ê�Ä.

(4.1) X äk:Gδ 5�. é x ∈ X, �½ y ∈ X − {x}, �

F = {X − P : y ∈ P ⊂ P ⊂ X − {x}, P ∈ P}.

KF ´X ��êm8x� x ∈ ∩F . e z ∈ X − {x}, � V ∈ τ , ¦ {y, z} ⊂ V ⊂

V ⊂ X−{x},K�3P ∈ P,¦ {y, z} ⊂ P ⊂ V . u´ {y, z} ⊂ P ⊂ P ⊂ X−{x},

l
 z /∈ ∩F . ¤± {x} = ∩F .

(4.2) X ´�©�m. �½ x ∈ X, 4 {Vn : n ∈ N} ⊂ τ , ¦ {x} =
⋂

n∈N
Vn.

P (P)x = {Pm}m∈N. é n,m ∈ N, e Pm − Vn 6= ∅, �½ anm ∈ Pm − Vn;

e Pm − Vn = ∅, - anm = x. � D = {anm : n,m ∈ N},  y X = D. é

G ∈ τ − {∅}, e x ∈ G, K G ∩ D 6= ∅; e x /∈ G, � y ∈ G, �3 n ∈ N, ¦

y ∈ X − Vn. du {x, y} ⊂ G ∪ Vn, k m ∈ N, ¦ {x, y} ⊂ Pm ⊂ G ∪ Vn, l


y ∈ Pm − Vn ⊂ G, ¤± anm ∈ G, � G ∩D 6= ∅.

(4.3) X äk�ê�Ä.� D ´X ��êÈ8. �
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H = {P ∈ P : P ∩D 6= ∅}.

KH �ê. é X �;8 K ⊂ G ∈ τ − {∅}, � x ∈ D ∩ G, K K ∪ {x} ⊂ G, u

´k P ∈ H , ¦K ⊂ P ⊂ G. �H ´ X ��ê�Ä. ÏdX ´ ℵ0 �m.

�Ä¿Ø´Ä�g,í2.

½Â 1.6.5 �P ´�mX �8x.

(1) P ¡�X � k � [325], XJéX �;8K ⊂ U ∈ τ , K�3F ∈ P<ω,

¦ K ⊂ ∪F ⊂ U . äk σ ÛÜk� k ���K�m¡� ℵ �m.

(2) P ¡� X � cs � [145], XJ X �S� {xn} Âñu x ∈ U ∈ τ , K�3

m ∈ N Ú P ∈ P, ¦ {x} ∪ {xn : n > m} ⊂ P ⊂ U . äk σ ÛÜk� cs ���K

�m¡� cs-σ �m [146].

(3) P ¡�X � cs∗ � [127], XJX �S� {xn} Âñu x ∈ U ∈ τ , K�3

f� {xni
} Ú P ∈ P, ¦ {x} ∪ {xni

: i ∈ N} ⊂ P ⊂ U .

w,, 4 k �Ú cs �Ñ´ cs∗ �.

·K 1.6.6[146, 326] ℵ �m½ cs-σ �m´�\5, ¢D5Ú�ê�È5.

·K 1.6.7[376] � X �z�;8´S�;�m. eP ´ X �:�ê cs∗

�, KP ´ X � k �.

y² éX �;8K ⊂ U ∈ τ , P

H = {P ∈ P : P ⊂ U};

(H )x = {Pn(x) : n ∈ N}, x ∈ K.

eØ�3 F ∈ H <ω, ¦ K ⊂ ∪F , K�À�S� {xk} ⊂ K, ¦� n, j < k �,

xk /∈ Pn(xj). � {xk} �f� {xki
} Âñu x ∈ K. u´�3 P ∈ H , ¦ P ¹Ã

�� xki
, gñ. Ïd�3F ∈ H <ω, ¦K ⊂ ∪F . �P ´X � k �.

þã·K�^�
fu cs∗ ��^�: e X �S� {xn} Âñu x ∈ U ∈ τ ,

K�3 P ∈ P, ¦ P ¹ {xn} �Ã��� P ⊂ U .

íØ 1.6.8[146] cs-σ �m´ ℵ �m.

y² �P ´X � σ ÛÜk� cs �. éK ∈ K (X), P|K ´K ��ê�,

¤±K ´�Ýþ�. d·K 1.6.7, P ´X � k �, �X ´ ℵ �m.

íØ 1.6.9[145, 146] é�K�mX, eã^��d:

(1) X ´ ℵ0 �m;

(2) X äk�ê cs∗ �;

(3) X ´ ℵ1 ;� ℵ �m;

(4) X ´ ℵ1 ;� cs-σ �m.
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y² w,, (1) ⇒ (4) ⇒ (3) ⇒ (2). �Ly² (2) ⇒ (1). �P ´X ��ê

cs∗ �. d·K 1.6.7 �y², PF ´ X ��ê�Ä, ¤±X ´ ℵ0 �m.

�ì½Â 1.5.3, �aq½Âé�Ä!é k �!é cs �Úé cs∗ ��Vg.

·K 1.6.10[111] é�K�mX, eã^��d:

(1) X ´ k ���m;

(2) X äk σ =G�Ä;

(3) X äk σ =G cs∗ �.

y² d·K 1.5.4 �y²� (1) ⇒ (2). (2) ⇒ (3) ´w,�. e¡y² (3)

⇒ (1).

�
⋃

n∈N
Pn ´ X �é cs∗ �, Ù¥Pn ´=Gx. ½Â g : N ×X → τ , ¦

g(n, x) = X −∪{P1 : (P1, P2) ∈ Pi, x /∈ P2, i 6 n}.

K g ´ X � g ¼ê. é x ∈ X 9 X �S� {xn}, {yn}, e xn ∈ g(n, yn) �

xn → x ∈ U ∈ τ , @o�3f� {xni
}, k ∈ N Ú (P1, P2) ∈ Pk, ¦ {x} ∪ {xni

:

i ∈ N} ⊂ P1 ⊂ P2 ⊂ U . du xni
∈ g(ni, yni

), k yni
∈ P2 ⊂ U . ù�(Øé

{xn}, {yn} �f�E¤á, l
 yn → x. Ïd g ´ X � k ��¼ê, ¤± X ´ k

���m.

íØ 1.6.11[265] ℵ �m´ k ���m.

�!��Ü©, ?Ø0uÄ� cs ��m��«8x5�.

½Â 1.6.12 �mX �8xP ¡�X �fÄ [24], XJP =
⋃

x∈X Px ÷

v:

(1) x ∈ ∩Px;

(2) e U,V ∈ Px, K�3W ∈ Px, ¦W ⊂ U ∩ V ;

(3) X �f8G ∈ τ ��=�é x ∈ G, �3 P ∈ Px, ¦ P ⊂ G.

Px ¡� x (3X ¥) �fÄ, X �¹Px ���f8¡� x �f��. ePx ´

�ê�, X ¡� g 1��ê�m (½ gf �ê�m). eP ´�ê�, X ¡� g 1

��ê�m. äk σ ÛÜk�fÄ��K�m¡� g �Ýþ�m [351].

eP ´ X �fÄ, � A ´X �mf�m½4f�m,KP|A ´ A �fÄ.

Ï
 g 1��ê5½ g �Ýþ5Ñ´m¢D5Ú4¢D5.

f���Vg´é¡Ýþ�m¥¥/�����z, ¤±^fÄ�Vg5�

xé¡Ýþ�m´ÎØÛ%�.

½Â 1.6.13[391] X �CX� {Un} ¡�X �fÐm, eé x ∈ X, {st ( x ,

Un)}n∈N ´ x 3X �fÄ.

·K 1.6.14[391] X ´é¡Ýþ�m��=�X äkfÐm.

y² � (X, d) ´é¡Ýþ�m. é n ∈ N, �
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Un = {A ⊂ X : diamA < 1/n}.

Ké x ∈ X k st(x,Un) = B(x, 1/n). l
 {Un} ´X �fÐm.

��, � {Un} ´ X �fÐm. é x 6= y ∈ X, n(x, y) L«¦ x /∈ st(y,Un)

����ê n. ½Â d : X ×X → R+, ¦

d(x, y) =

{
0, x = y,

2−n(x,y), x 6= y.

K d ´ X �é¡ål�é x ∈ X,n ∈ N k st(x,Un) = B(x, 1/2n). Ï
X ´é

¡Ýþ�m.

½Â 1.6.15[115] X ¡�S��m, XJé U ⊂ X,U ´ X �48��=�

é Z ∈ S (X), Z ∩ U ´X �48.

w,, S��m´�\5,m¢D5Ú4¢D5.

·K 1.6.16[351] g 1��ê�m´S��m.

y² � X ´ g 1��ê�m. e X �f8 F � X �¹4�:�ÂñS

���´ X �48, é x /∈ F , 4 {Pn}n∈N ´ x �4~�fÄ, K�3 m ∈ N,

¦ Pm ∩ F = ∅. ÄK, �3 F �S� {xn}, ¦ xn ∈ Pn, u´ xn → x, @o

F ∩ ({x} ∪ {xn : n ∈ N}) Ø´X �48, gñ. � F ´X �48. Ï
, X ´S

��m.

·K 1.6.17 � X ´ Fréchet �m. eW ´ x 3X �f��, K x ∈W ◦.

y² �P =
⋃

x∈X Px ´X½Â 1.6.12 ¥�m X �fÄ, Ù¥W ⊃ P ∈

Px. e x ∈ X −W ◦ ⊂ X − P ◦ = X − P , K�3X −P �S� {xn}, ¦ xn → x.

� Z = {xn : n ∈ N}, K Z Ø´X �48. ,��¡, é y ∈ X − Z, e y = x, K

P ⊂ X − Z; e y 6= x, K y ∈ X − Z, u´k G ∈ Py, ¦ G ⊂ X − Z ⊂ X − Z.

l
 Z ´ X �48, gñ. � x ∈W ◦.

íØ 1.6.18[351] X ´1��ê�m��=�X ´ g 1��ê� Fréchet�

m.

é�mX 9 F ⊂W ⊂ X, W ¡� F �S���, XJX �S� {xn} Âñ

u F �:, K {xn} ªuW , =�3m ∈ N, ¦ {xn : n > m} ⊂ W . é Z ⊂ X, Z

¡� X �S�m8, eé z ∈ Z, Z ´ z �S���; Z ¡� X �S�48, e

X − Z ´S�m8. w,, X ´S��m��=�X �S�m8´m8, ��=

� X �S�48´48 [115].

½Â 1.6.12 ¥:�fÄPx �n)� x �f��x|¤��. dS����

Vg, �aq½Â x �S����.
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íØ 1.6.19 e Bx ´: x 3�mX �f��, @o Bx ´ x �S���.

y² � X ¥S� xn → x. - Z = {x} ∪ {xn : n ∈ N}. K Z ´ X �

Fréchet 4f�m, u´ x ∈ intZ(Bx ∩ Z), l
 {xn} ªu Bx.

íØ 1.6.20[351] eP ´�mX �fÄ, KP ´X � cs �.

·K 1.6.21[247] eP ´ g 1��ê�mX �'uk��µ4�:�ê cs

�, @oP �,fx�¤
X �fÄ.

y² é x ∈ X, x �4~�fÄP� {B(n, x)}n∈N. �

Px = {P ∈ P : �3 n ∈ N, ¦ B(n, x) ⊂ P}.

 yPx ´ x �fÄ. w, x ∈ ∩Px �Px 'uk��µ4. eX �f8G ÷

v: é x ∈ G, �3 P ∈ Px, ¦ P ⊂ G, @o�3 n ∈ N, ¦ B(n, x) ⊂ G, l


G ∈ τ . e x ∈ G ∈ τ , K�3 P ∈ Px, ¦ P ⊂ G. ÄK, P {P ∈ P : x ∈ P ⊂

G} = {P (m,x)}m∈N, @o B(n, x) 6⊂ P (m,x), �½ xnm ∈ B(n, x) − P (m,x). é

n > m, - xnm = yk, Ù¥ k = m+ n(n−1)
2

, K yk → x. l
�3m, i ∈ N, ¦

{x} ∪ {yk : k > i} ⊂ P (m,x) ⊂ G.

� j > i, ¦é,� n > m k yj = xnm, @o xnm ∈ P (m,x), gñ. �
⋃

x∈X Px

´ X �fÄ.

d·K 1.6.21 ÚíØ 1.6.20, keã½n.

½n 1.6.22[351] X ´ g �Ýþ�m��=�X ´ g 1��ê� cs-σ �m.

Ï
,�K�mX ´ g1��ê�m��=�§´ g 1��ê� ℵ0 �m
[351].

~ 1.6.23[256] ;�m�fÄØ´ k �.

� X = [0, ω1]. D� X SÿÀ, K X ´;�m. � L ´ X ¥�Nà:�

8Ü. é α < ω1, 4Pα ´ α �ÛÜÄ. ½ÂPω1
= {(β, ω1] ∩ L : β < ω1}. -

P =
⋃

α6ω1
Pα. duX ´;�m�P ¥?¿k���ØUCXX, ¤±P Ø

´ X � k �. e¡y²P ´ X �fÄ. � X �f8 U ÷v: é α ∈ U , �3

P ∈ Pα, ¦ P ⊂ U . e α ∈ U − {ω1}, U ´ α ���.e ω1 ∈ U , �3 β < ω1, ¦

(β, ω1] ∩ L ⊂ U . u´�3 α ∈ (β, ω1), ¦ (α, ω1] ⊂ U . ÄK, (β, ω1) − U ¥¹î

�4O�S� {αn}. � γ = sup{αn : n ∈ N}. K γ ∈ U , ¤±�3 αn ∈ U , gñ.

l
 U ´X �m8. Ï
, P ´ X �fÄ.

1.7 2Â�ê;�m

cA!½Â½�x�2ÂÝþ�ma¥kNõ�mäkeãA:��, �´

|^ g ¼ê, ÏL÷v,«^��S�Âñ?1£ã,X�Ýþ�m,�Ð�m, k
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���m�; �´|^�m�mCX�, ÏL÷v,«^��S�Âñ?1£ã,

XÝþ�m, �Ð�m�. eòþã�,«^�(½�S�Âñ��TS��3à

:, Kq�)�12ÂÝþ�m. ùa�mÚ¡�2Â�ê;�m [168].

½Â 1.7.1 é�mX 9Ù g ¼ê, �ÄN\^�:

(1) é X �: x 9S� {xn}, e xn ∈ g(n, x), K {xn} 3X ¥kà:;

(2) é X �: x 9S� {xn}, e x ∈ g(n, xn), K {xn} 3X ¥kà:;

(3) éX �: x 9S� {xn} Ú {yn}, e {x, xn} ⊂ g(n, yn), K {xn} 3X ¥

kà:.

XJ X �3 g ¼ê©O÷v^� (1), (2), (3), K X �g¡� q �m [279], β �

m[162]Ú w∆ �m [57], Ù g ¼ê�A/¡� q ¼ê, β ¼êÚ w∆ ¼ê.

d½Â, 1��ê�m´ q �m, ���m´ β �m, �Ð�m´ w∆ �m.

·K 1.7.2[385] eã^��d:

(1) X ´ β �m;

(2) �3¼ê F : N × τ → τ c ÷v:

(i) U ∈ τ ⇒ F (n,U ) ⊂ U ;

(ii) V ⊂ U ⇒ F (n, V ) ⊂ F (n,U );

(iii) e {Un}n∈N ´ X �4O�mCX,K
⋃

n∈N
F (n,Un) = X;

(3) �3¼êG : N × τ c → τ ÷v:

(i) F ∈ τ c ⇒ F ⊂ G(n, F );

(ii) L ⊂ F ⇒ G(n,L) ⊂ G(n, F );

(iii) e {Fn}n∈N ´X �4~�����48�,K
⋂

n∈N
G(n, Fn) = ∅.

y² �Ly (1) ⇔ (3).

(1) ⇒ (3). � g ´ X � β ¼ê. ½Â G : N × τ c → τ , ¦ G(n, F ) = g(n,F ),

K G ÷v (3). ¯¢þ, e {Fn} ´ X �4~�48���3 x ∈
⋂

n∈N
G(n,Fn),

Kk xn ∈ Fn, ¦ x ∈ g(n, xn), l
 {xn} kà:, �
⋂

n∈N
Fn 6= ∅.

(3) ⇒ (1). Ø�� G 'u n ´4~�. ½Â g : N × X → τ � g(n, x) =

G(n, {x}), K g ´ X � β ¼ê. ¯¢þ, é x ∈ X 9 X �S� {xn}, e

x ∈ g(n, xn), 
 {xn} Ãà:, -

Fn = {xi : i > n}, n ∈ N.

K {Fn} ´ X �4~�����48�, u´
⋂

n∈N
G(n,Fn) = ∅. ,
 x ∈

⋂
n∈N

g(n,Fn) ⊂
⋂

n∈N
G(n, Fn), gñ.

dd, β �m´�êæ;�m (�N¹ A ·K 2.8).

·K 1.7.3[162] X ´ w∆ �m��=� X �3mCX� {Un} ÷v: é X

�: x 9S� {xn}, e xn ∈ st(x,Un), K {xn} 3X ¥kà:.
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y²aqu½n 1.2.10. þãmCX�¡�X � w∆ S�. ��/, e X �

CX� {Fn} ÷v: é X �: x 9S� {xn}, XJ xn ∈ st(x,Fn), K {xn} kà

:, @o¡ {Fn} ÷v w∆ ^�.

½Â 1.7.4 � {Un} ´�mX �mCX�. �ÄN\^�:

(1) é n ∈ N,Un+1 (\[Un � {Un} ´X � w∆ S�;

(2) é X �: x 9S� {xn}, e xn ∈ st2(x,Un), K {xn} 3X ¥kà:.

÷vþãN\^���m©O¡�M �m [301]Ú wM �m [175], �A�CX��

g¡�M S�Ú wM S�.

�ê;�m½Ýþ�m´M �m, M �m´ wM �m, wM �m´w∆ �m,

w∆ �m´ β �mÚ q �m.

Ún 1.7.5[348] wM �m´�)ä�m.

y² � {Un} ´X � wM S�, Ø��Un+1 \[Un.

(5.1) é X �: x 9S� {xn}, e xn ∈ st3(x,Un), K {xn} kà:.

e {xn}Ãà:,�� xn pØ�Ó,@o {xn : n ∈ N}´X �4lÑ8,l


{st(xn,Un) : n ∈ N}´X �ÛÜk�8x. ÄK,�3 z ∈ X,é n ∈ N,k i(n) >

n,¦ st(z,Un)∩ st(xi(n),Ui(n)) 6= ∅,l
 xi(n) ∈ st(st(z,Un),Ui(n)) ⊂ st2(z,Un),

u´ {xi(n)}kà:,gñ. du xn ∈ st3(x,Un),¤± st2(x,Un)∩st(xn,Un) 6= ∅,

� yn ∈ st2(x,Un) ∩ st(xn,Un), K {yn} Ãà:, gñ.

(5.2) X ´�ê�;�m.

� {Gn}n∈N ´ X �4O�mCX.-

Fn = X − st2(X −Gn,Un), n ∈ N.

K X =
⋃

n∈N
Fn. ¯¢þ, e z ∈ X −

⋃
n∈N

Fn =
⋂

n∈N
st2(X − Gn,Un). @o

st2(z,Un) ∩ (X −Gn) 6= ∅, l

⋂

n∈N
(X −Gn) 6= ∅, gñ. 2-

Hn = X − st(X −Gn,Un), n ∈ N.

@o Fn ⊂ Hn ⊂ Hn ⊂ Gn, u´X =
⋃

n∈N
Hn, � X ´�ê�;�m (�N¹ A

·K 1.13).

(5.3) X ´�)ä�m.

� {Fλ}λ∈Λ ´ X �ÛÜk��48x. é x ∈ X, �3 n ∈ N, ¦ {λ ∈ Λ :

st2(x,Un) ∩ Fλ 6= ∅} ´k��. é n ∈ N, �

An = {x ∈ X : {λ ∈ Λ : st2(x,Un) ∩ Fλ 6= ∅} ´k�� },

Bn = A◦
n .

K Bn ⊂ Bn+1. äó: X =
⋃

n∈N
Bn. ¯¢þ, é z ∈ X, d (5.1), �3 n ∈ N,

¦ {λ ∈ Λ : st3(z,Un) ∩ Fλ 6= ∅} ´k��, l
 st(z,Un) ⊂ An, � z ∈ Bn. d

(5.2), �3X �ÛÜk�mCX {Gn}n∈N, ¦ Gn ⊂ Bn. -
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Gλn = st(Fλ,Un) ∩Gn, Hλ = ∪{Gλn : n ∈ N}.

K Fλ ⊂ Hλ ∈ τ .  y {Hλ}λ∈Λ ´ÛÜk��. é x ∈ X, P

U = X −∪{Gn : x /∈ Gn, n ∈ N},

{Gn : n ∈ N, x ∈ Gn} = {Gn(i) : i 6 k},

m = max{n(i) : i 6 k},

V = st(x,Um) ∩ U,

K x ∈ V ∈ τ . é i 6 k, du x ∈ Bn(i),

{λ ∈ Λ : st(x,Um) ∩Gλn(i) 6= ∅} ⊂ {λ ∈ Λ : st2(x,Un(i)) ∩ Fλ 6= ∅}

´k�8, l
 V =� {Hλ}λ∈Λ ¥k�����. �X ´�)ä�m.

Ún 1.7.6 (ÂñÚn) ��m X äk4~�8� {Gn}, ¦
⋂

n∈N
Gn =

⋂
n∈N

Gn. eã^��d:

(1) é X �S� {xn}, e xn ∈ Gn, K {xn} 3X ¥kà:;

(2) {Gn}n∈N ´X ��ê;8
⋂

n∈N
Gn 3X ¥��.

y² (1)⇒ (2).w,,
⋂

n∈N
Gn´X ��ê;48. é

⋂
n∈N

Gn ⊂ V ∈ τ ,e

�3X �S� {xn},¦ xn ∈ Gn−V ,� x´ {xn}�à:,@o x ∈
⋂

n∈N
Gn−V =

∅, gñ. l
�3m ∈ N, ¦ Gm ⊂ V . =, {Gn}n∈N ´
⋂

n∈N
Gn 3 X ¥��.

(2) ⇒ (1). � xn ∈ Gn. e {xn} Ãà:, K�3 m ∈ N, ¦
⋂

n∈N
Gn ⊂

X − {xn : n > m}, l
k k > m, ¦ xk ∈ Gk ⊂ X − {xn : n > m}, gñ.

½n 1.7.7 (1) e�K�m X ´äk: Gδ 5�� q �m, K X ´1��

ê�m[285];

(2)�X äkG∗
δ é��½´ σ♯ �m. �X ´ β �m�, X ´���m [162];

�X ´ w∆ �m�, X ´�Ð�m [162]; �X ´ wM �m�, X ´Ýþ�m [348].

y² (1) X �3 q ¼ê g : N × X → τ ÷v: g(n+ 1, x) ⊂ g(n, x) �

{x} =
⋂

n∈N
g(n, x). dÚn 1.7.6, {g(n, x)}n∈N ´ x ���Ä. � X ´1��ê

�m.

(2) � X äk G∗
δ é��. 4 {Un} ´ X � G∗

δ é��S�, Ù¥ Un+1 \[

Un.

� X ´ β �m�, 4 g ´ X � β ¼ê, ½Â h : N × X → τ , ¦ h(n, x) =

g(n, x) ∩ st(x,Un), K h ´ X ���¼ê. ¯¢þ, é X �: x 9S� {xn}, e

x ∈ h(n, xn), @o {xn} �?�f�kà:. � y ´ {xn} ���à:� y 6= x,

K�3 n ∈ N, ¦ y 6∈ st(x,Un), u´�3 m > n, ¦ xm 6∈ st(x,Um), l


x 6∈ st(xm,Um), gñ. ¤±, x ´ {xn} �?�f��à:,� xn → x. Ï
X ´

���m. �X ´ w∆ �m�, 4 {Vn} ´X � w∆ S�, K {Un ∧Vn} ´X �
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Ðm. � X ´ wM �m�, X ´�Ð��)ä�m, u´ X ´�Ð��;�m

(�N¹ A ½n 4.10), �X ´Ýþ�m.

2�X ´ σ♯ �m. �X ´ β �m�, ©O± g, h L«X � σ♯ ¼êÚ β ¼

ê, ½Â l : N×X → τ , ¦ l(n, x) = g(n, x)∩ h(n, x).  y l ´X ���¼ê. é

X �: x 9S� {xn}, e x ∈ l(n, xn), du h ´ β ¼ê, {xn} kà:. � y ´

{xn} �à:, Ø�� xn ∈ g(n, y), l
 x ∈ g(n, xn) ⊂ g(n, y), Ïd x = y. ù`

² {xn} �?�f�Ñkà:�± x ���à:, � xn → x. ¤±X ´���m.

� X ´ w∆ �m�, daq�y², X ´�Ð�m. �X ´ wM �m�, X ´�

Ð� wM �m, u´X ´Ýþ�m.

¯K 1.7.8[66] äk:�êÄ�w∆ �m´Ä´�Ð�m?

¯K 1.7.9[107] [�Ð� β �m´Ä´�Ð�m?

¯K 1.7.10[175] äk Gδ é��� wM �m´Ä´�Ýþ�m?

½Â 1.7.11[106] �m X �8xP ¡�SÜ�±�, XJé F ⊂ P k

(∩F )◦ = ∩F ◦.

w,, X �8xP ´SÜ�±���=� {X − P}P∈P ´4��±�. A

�5¿�´, é X � g ¼ê, e x ∈ g(n, y) k g(n, x) ⊂ g(n, y), K {g(n,A) :

A ⊂ X} ´SÜ�±�; e X �m8xBn ´SÜ�±�, - g : N ×X → τ , ¦

g(n, x) = ∩(Bn)x, K g ÷v: XJ x ∈ g(n, y), @o g(n, x) ⊂ g(n, y).

·K 1.7.12 äk σ SÜ�±Ä��m´ σ♯ �m.

y² �
⋃

n∈N
Bn ´�m X �Ä, Ù¥Bn ´SÜ�±�, ¿� X ∈ Bn ⊂

Bn+1. ½Â g : N ×X → τ , ¦ g(n, x) = ∩(Bn)x. K g ´ X � σ♯ ¼ê, � X ´

σ♯ �m.

1.8 ~

�!~Þ�
~f, 8�´`²�
�ma�Ø%º'X. ~f�Ú^©z=

��E~f�©z.

~ 1.8.1[150] V �m.

� X = {(x, y) ∈ R2 : y > 0}. D X � V ÿÀ: é y > 0, (x, y) ´ X ��á

:; é y = 0, (x, y) ���Ä�/X

V (x, n) = {(t, s) ∈ X : t = x± s, 0 6 s 6 1/n}, n ∈ N .

X ¡� V �m, ½ Heath � V �m.

´�, X ´���K�æ;�m. du R × {0} 'uî¼ÿÀ´1��Æ�,

^IO��Æ�{ (category method), X Ø´�5�m. �
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Un = {V (x, n) : x ∈ R} ∪ {(x, y) ∈ X : y > 1/n}, n ∈ N.

K {Un} ´ X �Ðm, � X ´Moore �m.

~ 1.8.2[155] +(�m.

� X = R2. é x = (t, s) ∈ X,n ∈ N, P Bt(x, 1/n) �+(/8Ü

{x} ∪ {(t′, s′) ∈ X : 0 < |t− t′| < 1/n, |s− s′|/|t− t′| < 1/n}.

± {Bt(x, 1/n)}n∈N �� x ���Ä, )¤ X �ÿÀ¡�+(ÿÀ, 
�m X ¡

�+(�m. ù�X ´�K�m.

(2.1) X ´�Ýþ�m. ½Â g : N ×X → τ , ¦ g(n, x) = Bt(x, 1/n). K g ´

X ��Ýþ¼ê,¤±X ´�Ýþ�m. �±äN/�ÑX ��Ýþ d:

d((t, s), (t′, s′)) =





0, t = t′� s = s′,

1, t = t′� s 6= s′,

|t− t′| + |(s− s′)/(t− t′)|, Ù¦.

(2.2) X Ø´ σ �m [140]. eØ,, X äk4�
⋃

n∈N
Fn, Ù¥Fn ´lÑ�

(�½n 3.3.1). é x ∈ X, �3 n(x) ∈ N, Fx ∈ Fn(x), ¦ x ∈ Fx ⊂ Bt(x, 1). du

R2 'uî¼ÿÀ´1��Æ�, �3m ∈ N, Y ⊂ X, ¦� x ∈ Y �, n(x) = m,

� Y 3R2 �,�î¼m8U ¥È.�½ p ∈ U ,�W = X−∪{F ∈ Fm : p /∈ F}.

K p ∈ W ∈ τ(X). �: y, z ∈ Y ∩W ∩ U , ¦ y /∈ Bt(z, 1), z /∈ Bt(y, 1), @o

Fy 6= Fz ∈ Fm, u´ Fy ∩ Fz = ∅, l
k F ∈ Fm, ÷v p /∈ F � F ∩W 6= ∅,

ù�W �½Âgñ. �X Ø´ σ �m.

d½n 1.7.7, X Ø´ w∆ �m.

~ 1.8.3[272] R/�m.

� X = R2. D� X R/ÿÀ: é x = (t, s) ∈ X, e s 6= 0, x äkî¼��;

e s = 0, x ���Ä��+(/8ÜBt(x, 1/n), n ∈ N. äkR/ÿÀ��m¡

�R/�m. ù�X ´�K�m.

(3.1) X ´ cosmic �m. du X �f�m R × {0} Ú X − (R × {0}) Ñäk

î¼ÿÀ, �P,F ©O´§���êÄ, @oP ∪ F ´ X ��ê�, u´ X

´ cosmic �m.

(3.2) X ´�Ýþ�m. w,, X ´1��ê�m. díØ 1.4.5, X ´�Ýþ

�m.

(3.3) X �;8 I × {0} 3 X ¥Øäk�ê��Ä. eØ,, � {Un}n∈N ´

I × {0} 3X ��ê��Ä.é x ∈ I× {0}, �3 n ∈ N, ¦ Un ⊂ Bt(x, 2), u´�

3m ∈ N Ú I × {0} �Ã�8 Z, ¦ Um ⊂
⋂

x∈Z Bt(x, 2). � a ´ Z 3 I× {0} �
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à:, @o�3 k ∈ N, ¦ Bt(a, 1/k) ⊂ Um. � b ∈ Z − {a} � b � a �1��©

þ�ål�u 1/k, @o Bt(a, 1/k) ⊂ Bt(b, 2), gñ.

(3.4) X Ø´ w∆ �m. ÄK, X ´�;��Ð�m, u´ X ´�Ýþ�m,

ù� (3.3) gñ.

(3.5) Ceder[79] Qy²: X ´M1 �m.

~ 1.8.4[307, 134] Isbell-Mrówka �m ψ(D).

� D ´�Ã�8. D ��ê, Ã�8�xA ¡�A�pØ���, e A ¥

?üØÓ����k�8. � A ´D �4�A�pØ��x,KA ´Ø�ê�.

ÄK, P A = {Ai}i∈N. é i ∈ N, Ai −
⋃

n<iAn = Ai −
⋃

n<i(An ∩Ai) ´Ã�8,

¤±�3 xi ∈ Ai −
⋃

n<iAn. - E = {xi : i ∈ N}. Ké i ∈ N , E ∩ Ai´k�8,

@o E /∈ A �A ∪ {E} ´A�pØ��x,gñ.

� ψ(D) = A ∪D. ψ(D)D�eãÿÀ¡� Isbell-Mrówka�m: D�:��

ψ(D) ��á:; é A ∈ A , A 3 ψ(D) ���Ä�/X {A} ∪ (A− F ), F ∈ A<ω.

K ψ(D) ´ÛÜ;�m.

(4.1) ψ(D) äk σ SÜ�±Ä. P A = {Aα}α∈Λ. é α ∈ Λ, - Aα =

{x(α, n) : n ∈ N}. ½Â

B1 = {{x} : x ∈ D};

Bn+1 = {{Aα} ∪ {x(α,m) : m > n} : α ∈ Λ}, n ∈ N.

K
⋃

n∈N
Bn ´ ψ(D) � σ SÜ�±Ä.

(4.2) ψ(D) ´[�Ð�m. é x ∈ ψ(D), {st(x,Bn) : n ∈ N, st(x,Bn) 6= φ}

´ x 3 ψ(D) ���Ä. � ψ(D) ´[�Ð�m.

(4.3) ψ(D) ´�;�m. � f : ψ(D) → R ´ëY¼ê. du D �?�Ã�

8kà: uA ¥, u´ f|D ´k.¼ê. qduD ´ ψ(D) �È8, ¤± f ´

k.¼ê. � ψ(D) ´�;�m.

(4.4) ψ(D) Ø´æ Lindelöf �m. Ï� ψ(D) �mCX {{Aα} ∪D}α∈Λ vk

:�ê�m\[, ¤± ψ(D) Ø´æ Lindelöf �m. dd, ψ(D) Øäk:�êÄ,

Ø´ cosmic �m, Ø´ wM �m (�½n 1.7.7).

é Isbell-Mrówka �m, �XD ØÓ�Äê, �NÑAO�5�.

(4.5) ψ(N) ´�Ð�m. Ø�� ∪A = N. é n ∈ N, ½Â

Fn = {1, 2, · · · , n},

Un = {{Aα} ∪ (Aα − Fn) : α ∈ Λ} ∪ {{x} : x ∈ Fn}.
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e x ∈ ψ(N), K

st(x,Un) =

{
{Aα} ∪ (Aα − Fn), x = Aα,

{x}, x ∈ Fn.

u´ ψ(N) ´�Ð�m.

(4.6)e |D| > c,K ψ(D)Øäk σ ÛÜk�4 p� [81]. eØ,,�
⋃

n∈N
Pn

´ ψ(D) �4 p �, Ù¥Pn ´ÛÜk��. d A �4�5, Pn|D ´k�8, u

´
⋃

n∈N
Pn|D ´D ��ê p �, l
 |D| 6 ℵℵ0

0 = c, gñ. ù� ψ(D) Ø´ β �

m. ÄK, d½n 1.7.7, ψ(D) ´���m, ¤± ψ(D) ´äk Gδ é���g�;

�m, Ïd ψ(D) äk σ ÛÜk�4 p �, gñ.

~ 1.8.5[278] Michael ��.

4 X = I. � B ´ X � Bernstein 8 [101, 202]. =, B äk5�:

(1) B 9 I −B ÑäkÄê c �3 I ¥'uî¼ÿÀ´È8;

(2) B 9 I −B 3 I ¥'uî¼ÿÀ�4f8Ñ´�ê8.

X D�XeÿÀ¡�Michael �� (½'u B �Michael ��): G ´ X �m8

��=��3 I�î¼m8U ÚB �f8 Z,¦G = U ∪Z. ù�X ´�K�m.

(5.1) X ´ Lindelöf �m. � {Vα}α∈Λ ´X �mCX. é α ∈ Λ, �3 I �î

¼m8 Uα Ú B �f8 Zα, ¦ Vα = Uα ∪ Zα. -

U = ∪{Uα : α ∈ Λ}.

K�3 Λ ��ê8 Λ1, ¦ U =
⋃

α∈Λ1
Uα. d Bernstein 8�5�, X − U ´�ê

8, l
�3 Λ ��ê8 Λ2, ¦ X − U ⊂
⋃

α∈Λ2
Vα, � X =

⋃
α∈Λ1∪Λ2

Vα. Ïd

X ´ Lindelöf �m.

(5.2) X äk σ pØ��Ä. �B ´ I 'uî¼ÿÀ��êÄ,K

B ∪ {{x} : x ∈ B}

´ X � σ pØ��Ä. d·K 1.7.12, X´ σ♯ �m.

(5.3) X Ø´ β �m. ÄK, d½n 1.7.7, X ´���m. qdíØ 1.4.5 Ú

½n 1.2.11, X ´�Ð�m, l
X ´�Ýþ�m. � X ´��©� Lindelöf �

m, gñ. �X Ø´ β �m.

~ 1.8.6[15] Arens �m S2.

� X = {0} ∪ N ∪ (N × N). PF = N<ω. ± NN L«l N � N S�¼ê�

N�8. é n,m, k ∈ N, F ∈ F , f ∈ NN, �

V (n,m) = {n} ∪ {(n, k) : k > m},
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H(F, f) = ∪{V (n, f(n)) : n ∈ N − F}.

X D�eãÿÀ¡�Arens �m, {P� S2: é x ∈ X, �

Nx =





{{x}}, x ∈ N × N,

{V (x,m) : m ∈ N}, x ∈ N,

{{x} ∪H(F, f) : F ∈ F , f ∈ NN}, x = 0,

�� x ���Ä. ù�X ´�K�m.

(6.1) X ´ g 1��ê�m. é n ∈ N, � Fn = {1, 2, · · · , n}. é x ∈ X, -

Px =

{
Nx, x ∈ N ∪ (N × N),

{{x} ∪ (N − Fn) : n ∈ N}, x = 0.

@oPx ´ x �fÄ. l
X ´ g 1��ê�, �X ´ g 1��ê�m.

(6.2) X ´é¡Ýþ�m. é n ∈ N, �

Un = {{0} ∪ (N − Fn)} ∪ {V (x, n) : x ∈ Fn} ∪ {{x} : x ∈ N × N}.

K Un ´X �CX. e x ∈ X, K

st(x,Un) =





{0} ∪ (N − Fn), x = 0,

V (x, n), x = m < n,

{x}, x = (m,k), n > max{m,k}.

u´ {Un} ´X �fÐm. d·K 1.6.14, X ´é¡Ýþ�m.

A�5¿�´, X �f�m X − N QØ´lÑf�m, �Ø¹�²��Âñ

S�, ¤± X − N Ø´S��m. ù`² g 1��ê5, g 1��ê5, g �Ýþ

5, é¡Ýþ5, S��m5ÑØ´¢D5.

díØ 1.6.18, X Ø´ Fréchet �m.

(6.3) X × (P ∪ {0}) Ø´S��m. -

Y = X × (P ∪ {0}), F = {((i, j), 1/i+ π/j) : i, j ∈ N}.

K F ⊂ Y � (0, 0) ∈ F − F , ¤± F Ø´ Y �48. ,��¡, é S ∈ S (Y ), P

F ∩ S = {yn}n∈N. du {π1(yn)} 3 X ¥Âñ, u´ {π1(yn)} �1���I=�

k���, qdu {π2(yn)} 3 P ∪ {0} ¥Âñ, Ïd {π1(yn)} �1���I�=

�k���. � F ∩ S ´k�8, l
 F ∩ S ´ Y �48. ùL² Y Ø´S��

m, ¤±é¡Ýþ5Ø´k��È5. Ï� Y Ø´ g 1��ê�m, u´ 0 3 X

��êfÄ� 0 3 P ∪ {0} ��êfÄ�ÈØ´ (0, 0) 3 Y ��êfÄ.

~ 1.8.7[30] S�÷ Sω.
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� X = {0} ∪ (N × N). é n,m, k ∈ N, f ∈ NN, �

W (n,m) = {(n, k) : k > m},

L(f) = ∪{W (n, f(n)) : n ∈ N}.

X D�eãÿÀ¡�S�÷,{P� Sω: é x ∈ X, �

Nx =

{
{{x}}, x ∈ N × N,

{{x} ∪ L(f) : f ∈ NN}, x = 0,

�� x ���Ä. ù�X ´�K�m.

(7.1) X ´ ℵ0 �m. �

P = {{x} : x ∈ X} ∪ {W (n,m) : n,m ∈ N},

KP ´ X ��ê k �, ¤±X ´ ℵ0 �m.

(7.2) X ´ Fréchet �m. e x ∈ A ⊂ X, Ø�� x ∈ A− A, K x = 0. �3

n ∈ N, ¦W (n, 1) ∩A ´Ã�8. ?�Ã�S� {xm} ⊂W (n, 1) ∩A, K xm → x.

Ï
X ´ Fréchet �m.

(7.3) X ´M1 �m. du N × N ´ X ��á:8, u´N0 ´ X �4��

±�m8x. �X äk σ 4��±Ä, ¤±X ´M1 �m.

(7.4) X Ø´1��ê�m,Ï�X 3: 0 Øäk�ê��Ä.

X Ó�u�ê�ÂñS��ÿÀÚ�û�m. dd, �aq�E÷�m. é

α < ω1, � Xα Ó�u S1, Ù¥ Xα �4�:´ xα. éÝþ�m
⊕

α<ω1
Xα �f

�m A =
⊕

α<ω1
{xα}, /X (

⊕
α<ω1

Xα)/A �û�m¡�÷�m,P� Sω1
.

(7.5) Sω1
Øäk:�ê cs∗ � [374].

4 s ´ Sω1
�à:. é α < ω1, - Yα = Xα − {s}. e Sω1

äk:�ê cs∗ �

P, P {P ∈ P : s ∈ P �kÃ�� α < ω1, ¦ Yα ∩ P 6= ∅} � {Pn}n∈N, u´�

8B/À� Sω1
�f8 {yn : n ∈ N}, ¦ yn ∈ Pn − {s} �ØÓ� yn áuØÓ�

Yα. @o {yn : n ∈ N} ´ Sω1
�48. -

V = Sω1
− {yn : n ∈ N},

F = {P ∈ P : P ⊂ V },

H = ∪{F ∈ F : s ∈ F}.

e s ∈ P ∈ F , K P /∈ {Pn : n ∈ N}, u´ P =�k�� Yα ��, l
 H =�

�ê� Yα ��, Ïdk β < ω1, ¦ Yβ ∩H = ∅. � V ∩ Yβ = {xn : n ∈ N}, @

o xn → s ∈ V , u´�3f� {xni
} Ú P ∈ F , ¦ {s} ∪ {xni

: i ∈ N} ⊂ P , �

Yβ ∩H 6= ∅, gñ. ¤± Sω1
Øäk:�ê cs∗ �.

~ 1.8.8[275] Michael �m.
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βN ´ N � Stone-Čech ;z. �½ p ∈ βN − N, -X = N ∪ {p}. X D� βN

�f�mÿÀ, ¡�Michael �m. w,, X ´�K�m. du βN �;8½ö´

k�8, ½öÄê� 2c[101], u´X �;8´k�8,�X Ø´S��m.

(8.1) X ´ ℵ0 �m. Ï� X �;8´k�8, {{x} : x ∈ X} ´ X ��ê k

�, ¤±X ´ ℵ0 �m.

(8.2) X ´M1 �m. du N ´ X ��á:8, p �m��Ä´X �4��

±8x, u´X äk σ 4��±Ä, �X ´M1 �m.

~ 1.8.9[9] Alexandroff V��m.

� X = I × {0, 1} − {(0, 0), (1, 1)}. ½Â8Ü X �i;S < Xe: é

(a, b), (s, t) ∈ X, (a, b) < (s, t) ��=� a < s, ½ a = s � b < t. �S8 (X,<)

D�SÿÀ¡�Alexandroff V��m, ½ Alexandroff-Urysohn V��m.

é x = (a, b) ∈ X, x���Ä�/X:e b = 0, ((a−1/n,1), x] = {x}∪{(s, t) :

a − 1/n < s < a, t = 0, 1}; e b = 1, [x, (a + 1/n, 0)) = {x} ∪ {(s, t) : a < s <

a+ 1/n, t = 0, 1}.

3©Û X �5��c, k£Ám�m«mÿÀ. � S ´¢ê8, ± B =

{[a, b) : a, b ∈ S} �Ä)¤ S �ÿÀ, ¡�m�m«mÿÀ [360]½ Sorgenfrey ��

ÿÀ [359], �m S ¡� Sorgenfrey ��. w,, S ´�©��K�m.

(9.1) S ´¢D Lindelöf �m.

P τ∗ ´ R �î¼ÿÀ. � A ⊂ S. e B �f8 {Uα}α∈Λ CX A, -

U =
⋃

α∈Λ intτ∗(Uα), K,�ê8x {intτ∗(Uαn
)}n∈N CX U . - B = A − U . e

b ∈ B, K�3 sb > b, ¦ (b, sb) ∩ B = ∅. l
 {(b, sb) : b ∈ B} ´ R ¥pØ��

�m«m8, u´ B ´�ê�. ¤±�3 {Uα}α∈Λ ��êf8CX A. � A ´

Lindelöf �m.

(9.2) S ´üN�5�m [160].

� F,K ´ S ¥Ø���48. é x ∈ F , �½

sx =

{
+∞, (x,+∞) ∩K = ∅,

inf((x,+∞) ∩K), Ù¦,

K x < sx � [x, sx)∩K = ∅. -D(F,K) = ∪{[x, sx) : x ∈ F}. K F ⊂ D(F,K) ∈

τ(S). �yD ´ S �üN�5�f,�L�yD(F,K) ⊂ S −K. � y ∈ K, �3

z > y,¦ [y, z)∩F = ∅. e x ∈ F ,K [x, sx)∩[y, z) = ∅,¤± [y, z)∩D(F,K) = ∅,

l
 y 6∈ D(F,K). � S ´üN�5�m.

(9.3) S Ø´ β �m.
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k`² S Ø´�Ýþ�m. ÄK, S ´1��ê�m, u´ B �,�

ê8 {[an, bn)}n∈N ´ S �Ä. � c ∈ S − {an : n ∈ N}, K�3 m ∈ N, ¦

c ∈ [am, bm) ⊂ [c, c+ 1), l
 c = am, gñ. ¤± S Ø´�Ýþ�m.

XJ S ´ β �m, � g ´ S � β ¼ê. Ø�� g(n, x) ⊂ [x, x+ 1/n), K g ´

S ��Ð¼ê. ¯¢þ, e S �: x 9S� {xn}, {yn} ÷v {x, xn} ⊂ g(n, yn), K

{yn} �?Ûf�kà:� yn 6 x, xn < yn + 1/n, u´ yn → x, l
 xn → x. Ï

d, S ´�Ð�m, ¤± S ´�Ýþ�m,gñ.

e¢ê8 S D�± {(a, b] : a, b ∈ S} �Ä)¤�ÿÀ, K¡ S ´��m«m

ÿÀ. e¡=\?ØAlexandroff V��m�5�.

(9.4) X ´Ø�Ýþ�;�m. duX �f�m (0, 1] × {1} äkm�m«m

ÿÀ, ¤±X Ø´�Ýþ�m. qduX ´äkþ(.5���S8,�X g�

´4«m [(0, 1), (1, 0)], ¤±X ´;�m. �,, ���y²X ´;�m. Ï�m

�m«mÿÀÚ��m«mÿÀÑ´¢D Lindelöf �m, ¤± X ´¢D Lindelöf

�m, �d�Ly² X �Ã�f8kà:. é X �Ã�8 Y , π1(Y ) �� I �Ã

�8'uî¼ÿÀäkà: a, u´ (a, 0) ½ (a, 1) ´ Y 3 X �à:.

(9.5) X �483X ¥äk�ê��Ä.dÂñÚn, �L�yX ´ perfect

�m. é X ���m8 G, �3d X �m8|¤� G �CX G , ¦ G �z��

'uX �4�¹uG ¥. Ï�G ´X � Lindelöf f�m,u´ G �,�êf8

CX G. l
 G ´X � Fσ 8.

~ 1.8.10[72] �3ÛÜ;�mX, ÷v

(1) X äkdk�8|¤�4��±CX;

(2) X äkdQm�4�;8|¤�:k�CX;

(3) X Ø´g�;�m.

4 ω2 ´Äê� ℵ2 �1��Sê. �X = ω2 ×ω2 −{(0, 0)}. é α ∈ ω2−{0},

�

Hα = ω2 × {α}, Vα = {α} × ω2.

X D�ÿÀ: é α ∈ ω2 − {0}, (0, α) ���Ä�/X {(0, α)} ∪ (Hα − F ), F ∈

H<ω
α ; (α, 0) ���Ä�/X {(α, 0)}∪ (Vα −F ), F ∈ V <ω

α ; X �Ù{:´�á:.

w,, X ´ÛÜ;�m.

(10.1) é (α, β) ∈ X, ½Â F (α, β) = {(α, β), (α, 0), (0, β)}. �

F = {F (α, β) : 0 < α, β < ω2},

KF ´X �4��±4CX.

(10.2) �

P = {Hα : α ∈ ω2 − {0}} ∪ {Vα : α ∈ ω2 − {0}},
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KP ´ X �dm4;8|¤�:k�CX.ÏdX ´æ;�m.

(10.3) e A,B ⊂ X, �z� A ∩ Vα, B ∩Hα ´�ê�, K X 6= A ∪ B. ÄK,

4

β0 = sup{β : (α, β) ∈ A ∩ Vα, α ∈ ω1},

@o β0 < ω2 � X ���8 ω1 × (ω2 − (β0 + 1)) � A Ø��, u´ ω1 × (ω2 −

(β0 + 1)) ⊂ B. � δ ∈ ω2 − (β0 + 1), K ω1 × {δ} ⊂ B ∩Hδ, gñ.

� X �mCXP �3\[
⋃

n∈N
Pn, Ù¥Pn ´lÑ�. òPn ¥©O

¹u Vα ½ Hα ¥����NP� Vn ÚHn, @oPn = Vn ∪ Hn. é n ∈ N, �

An = ∪Hn, Bn = ∪Vn. é α ∈ ω2, �3 (α, 0) ����Hn �õ���, Ïd Vα

=�Hn �k���, l
 An ∩ Vα ´k��. aq/, Bn ∩Hα ´k��. ¤±,

d (10.3), X 6=
⋃

n∈N
(An ∪Bn), =

⋃
n∈N

Pn Ø´ X �CX, gñ. � X Ø´g

�;�m.

�!���Ü©, ÞA�`²�ma'u,
$�5�Ø�±�~. Äk, ?

Ø¢D5¯K.

~ 1.8.11 0u;5Ú β �m5��m�ÿÀ5�Ø´m¢D5�.

�8Ü D, ¦ |D| > c. d~ 1.8.4, ψ(D) ´� β �m�ÛÜ;�m. 4 Z ´

ψ(D) � Alexandroff �:;z, @o Z ´;�m. du Z �mf�m ψ(D) Ø´

β �m, Ï
0u;5Ú β �m5��m�ÿÀ5�Ø´m¢D5�.

Ùg, `²é�È5��o���?Ø�ê�È5.

~ 1.8.12 Nω1 ØäkÿÀ5�: : Gδ 5�, q �m5�, β �m5�.

P X = Nω1 . w,, XØäk:Gδ 5�.

(12.1) X Ø´ q �m. eØ,, � g ´ X � q ¼ê. Ø�� g(n, x) ´ X

�Ä�m8. � z ∈ X, ¦é α < ω1, πα(z) = 1. �3 β < ω1, ¦é n ∈ N,

πβ(g(n, z)) = N. é n ∈ N, � xn ∈ X, ÷v

πα(xn) =

{
1, α ∈ ω1 − {β},

n, α = β,

K xn ∈ g(n, z), �´ {xn} vkà:, gñ. �X Ø´ q �m.

(12.2) X Ø´ β �m. eØ,, � g ´ X � β ¼ê. é X �Ä�m8 V , �

R(V ) = {α < ω1 : πα(V ) 6= N}.

� x1 ∈ X, ¦é α < ω1, πα(x1) = 1. 4 V1 ´ x1 �Ä��� (=/XÄ�m8�

��) � V1 ⊂ g(1, x1). � x2 ∈ X, ÷v

πα(x2) =

{
πα(x1), α ∈ R(V1),

2, α /∈ R(V1).
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4 V2 ´ x2 �Ä���� V2 ⊂ g(2, x2), R(V1) ⊂ R(V2). |^8B{, �À� X

�S� {xn} 9Ä���� {Vn}, ÷v

(i) xn ∈ Vn ⊂ g(n, xn),

(ii) R(Vn) ⊂ R(Vn+1),

(iii)

πα(xn+1) =

{
πα(xn), α ∈ R(Vn),

n+ 1, α /∈ R(Vn).

y3, � x ∈ X, ¦

πα(x) =

{
πα(xn), �3 n ∈ N, ¦ α ∈ R(Vn),

1, α ∈ ω1 −
⋃

n∈N
R(Vn),

Ké n ∈ N k x ∈ Vn ⊂ g(n, xn). e� β ∈ ω1 −
⋃

n∈N
R(Vn), @o πβ(xn) = n,

u´ {xn} vkà:, gñ. �X Ø´ β �m.

���~`²½n 1.5.11 ¥�r Σ �m5�Ø�±^�Ýþ5�O�.ky

²ü^Ún [283].

Ún 1.8.13(CH) � {τλ}λ∈Λ ´8Ü X þ� (weight) Ø�L c �ÿÀx,

Ù¥ |Λ| 6 c. e X ��ê8 A Ø´
⋃

λ∈Λ τλ ����êf8��,K�3X �

¹ A �Ø�ê8 Y , ÷v Y 'uz� τλ ´ Lindelöf f�m.

y² é λ ∈ Λ, �Uλ ´�m (X, τλ) �ÄêØ�L c �Ä, Ø��Uλ 'u

�ê¿µ4. �

U = {U ∈ Uλ : A ⊂ U, λ ∈ Λ}.

d CH, |U | 6 ℵ1. P U = {Uα}α<ω1
. Ï�é α < ω1,

⋂
β<α Uβ − A ´Ø�ê

8, �À� X �f8 {xα : α < ω1}, ¦ xα ∈ (
⋂

β<αUβ − {xβ : β < α}) − A. -

Y = A ∪ {xα : α < ω1}.  yé α ∈ Λ, Y ´ (X, τλ) � Lindelöf f�m. � τλ �

f8 V CX Y , Ø�� V ⊂ Uλ. � V �CX A ��ê8 W , -W = ∪W . @

oW ∈ U , u´k α < ω1, ¦W = Uα. 
 Y −W ´�ê�,¤±k V ��ê8

F CX Y −W . ù� V ��ê8W ∪F CX Y , l
 Y 'u τλ ´ Lindelöf f

�m.

~ 1.8.14 �3 R2 �ÿÀ τ1 � τ2, ÷v

(1) (R2, τ1) � (R2, τ2) ´ü�Ó���K�Ýþ�m;

(2) e Q2 ⊂ Z ⊂ R2 � |Z| = c, K (Z, τ1) × (Z, τ2) Ø´�5�m;

(3) Q2 Ø´ τ1 ∪ τ2 ��êf8��8;

(4)(CH) �3 R2 �¹Q2 �Ø�ê8Z, ¦ (Z, τ1), (Z, τ2) ´ü�Ó��¢D

Lindelöf �m.
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y² �
Qã�Bå�,~ 1.8.2 ¤½Â�Bt(x, 1/n)¡� x �Y²+(/

��, ^aq�{�½ÂR�+(/��.± τ1, τ2 ©OL« R2 þdY²+(/

��, R�+(/��)¤�R2 �ÿÀ.

(14.1) d~ 1.8.2, (R2, τ1) ´�K�Ýþ�m. éA (x, y) 7→ (y, x) ´ (R2, τ1)

� (R2, τ2) �Ó�N�, ¤± (R2, τ2) �´�K��Ýþ�m.

(14.2) � E = (Z, τ1) × (Z, τ2), @o Q2 × Q2 ´ E ��êÈ8, 
 {(x, x) :

x ∈ Z} ´ E �Äê� c �4lÑf�m. d Tietze *Ü½n, E Ø´�5�m.

(14.3) ± τ L« R2 �î¼ÿÀ.e Q2 ⊂ U ∈ τ1 ∪ τ2, @o intτ (U ) 3 (R2, τ)

¥È. d Baire �Æ½n, Q2 Ø´ (R2, τ) ��ê�mÈ8��, l
 Q2 Ø´

τ1 ∪ τ2 ��êf8��.

(14.4)(CH) d (14.3) 9Ún 1.8.13, �3 R2 �¹ Q2 �Ø�ê8 Y , ¦ Y '

u τ1, τ2 Ñ´ Lindelöf f�m. � Z = Y ∪ Y ∗, Ù¥ Y ∗ = {(y, x) : (x, y) ∈ Y }.

du Y Ú Y ∗ 'u τ1 ´ Lindelöf �m, u´ Z 'u τ1 ´ Lindelöf �m. qdu

�Ýþ�m´ perfect �m, ¤± Z 'u τ1 ´¢D Lindelöf �m. w,, (Z, τ1) Ó

�u (Z, τ2), Ï
 (Z, τ2) �´¢D Lindelöf �m.

d~ 1.8.14 � (2) Ú (4), keãíØ.

íØ 1.8.15[52, 283](CH) �3�K¢D Lindelöf ��Ýþ�m Z, ¦ Z2 Ø

´�5�m.

¯K 1.8.16[283] ´Ä�3�K¢D Lindelöf ��Ýþ�mX, ¦ X2 Ø´

�5�m?

¯K 1.8.17[140] ´Ä�3� σ �m��K¢D Lindelöf ��Ýþ�m?
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��ÿÀÆ�uÐL§¥, du�«êÆ+��ë�9�+�SÜ¯K�Ä

å, �)
�ª���ÿÀ�ma. éù
wå5Z^z��é�?1°[�©Û

Ú2��©a, ´��ÿÀÆ�3�7�^�, ¿�´§Ì��SÜ�K [24]. 3

1961 cÙ.�ÿÀ¬Æþ, Alexandroff[3] JÑüa¯K:

¯K 2.0.1 �o�ma�±L� “Ð�”�ma (XÝþ�ma,"��ma

�) 3 “Ð�” ëYN�e��?

¯K 2.0.2 �o�ma�±d “Ð�” N�aN\ “Ð�” �ma?

Alexandroff ¯K´^N�é�m?1©a�g�,��
�m�N��p©

a��{. Alexandroff[4] Ú Arhangel’skǐı[24] @�, T�{�¢�´eãn���

éX�Ä�¯K:

¯K 2.0.3 3�o�¹e,,�A½aA ¥�z��m,3áuaF �N

��^e, U
�N¤aB ¥�,��m?

¯K 2.0.4 XJF (A ) ´aA ¥��m3áuaF �N��^e���

m�N, @oaF (A ) ¥��mäkN��SÜA�?

¯K 2.0.5 ^F (A ,B) L«�aN�, Ù½Â����©O´aA , aB

¥��m, �H ´,�N�a, KaF (A ,B) ∩ H ¥�N�k=
5�?

AO/, þã���J{�¹
eã¯K:

¯K 2.0.6 3�aN��^e,=
ÿÀ5��±ØC?

�m�N��©a�K,½ Alexandroff-Arhangel’skǐı ¯K�¿Â3u^N�

��óä�«�«ÿÀ�ma�S35Æ,òN���Ý�rÊsl��ÿÀ�

mé(u�N. ¢�L² [4, 210], ù�KØ==���ÿÀÆ¥Nõ²;��K/

Ñ
#mÉ�,
��)
¯õ#�ïÄ��,�5
 20 ­V 60 c�"Ï���

20 ­V 80 c���ÿÀÆ��Jµ�.

N���ma�±À�´Alexandroff ¯K¥ “Ð�” �ma? N��N�a

�±w¤´ Alexandroff ¯K¥ “Ð�” N�a? Ýþ�m´ïÄ¯K�mà,


ûN�!�mN�!mN�Ú4N�(¢��
 “Ð�” N���¦. �Ù��

Alexandroff �g´, ïÄÝþ�m3�
­�N�ae�½_��S3A�.

�½: §2.1 ¥N��ëY¼ê, §2.2∼§3.9 ¥N�þ´ëY�÷¼ê.
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2.1 N � a

�!Qã�
N�a�½Â9Ä�5�. N�a�m�'X´4�´L�,3

d=�²±��!I��eZ5�. N�Ún�N
N�m�=�'X.

½Â 2.1.1 �N� f : X → Y .

(1) f ¡�ûN� [43], e U ⊂ Y � f−1(U ) ∈ τ(X), K U ∈ τ(Y )¶

(2) f ¡��mN� [20], eé y ∈ Y , f−1(y) ⊂ V ∈ τ(X), K y ∈ f(V )◦¶

(3) f ¡��êVûN� [350], eé y ∈ Y 9 X �CX f−1(y) �m8��ê

x U , �3 P ∈ U F , ¦ y ∈ f(P )◦¶

(4) f ¡�mN� [35], e V ∈ τ(X), K f(V ) ∈ τ(Y )¶

(5) f ¡�4N� [169], e F ∈ τ c(X), K f(F ) ∈ τ c(Y ).

k�Ñ¼ê�ü�Ä�'X.�¼ê f : X → Y . e A ⊂ X,B ⊂ Y , @o

(1) f−1(B) ⊂ A⇔ B ⊂ Y − f(X −A)¶

(2) f(A ∩ f−1(B)) = f(A) ∩B.

·K 2.1.2 (1) mN�⇒ �êVûN�⇒ �mN�⇒ ûN�¶

(2) 4N�⇒ �mN�.

y² �Ly4N�⇒ �mN�⇒ ûN�. �N� f : X → Y .

e f ´4N�,XJ y ∈ Y 9 f−1(y) ⊂ V ∈ τ(X), @o y ∈ Y − f(X − V ) ⊂

f(V ), u´ y ∈ f(V )◦. � f ´�mN�.

e f ´�mN�, XJ U ⊂ Y 9 f−1(U ) ∈ τ(X), ?� y ∈ U k f−1(y) ⊂

f−1(U ), l
 y ∈ U ◦, Ïd U ∈ τ(Y ). � f ´ûN�.

k~f`²¿��mN�´mN�Ú4N��EÜN� [31]. e¡�Ä�|é

n�N\^��N�.

½Â 2.1.3 �N� f : X → Y .

(1) f ¡�;N� [390] (�ê;N�, L N�, s N�), e y ∈ Y , K f−1(y) ´

X �;8 (�ê;8, Lindelöf 8, �©8)¶

(2) f ¡�>�;N� [390] (>��ê;N�, >� L N�), e y ∈ Y , K

∂f−1(y) ´ X �;8 (�ê;8, Lindelöf 8)¶

(3) f ¡�_;N� [390], e f ´4�;�N�¶

(4) f ¡�_�ê;N�,e f ´4��ê;�N�.

S.þò “perfect mapping”È� “��N�”. �ÖU�Ig,�Æ¶c"

½�
¬úÙ�5êÆ¶c6(�ÆÑ��, 1993) Ú�È� “_;N�”. l
ò

“quasi-perfect mapping” È� “_�ê;N�”,Ø¦^â� “[��N�”. w,,

_�ê;N�´�êVûN�.
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½Â 2.1.4 �N� f : X → Y .

(1) f ¡�;CXN� [280],eK ∈ K (Y ),K�3L ∈ K (X),¦ f(L) = K¶

(2) f ¡�S�CXN� [350],eS ∈ S (Y ),K�3L ∈ K (X),¦ f(L) = S¶

(3) f ¡�S�ûN� [55], e S ∈ S (Y ), K�3 L ∈ S (X), ¦ f(L) ´ S �

f�.

J2Öö5¿,©z¥)± “S�CXN�” (sequence-covering mappings)�

¶�k
N��¹Â´ØÓ�. e¡�Ñ�
N�a��d^�.

·K 2.1.5[20] �N� f : X → Y . f ´�mN���=�éB ⊂ Y, fB ´û

N�.

y² � f ´�mN�. é B ⊂ Y, fB : f−1(B) → B ´�mN�, ¤± fB

´ûN�.

��, é y ∈ Y 9 f−1(y) ⊂ V ∈ τ(X), e y /∈ f(V )◦, 4 Z = Y − f(V ). XJ

y ∈ Z−Z,- F = Z∪{y},@oZ Ø´F �48. Ï� fF ´ûN�,¤± f−1(Z)

Ø´ f−1(F ) �48, l
�3 x ∈ f−1(Z) ∩ f−1(y), Ïd y = f(x) ∈ f(f−1(Z)),

� Z ⊂ f(f−1(Z)). =, y ∈ Y − f(V ) ⊂ f(f−1(Y − f(V ))) ⊂ f(X − V ), u´

f−1(y) ∩ (X − V ) 6= ∅, gñ. � f ´�mN�.

�mN��þã�dQã¡�¢DûN� [20].

·K 2.1.6[55] �N� f : X → Y . f ´S�ûN���=�é F ⊂ Y , e

f−1(F ) ´ X �S�48 (S�m8), @o F ´ Y �S�48 (S�m8).

y² � f ´S�ûN�. é F ⊂ Y , � f−1(F ) ´ X �S�48, e F Ø

´ Y �S�48, K F ¹S� {yn}, ¦ yn → y ∈ Y − F , u´�3 {yn} �f�

{yni
} 9 X �S� {xi}, ¦ xi ∈ f−1(yni

) � xi → x ∈ f−1(y). ù� x ∈ f−1(F ),

l
 y ∈ F , gñ.

��, é Y �S� {yn}, e yn → y, Ø��¤k yn 6= y. du {yn : n ∈ N}

Ø´ Y �S�48, u´ ∪{f−1(yn) : n ∈ N} Ø´ X �S�48, 
 f−1(y) ∪

(∪{f−1(yn) : n ∈ N}) ´ X �S�48, l
�3S� {pk} ⊂ ∪{f−1(yn) : n ∈

N}, ¦ pk → x ∈ f−1(y). du f−1(yn) ´S�48, ��õk�� pk áu

f−1(yn), Ïd�3f� {yni
} 9 pki

∈ f−1(yni
). - L = {x} ∪ {pki

: i ∈ N}, K

L ∈ S (X) � f(L) ¹ {y} ∪ {yn : n ∈ N} �f�. � f ´S�ûN�.

·K 2.1.7[101] �N� f : X → Y . f ´4N���=�é y ∈ Y 9

f−1(y) ⊂ U ∈ τ(X), �3 V ∈ τ(Y ), ¦ y ∈ V � f−1(V ) ⊂ U .

y² � f ´4N�. é y ∈ Y 9 f−1(y) ⊂ U ∈ τ(X),� V = Y −f(X−U ),

@o y ∈ V ∈ τ(Y ) � f−1(V ) ⊂ U .

��, � F ∈ τ c(X). é y ∈ Y − f(F ), f−1(y) ⊂ X − F ∈ τ(X), u´�3
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V ∈ τ(Y ), ¦ y ∈ V � f−1(V ) ⊂ X − F , l
 V ∩ f(F ) = ∅, � f(F ) ∈ τ c(Y ).

¤± f ´4N�.

·K 2.1.8[25] �N� f : X → Y , g : X → Z. e f ´_;N�,K f△g ´

_;N�.

y² � h = f△ g. K h �L�eãüN��EÜ:

idX△ g : X → X × Z, f × idZ : X × Z → Y × Z.

du idX ©l X �:�48, �é��Ún, idX△ g ´4i\, l
´_;N�.

qdu f, idZ Ñ´_;N�, u´ f × idZ ´_;N�. � h ´_;N�.

íØ 2.1.9 � Φ ´÷v4¢D5Úk��È5�ÿÀ5�. eé�mX, �

3�é�N� f : X → Y Ú_;N� g : X → Z , Ù¥ Y, Z Ñäk5� Φ, KX

äk5� Φ.

y² � h = f△ g : X → Y × Z. d·K 2.1.8, h ´_;N�, 
 h q´�

é�N�, ¤± h ´4i\, �X äk5� Φ.

·K 2.1.10[61] e X ´;�m, Ké?Û�m Y, π1 : Y ×X → Y ´_;N

�.

y² w,, π1 ´;N�. e F ∈ τ c(Y ×X), XJ y /∈ π1(F ), K ({y}×X)∩

F = ∅, u´�3 Y ¥¹ y �m8 V , ¦ (V ×X) ∩ F = ∅, l
 V ∩ π1(F ) = ∅,

Ïd π1(F ) ∈ τ c(Y ). � π1 ´4N�.

�!1�Ü©?Ø3�½^�e, N�a�m��°[�'X. k0�ü�V

g.

½Â 2.1.11 (1) X ¡�r Fréchet �m [350], e {An} ´ X �4~�8�

� x ∈
⋂

n∈N
An, K�3 xn ∈ An, ¦ xn → x.

(2) X ¡� k �m [118],eéA ⊂ X,XJz�K ∈ K (X)kK∩A ∈ τ c(X),

@o A ∈ τ c(X).

w,, 1��ê�m⇒ r Fréchet �m⇒ Fréchet �m⇒ S��m⇒ k �

m. d½Â, r Fréchet �m´�\5Ú¢D5; k �m´�\5, m¢D5Ú4¢

D5.

·K 2.1.12 (N�Ún) �N� f : X → Y .

(1) e Y ´ k �m, f �;CXN�,K f ´ûN� [280];

(2) e Y ´S��m, f �S�û½S�CXN�,K f ´ûN� [55, 350]¶

(3) e Y ´ Fréchet �m, f �ûN�, K f ´�mN� [20, 115]¶

(4) e Y ´r Fréchet �m, f �ûN�, K f ´�êVûN� [285]¶

(5) e X ´S��m, f �ûN�, K f ´S�ûN� [55].
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y² (1) � F ⊂ Y , � f−1(F ) ∈ τ c(X). é K ∈ K (Y ), �3 L ∈ K (X),

¦ f(L) = K. du f−1(F )∩L ∈ K (X),u´ F ∩K = f(f−1(F )∩L) ∈ K (Y ) ⊂

τ c(Y ), ¤± F ∈ τ c(Y ). � f ´ûN�.

(2)e f ´S�CXN�,K f ´ûN��y²Ó (1), �Lò (1)¥�K (Y )

��S (Y ). e f ´S�ûN�, � F ⊂ Y , � f−1(F ) ∈ τ c(X), K f−1(F ) ´ X

�S�48. d·K 2.1.6, F ´ Y �S�48, ¤± F ∈ τ c(Y ). Ï
 f ´ûN

�.

(3) é y ∈ Y 9 f−1(y) ⊂ V ∈ τ(X), e y ∈ Y − f(V )◦ = Y − f(V ), K�3

S� {yn} ⊂ Y − f(V ), ¦ yn → y. �

Z = {yn : n ∈ N}, F = f−1(Z).

@oF ⊂ f−1(Z) = F∪f−1(y). Ï� f−1(y) ⊂ V ,� V ∩F = ∅,¤± f−1(y)∩F =

∅, l
 F ∈ τ c(X), u´ f−1(Y − Z) = X − F ∈ τ(X), Ïd Y − Z ∈ τ(Y ), g

ñ. � y ∈ f(V )◦, ¤± f ´�mN�.

(4) e f Ø´�êVûN�, K�3 y ∈ Y 9 X �CX f−1(y) �m8��

êx {Ui}i∈N, ¦é n ∈ N, y ∈ Y − f(
⋃

i6n Ui)
◦ = Y − f(

⋃
i6n Ui). du Y ´r

Fréchet �m, �3 yn ∈ Y − f(
⋃

i6n Ui), ¦ yn → y. - E = {yn : n ∈ N}, F =

{y} ∪ E. d (3) Ú·K 2.1.5, fF ´ûN�. du E Ø´ F �48, ¤± f−1(E)

Ø´ f−1(F ) �48,u´�3 x ∈ f−1(E)∩ f−1(y), l
�3m ∈ N, ¦ x ∈ Um,

Ïdk k > m, ¦ f−1(yk) ∩ Um 6= ∅, @o yk ∈ f(Um), gñ. � f ´�êVûN

�.

(5) e F ⊂ Y � f−1(F ) ´ X �S�48, K f−1(F ) ´ X �48, l
 F

´ Y �48, u´ F ´ Y �S�48. d·K 2.1.6, f ´S�ûN�.

·K 2.1.13 �N� f : X → Y , Ù¥ X äk: Gδ 5�. eeã^���

¤á, K f ´S�ûN�.

(1) f ´S�CXN�¶

(2) f ´4N�, X ´�K�m [247].

y² (1) � S ∈ S (Y ). �3K ∈ K (X), ¦ f(K) = S. P S = {y} ∪ {yn :

n ∈ N}, Ù¥ yn → y. �½ xn ∈ f−1(yn) ∩ K. d½n 1.7.7, �3 {xn} �f�

{xni
}, ¦ xni

→ x ∈ f−1(y). l
 f ´S�ûN�.

(2) é Y ¥Âñu y ��²�S� {yn}, �½ xn ∈ f−1(yn). du f ´4N

�, {xn} �?Ûf�kà:. 4 x ´ {xn} �à:� {Vn} ´ x �m���, ¦

V n+1 ⊂ Vn � {x} =
⋂

n∈N
Vn. � {xn} �f� {tk}, ¦ tk ∈ Vk. 4 p ´ {tk} �?

�f��à:,@o p ∈
⋂

k∈N
V k, u´ p = x. ù`² x ´ {tk} ���à:,¤±

{tk} ´ {xn} �Âñf�. � f ´S�ûN�.
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Ún 2.1.14[279, 285] � f : X → Y ´4N�, Ù¥ X ´�5½�ê�;�

m. XJ Y ´ q �m½r Fréchet �m, @o f ´>��ê;N�.

y² e�3 y ∈ Y , ¦ ∂f−1(y) Ø´ X ��ê;8, K ∂f−1(y) k�ê4

lÑf�m {xi : i ∈ N}. du X ´�5½�ê�;�m,�3 X �ÛÜk��

m8x {Vi : i ∈ N}, ¦ xi ∈ Vi (�N¹ A ½n 1.11).

(1) � Y ´ q �m. 4 g ´ Y � q �¼ê. Ï� xi ∈ ∂f−1(y), d8

B{�À� z1 ∈ V1 ∩ f−1(g(1, y)) − f−1(y), zi+1 ∈ Vi+1 ∩ f−1(g(i + 1, y)) −

f−1({y, f(z1), · · · , f(zi)}). du f(zi) ∈ g(i, y), {f(zi)} kà:. ,
 zi ∈ Vi � f

´4N�, u´ {f(zi)} Ãà:, gñ.

(2) � Y ´r Fréchet �m. du xi ∈ Vi ∩ ∂f
−1(y), ¤±

y ∈ f(Vi) − {y} ⊂ f(
⋃

j>i Vj) − {y}.

u´�3 yi ∈ f(
⋃

j>i Vj) − {y}, ¦ yi → y. Ï� {Vi : i ∈ N} ´ÛÜk�8x�

f ´4N�, �3 {yi} �f� {yik
}, ¦ {yik

: k ∈ N} ´ Y �4lÑ8, gñ.

Ún 2.1.15[279] � f : X → Y ´÷N�, K�3X �4f�m Z ÷v: é

y ∈ Y, (f|Z)−1(y) ½ö´ü:8, ½ö´��8 ∂f−1(y).

y² é y ∈ Y , �½ py ∈ f−1(y). �

Z = ∪{∂f−1(y) : ∂f−1(y) 6= ∅} ∪ {py : ∂f−1(y) = ∅}.

du

X − Z = (∪{f−1(y)◦ : ∂f−1(y) 6= ∅})∪

(∪{f−1(y)◦ − {py} : ∂f−1(y) = ∅}),

Z ∈ τ c(X). w,, é y ∈ Y, (f|Z)−1(y) ½ö´ü:8,½ö´��8 ∂f−1(y).

·K 2.1.16[279] � X ´�;�m. e f : X → Y ´÷�4N�,K f ´;

CXN�.

y² é Y ���;8K,dÚn 2.1.14, fK ´>�;N�,2dÚn 2.1.15,

�3 f−1(K)�4f�mL,¦ fK|L ´_;÷N�,u´L ∈ K (X)� f(L) = K.

Ï��K Lindelöf �m´�;�m,d·K 2.1.16, �K�m�÷�4�L N

�´;CXN�.

¯K 2.1.17[290] A��m Y , ¦z�÷�4N� f : X → Y ´�êVûN

�.

Ún 2.1.14 �Ñ��5¯K.

¯K 2.1.18[381] � f : X → Y ´4N�. �mX ½ Y N\�o^�, éz

� y ∈ Y, ∂f−1(y) äk�Ð5�?

½n 2.2.2, Ún 2.7.20, ½n 3.4.16 Ú 3.8.17, íØ 3.8.18 �þ�ù¯K�'.



2.2 _;N� · 45 ·

2.2 _ ; N �

_;N�3N�nØ¥�­�5, �X;�m3��ÿÀÆ¥¤å��^�

�, ´Ã��Æ�. �!�Ì�8�´�ÑÝþ�m'u_;N���Ú_���

x, dd�\X��2ÂÝþ�m, X p �m, �'�Ýþz½n, Ó�0�
4

A²Ú4áw [264]'uÊX�m�Ýþz½n.

½n 2.2.1[304, 363] _;N��±�Ýþ5.

y² � f : X → Y ´_;N�, Ù¥ X ´�Ýþ�m. d Stone ½n, X

´�;�m, l
 Y ´�;�m (�N¹ A íØ 1.3). �
y² Y ´�Ýþ�m,

�Ly Y ´�Ð�m. d½n 1.3.5, �3 X �Ðm {Un}, ¦ Un+1 (\[ Un.

ù�,

(1.1) é X ���;8K, {st(K,Un)}n∈N ´K 3 X ¥���Ä.

é y ∈ Y, n ∈ N, �

Uyn = st(f−1(y),Un),

Wyn = Y − f(X − Uyn),

Vyn = f−1(Wyn).

@o f−1(y) ⊂ Uyn. l
,

(1.2) y ∈Wyn, f
−1(y) ⊂ Vyn ⊂ Uyn.

(1.3) {Wyn}n∈N ´ y �ÛÜÄ.

du f ´4N�, Wyn ´ Y �m8. � W ´ y �m��, @o f−1(y) ⊂

f−1(W ). d (1.1), �3 n ∈ N, ¦ st(f−1(y),Un) ⊂ f−1(W ), = Uyn ⊂ f−1(W ),

u´Wyn ⊂W . (1.3) �y.

d (1.2), f−1(y) ⊂ Vyn+1, 2d (1.1), �3m > n+ 1, ¦ Uym ⊂ Vyn+1.

(1.4) e y ∈Wzm, KWzm ⊂Wyn.

�½ x ∈ f−1(y). du f−1(y) ⊂ Vzm ⊂ Uzm, K x ∈ st(f−1(z),Um), l
�

3 Ux ∈ Um, ¦ x ∈ Ux � ∅ 6= f−1(z) ∩ Ux ⊂ f−1(z) ∩ Uym ⊂ f−1(z) ∩ Vyn+1, u

´ z ∈ f(Vyn+1) = Wyn+1, ¤±k (*): f−1(z) ⊂ Vyn+1. e¡y²Wzm ⊂Wyn.

� t ∈ Wzm. e s ∈ f−1(t), du f−1(t) ⊂ Uzm, ¤± s ∈ st(f−1(z),Um), u

´�3 Us ∈ Um, ¦ s ∈ Us � f−1(z) ∩ Us 6= ∅. � s′ ∈ f−1(z) ∩ Us. du (*),

f−1(z) ⊂ Uyn+1, @o s′ ∈ st(f−1(y),Un+1), K�3 Us′ ∈ Un+1, ¦ s′ ∈ Us′ �

f−1(y)∩Us′ 6= ∅, l
 s′ ∈ Us∩Us′ . 2� s′′ ∈ f−1(y)∩Us′ . Ï�Um \[Un+1,

¤± s, s′′ ∈ Us ∪ Us′ ⊂ st(Us′ ,Un+1), qÏ�Un+1 (\[Un, �3 Vs′ ∈ Un, ¦

s ∈ st(Us′ ,Un+1) ⊂ Vs′ ⊂ st(f−1(y),Un) = Uyn. � f−1(t) ⊂ Uyn, ¤± t ∈ Wyn.

=, Wzm ⊂ Wyn.
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é n ∈ N, -Wn = {Wyn}y∈Y . é y ∈ Y 9 y ���W , d (1.3), �3 n ∈ N,

¦Wyn ⊂ W . 2d (1.4), �3m ∈ N, ¦ st(y,Wm) ⊂ Wyn. ¤± {st(y,Wn)}n∈N

´ y �ÛÜÄ. � {Wn} ´ Y �Ðm, ¤± Y ´�Ð�m.

J2Öö5¿,e f : X → Y ´_;N�,éX �mCXU , {Y −f(X−U ) :

U ∈ U } �7´ Y �CX. � X = I × {0, 1}. D� X î¼f�mÿÀ. 4

A = {(0, 0), (0, 1)}, Y = X/A, ½Â f : X → Y ´g,ûN�. K f ´_

;N�. - U = {I × {0}, I × {1}}. K U ´ X �mCX, ¿�é U ∈ U ,

f(0, 0) 6∈ Y − f(X − U ).

Ýþ�m S1 ×N �4N� S1 ×N/({0}×N) Ó�uS�÷ Sω, u´�¦Ýþ

�m�4N�´�Ýþ�mLN\�
^�.

½n 2.2.2 (Hanai-Morita-Stone ½n) � f : X → Y ´4N�, Ù¥ X ´

Ýþ�m. eã^��d:

(1) Y ´�Ýþ�m¶

(2) Y ´r Fréchet �m [285]¶

(3) f ´>�;N� [304, 363]¶

(4) f ´�êVûN� [285].

y² d½n 2.2.1, Ún 2.1.14, 2.1.15 ÚN�Ún (·K 2.1.12), �Ly�

êVûN��±r Fréchet 5�. é Y ¥4~�8� {An}, e y ∈
⋂

n∈N
An, K�

3 x ∈ f−1(y), ¦ x ∈
⋂

n∈N
f−1(An). ÄK, f−1(y) ⊂

⋃
n∈N

(X − f−1(An)), u´

k m ∈ N, ¦ y ∈ f(X − f−1(Am))◦, l
 ∅ 6= Am ∩ f(X − f−1(Am)), gñ. ¤

±�3 xn ∈ f−1(An), ¦ xn → x, � f(xn) ∈ An � f(xn) → y.

þã(J®´ Hanai-Morita-Stone ½n�C/. ¯¢þ, Hanai-Morita-Stone

½nQã�: � f : X → Y ´4N�, Ù¥ X ´Ýþ�m, K Y ´Ýþ�m��

=� Y ´1��ê�m,��=� f ´>�;N�. §��/´Vǎınštěın[390] �

(J: Ýþ�m�Ýþ�m�4N�´>�;N�. Hanai-Morita-Stone ½n�¡

�Morita-Hanai-Stone ½n.

éØ���ÿÀ�mX � Y , � A ´X �48, f : A → Y ´ëY¼ê. ò

X ⊕ Y �zé: x, f(x) (∀x ∈ A) ÊÜ��X ⊕ Y �û�m Z. ¡ Z �ÊX�m

(½Nb�m, bN�m), g,ûN� p : X ⊕ Y → Z ¡�ÊXN� [60]. ~P Z

� X ∪f Y . ÊX�m�Ýþz���½n 2.2.2 ���A^.

£Ág,N� (½w,N�) �Vg. � {Xα}α∈Λ ´�m X �CX. 4

Z =
⊕

α∈ΛXα. é α ∈ Λ, P Z �f�mXα �X �f�mXα �Ó�� hα. N

� h : Z → X ¡�g,N�,ez� h|Xα
= hα.

½n 2.2.3[58, 264] � X,Y ´Ýþ�m. X ∪f Y ´�Ýþ�m��=�
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X ∪f Y ´1��ê�m.

y² - Z = X ∪f Y . � Z ´1��ê�m. dN�Ún, p ´�mN�. -

X1 = clX(X −A), Z1 = clZp(X −A).

(3.1) XJ B ´ X1 �48, K f(B) ´ Y �48.

� y ∈ Y − f(B), �3 X ¥Ø���m8 U,V ©O�¹ B Ú f−1(y). 4

W = V ∪ Y , G = p(W )◦. K W ´ X ⊕ Y ¥ p−1p(y) = {y} ∪ f−1(y) ��

�, u´ p(y) ∈ G, ¤± p−1(G) ∩ (U − A) = ∅. du B ⊂ clX(U − A), l


p−1(G) ∩ f(B) = ∅. � f(B) ´ Y �48.

(3.2) p1 = p|X1
: X1 → Z1 ´4N�.

´�y, Z1 = p(X − A) ∪ {y ∈ Y : f−1(y) ∩ ∂A 6= ∅}, ¤± p(X1) = Z1. d

(3.1) 9 p1|X−A = idX−A, p1 ´4N�.

(3.3) X ∪f Y ´�Ýþ�m.

d (3.2) Ú½n 2.2.2, Z1 ´X ∪f Y ��Ýþ�4f�m. du p(Y ) Ó�u

Y , ¤± p(Y ) ´ X ∪f Y ��Ýþ�4f�m. 4 q : p(Y ) ⊕ Z1 → X ∪f Y ´g

,N�. K q ´_;N�. 2d½n 2.2.1, X ∪f Y ´�Ýþ�m.

~ 2.2.4[264] ÊX�m.

(1) � X = I2 − {(0, 0), (1, 0)}, Y = I. D� X, Y î¼f�mÿÀ. -

A = {(x, 0) : 0 < x < 1}, ½Â f : A → Y � f(x, 0) = x. Kz� f−1(y) ´;8.

du f(A) = (0, 1) Ø´ Y �48, d½n 2.2.3(3.1), X ∪f Y Ø´1��ê�m.

(2) X 9 A X (1) ¤½Â. � Y = {0}. ½Â f : A → Y � f(A) = {0}. æ

^½n 2.2.3 y²¥�PÒ, K X1 = X,Z1 = Z � p1 : X1 → Z1 ´4N�. du

∂p−1
1 (0) = A Ø´X1 �;8, ¤± Z1 Ø´�Ýþ�m.

_;N��_�{P�_;_�, _�ê;N��_�{P�_�ê;_�.

e¡0�Ýþ�m'u_;_��A�.

Ún 2.2.5[140, 388] e�m X �3mCX� {Un}, ¦ Un+1 (\[ Un, K

X k�ål d ÷v:

(1) é y ∈ X, y ∈
⋂

n∈N
st(x,Un) ��=� d(x, y) = 0;

(2) U ´ (X, d) �m8��=�é x ∈ U , �3m ∈ N, ¦ st(x,Um) ⊂ U .

y² PU0 = {X}. é x, y ∈ X, ½Â

D(x, y) = inf{2−n : y ∈ st(x,Un)},

d(x, y) = inf{
n∑

i=0

D(xi, xi+1) : n ∈ N, xi ∈ X,x0 = x� xn+1 = y}.

K d ´ X ��ål, ¿�d8B{��,é n > 2 k
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D(x, y) 6 2D(x, x1) + 4

n−1∑

i=1

D(xi, xi+1) + 2D(xn, y).

l
D(x, y)/4 6 d(x, y) 6 D(x, y), u´ (1) ¤á. é x ∈ X, n ∈ N, k

st(x,Un+2) = B(x, 1/2n+2) ⊂ B(x, 1/2n) ⊂ st(x,Un).

Ïd (2) ¤á.

½n 2.2.6[301] (Morita ½n) X ´Ýþ�m�_�ê;_���=�X ´

M �m.

y² 7�5. � f : X → Y ´_�ê;N�, Ù¥ Y ´Ýþ�m. K�3

Y �Ðm {Un}, ¦ Un+1 (\[Un. é n ∈ N, ½ÂFn = f−1(Un), KFn+1 (

\[Fn. éX �: x9S� {xn},e xn ∈ st(x,Fn),@o f(xn) ∈ st(f(x),Un),

u´ f(xn) → f(x). du f ´_�ê;N�, ¤± {xn} kà:. � {Fn} ´ X

�M S�. ÏdX ´M �m.

¿©5. � {Un} ´X �M S�. dÚn 2.2.5, �3X ��ål d, ÷v

(6.1) é y ∈ X, y ∈
⋂

n∈N
st(x,Un) ��=� d(x, y) = 0;

(6.2) U ´ (X, d) �m8��=�é x ∈ U , �3m ∈ N, ¦ st(x,Um) ⊂ U .

½Â X ��d'X “∼”: é x, y ∈ X,x ∼ y ��=� d(x, y) = 0. �û8

Y = X/ ∼, 2½Â ρ : Y × Y → R+ � ρ([x], [y]) = d(x, y), K (Y, ρ) ´Ýþ

�m.  yg,Ý� f : X → Y ´_�ê;N�. é x ∈ X, ε > 0, du

f−1(Bρ([x], ε)) = Bd(x, ε) ∈ τ(X), f ´ëY¼ê.

äó: {st(x,Un)}n∈N ´8 [x] =
⋂

n∈N
st(x,U n) 3 X ���Ä. du Un+1

(\[ Un, ¤± st2(x,Un+1) ⊂ st(x,Un), u´ st(x,Un+1) ⊂ st(x,Un). dÂñ

Ún, {st(x,Un)}n∈N ´�ê;48 [x] 3 X ���Ä. ��¡, f−1([x]) = [x] ´

X ��ê;8. ,��¡, � H ∈ τ c(X), e x /∈ f−1f(H), @o [x] ∩H = ∅, u

´�3 m ∈ N, ¦ st(x,Um) ∩ H = ∅. XJ y ∈ st(x,Um+1), K st(y,Um+1) ⊂

st(x,Um), Ï
 [y] ∩H = ∅, ¤± st(x,U m+1) ∩ f
−1f(H) = ∅, l
 f−1f(H) ∈

τ c(X), � f(H) ∈ τ c(Y ). Ïd f ´_�ê;N�.

d�;�m�5�,keãíØ.

íØ 2.2.7[301] X ´Ýþ�m�_;_���=�X ´�;M �m.

íØ 2.2.8[309] �;M �m´r Σ �m.

y² � X ´�;M �m, K�3Ýþ�m Y Ú_;N� f : X → Y . 4

B ´ Y � σ ÛÜk�Ä, K = {f−1(y) : y ∈ Y }, @o f−1(B)− ´X �'uK

� σ ÛÜk�4 (modk) �. � X ´r Σ �m.
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M �mÚ�;M �m©O�x
Ýþ�m�_�ê;_�Ú_;_�.ù


�m�´ Alexandroff ¯K¥¤Ï¦��m. �!�1�Ü©, ?Ø§���x9

Ýþz¯K.

½Â 2.2.9[13] X ¡�g�Ýþ�m, e X ´,�Ýþ�m��é�N��

_�.

w,, X ´g�Ýþ�m�duX k�o�ÝþÿÀ. g�Ýþ�m´äk

G∗
δ é��� σ♯ �m. g�Ýþ5´�\5,¢D5Ú�ê�È5.

·K 2.2.10[269] X ´g�Ýþ�m��=� X äk Gδ é��S� {Un},

¦ Un+1 (\[Un.

y² � X ´g�Ýþ�m, K�3Ýþ�m Y Ú�é�N� f : X → Y .

4 {Fn} ´ Y �Ðm� Fn+1 (\[ Fn. é n ∈ N, ½Â Un = f−1(Fn). K

{Un} ´X � Gδ é��S��Un+1 (\[Un.

��, X �3�ål d ÷vÚn 2.2.5 �^� (1) Ú (2). du {Un} ´ X �

Gδ é��S�, ¤±é x, y ∈ X, d(x, y) = 0 ��=� x = y. � d ´ X �ål.

qdu Bd(x, ε) ´ X �m8, ¤± d �Ñ�ÝþÿÀouX �ÿÀ.

íØ 2.2.11[56] äk Gδ é����;�m´g�Ýþ�m.

½n 2.2.12[80] X ´�Ýþ�m��=�X ´äkGδ é���M �m.

y² �Ly¿©5. dMorita ½nÚ Chaber ½n, �3Ýþ�m Z Ú_

;N� g : X → Z, u´X´�;�m. 2díØ 2.2.11, �3Ýþ�m Y Ú�é

��N� f : X → Y . qdíØ 2.1.9, X ´Ýþ�m.

þã½n�­#Qã: Ýþ�m�_; (_�ê;) _�´Ýþ�m��=�

§äk Gδ é��. �
Qã�Bå�,¡ÿÀ5� Φ ÷v_;_�Gδ é��½

n, e f : X → Y ´_;N�,Ù¥X ´äkGδ é����K�m, Y äk5�

Φ, KX �äk5� Φ.

~ 2.2.13 Alexandroff V��m (~ 1.8.9): I 'uk���4N��_�.

Eæ^~ 1.8.9 �PÒ. é Alexandroff V��m X, � f : X → I ´ÝKN

�, Ù¥ I äî¼ÿÀ. K f ´�õ����4N�.

Alexandroff V��mØäkGδ é��. ù`²é2ÂÝþ�ma C , Ù¥

C ��äkGδ é��, 3?Ø C 'u_;_��±�,��AN\Gδ é��^

�. ù�´ “_;_�Gδ é��½n” �d5. �,, ���A/?Ø¤¢ “_;

_� σ♯ ½n” �. du�¹aq, Ø2Kã.

�!��0��;M �m��
�d^�.

½Â 2.2.14[19] ���K�mX ¡� p �m, e�3 βX ¥m8x�S�

{Un}, ÷v
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(1) Un CXX;

(2) é x ∈ X,
⋂

n∈N
st(x,Un) ⊂ X;

XJ��

(3) é x ∈ X,
⋂

n∈N
st(x,Un) =

⋂
n∈N

st(x,Un),

K X ¡�î� p �m. þãCX� {Un} ©O¡�X � p �EÚî� p �E.

duÛÜ;�m´Ù4�;z�m8, ¤±ÛÜ;�m´ p �m. î� p �

mÚ p �mkBu¦^�S3�x.

·K 2.2.15[78] ���K�m X ´î� p �m��=� X �3î� p S

�, =�3X �mCX� {Un}, ÷v

(1) é x ∈ X, Cx =
⋂

n∈N
st(x,Un) ´ X �;8¶

(2) é x ∈ X, {st(x,Un)}n∈N ´ Cx 3X ���Ä.

y² 7�5. � {Fn} ´X �î� p �E. Ø��Fn+1 Ü©\[Fn. é

n ∈ N, � Un = Fn|X .  yX �mCX� {Un} ´ X �î� p S�.

(15.1) é x ∈ X,Cx =
⋂

n∈N
st(x,Fn) =

⋂
n∈N

st(x,Fn) ´ βX �¹uX S

�48, ¤± Cx ´X �;8.

(15.2) é x ∈ X 9 Cx ⊂ U ∈ τ(X), �3 G ∈ τ(βX), ¦ G ∩ X = U ,

@o {G} ∪ {βX − st(x,Fn) : n ∈ N} CX;�m βX, l
�3 m ∈ N, ¦

st(x,Fm) ⊂ G, u´ st(x,Um) ⊂ G, ¤± {st(x,Un)}n∈N ´ Cx 3 X ���Ä.

¿©5. � {Un} ´ X �î� p S�. é n ∈ N, � Fn ⊂ τ(βX), ¦

Fn|X = Un. K Fn ´ X �CX. é x ∈ X,
⋂

n∈N
st(x,Un) ⊂

⋂
n∈N

st(x,Fn) ⊂
⋂

n∈N
st(x,Fn). e y ∈

⋂
n∈N

st(x,Fn) − Cx, � W ∈ τ(βX), ¦ y ∈ W �

W ∩ Cx = ∅. K�3m ∈ N, ¦ st(x,Um) ∩W = ∅, u´ st(x,Fm) ∩W = ∅,

l
 y /∈ st(x,Fm), gñ. �
⋂

n∈N
st(x,Fn) ⊂ Cx. Ïd

⋂
n∈N

st(x,Fn) =
⋂

n∈N
st(x,Fn) ⊂ X.

dd, äkî� p S���m´ w∆ �m. w,, î� p S�5�´�ê�È

5.

½n 2.2.16[66] ���K�m X ´ p �m��=� X �3 p S�, =�3

X �mCX� {Un} ÷v: é x ∈ X, n ∈ N, e x ∈ Un ∈ Un, K

(1) Dx =
⋂

n∈N
Un ´ X �;8¶

(2) {
⋂

n6k Un}k∈N ´ Dx 3X ��.

y² 7�5. � {Pn} ´ X � p �E. À� X �mCX� {Un} ÷v: é

n ∈ N, U ∈ Un, �3 P ∈ Pn, ¦ clβXU ⊂ P . e¡�y {Un} ´X � p S�. é

x ∈ X, 9 X �m8� {Un}, ¦ x ∈ Un ∈ Un, - Dx =
⋂

n∈N
Un.
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(16.1) Ï�
⋂

n∈N
clβXUn ⊂

⋂
n∈N

st(x,Pn) ⊂ X, ¤± Dx =
⋂

n∈N
(X ∩

clβXUn) =
⋂

n∈N
clβXUn ´X �;8.

(16.2) � Dx ⊂ U ∈ τ(X). � G ∈ τ(βX), ¦ U = G ∩ X. @o {G} ∪

{βX − clβXUn : n ∈ N} CX βX, l
�3 k ∈ N, ¦
⋂

n6k clβXUn ⊂ G, u´
⋂

n6k Un ⊂ U . � {
⋂

n6k Un}k∈N ´ Dx 3X ��.

¿©5. � {Un} ´X � pS�. é n ∈ N, �Pn ⊂ τ(βX), ¦Pn|X = Un.

KPn CX X. � x ∈ X. XJ�3 y ∈
⋂

n∈N
st(x,Pn) − X, Kk βX �8�

{Pn},¦ {x, y} ⊂ Pn ∈ Pn,@o
⋂

n∈N
Pn ∩X ´X �;8,u´�3G ∈ τ(βX)

Ú k ∈ N, ¦
⋂

n6k Pn ∩X ⊂ G ⊂ clβXG ⊂ βX − {y}. -

W = (
⋂

n6k Pn) ∩ (βX − clβXG).

@o W ∩ X = ∅. ,
 y ∈ W ∈ τ(βX), u´ W ∩ X 6= ∅, gñ. l

⋂

n∈N
st(x,Pn) ⊂ X. Ïd {Pn} ´ X � p �E.

w,, p S�5�´�ê�È5.

X ¡��;�m [42], e X �z��ê;�48´;8. gæ;�m´�;

�m (�N¹ A ½n 4.2).

íØ 2.2.17 �X ´�K��;�m. eX ´ w∆ �m, KX �3 p S�.

y² é X � w∆ S� {Un}, � X �mCX� {Vn}, ¦ V −
n \[ Un. d

ÂñÚn, {Vn} ´ X � p S�.

½n 2.2.18[66, 136] é�K�gæ;�mX, eã^��d:

(1) X äkî� p S�¶

(2) X äk p S�¶

(3) X ´ w∆ �m.

y² �Ly (2) ⇒ (3) ⇒ (1).

(2) ⇒ (3). � {Un} ´ X � p S�, Ù¥ Un+1 \[ Un. é n ∈ N, �3 X

� θ S� {Vnj}j∈N, ¦ Vnj m\[Un ∧ (∧m,i<nVmi). é k ∈ N, - Vk = Vk1.  

y {Vk} ´ X � w∆ S�. � X �: x 9S� {xk} ÷v xk ∈ st(x,Vk). K�

3 N �f� {ki}, {ji}, ¦ ki+1 > max{ki, ji}, 1 6 |(Vkiji
)x| < ℵ0. é n ∈ N, Ï�

{xki
: i > n} ⊂ st(x,Vkn+1

) ⊂ st(x,Vknjn
) � Vknjn

\[Un, Ø���3 Un ∈ Un,

¦ {xki
: i > n} ∪ {x} ⊂ Un, u´ {xki

} kà:, l
 {xk} kà:.

(3) ⇒ (1). � {Un} ´ X � w∆ S�. dÚn 1.4.8, �3 X �mCX�

{Vn} ÷v: Vn+1 \[ Vn ∧ Un �é x ∈ X k
⋂

n∈N
st(x,Vn) =

⋂
n∈N

st(x,Vn) ⊂
⋂

n∈N
st(x,Un). dÂñÚn, {Vn} ´X �î� p S�.

íØ 2.2.19 é�;�mX, eã^��d:

(1) X ´M �m¶
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(2) X ´ w∆ �m¶

(3) X ´ p �m.

~ 2.2.20 p �ma.

(1) ÛÜ;5 (Ï
 p �m5�) 6⇒ �;5, XS�m ω1¶

(2) p �m 6⇒ ÛÜ;�m, XÃnê�m P¶

(3) ���ÿÀ�mX [360]:

(i) X Ø´�K�m¶

(ii) X ´�Ð�m¶

(iii) X Ø�3 p S� [136].

4 S = {(x, y) : x, y ∈ R, y > 0}, L = {(x, 0) : x ∈ R} � X = S ∪ L. P τ∗ ´

X �î¼f�mÿÀ. X D����ÿÀ

τ = {τ∗} ∪ {{x} ∪ (S ∩ U ) : x ∈ L, x ∈ U ∈ τ∗}.

¡ (X, τ) ����ÿÀ�m. ´�y, X Ø´�K�m. |^ R2 �¥/��, ´

�yX ´�Ð�m.

e X äk p S� {Un}. é x = (0, 0) ∈ X, �½ Un ∈ (Un)x. 2� x ��

� {x} ∪ (S ∩ B(x, 2rn)) ⊂ Un, Ù¥ B(x, 2rn) ´ R2 �¥/��� rn+1 < rn. �

xn = (rn, 0), K xn ∈
⋂

k6n Uk, l
S� {xn} kà:,ù� {xn : n ∈ N} ´X �

4lÑf8�gñ. �X Ø�3 p S�.

(4) ÛÜ;, g�Ýþ�m 6⇒ β �m [140].

�B ´¢��R� Bernstein8 (�~ 1.8.5), @o R�z�Ø�ê48þ�

B, R−B ��. 4 {Bα : α < 2ω} ´B �3 R ¥äkØ�ê4���ê8�N�

8. é α < 2ω, d��8B, À� xα ∈ Bα − (B ∪ {xβ : β < α}), ¿� xαn ∈ Bα,

¦ xαn → xα. � X = B ∪ {xα : α < 2ω}. D�X eãÿÀ: B �:´�á:; xα

���Ä�/X {xα} ∪ {xαn : n > m},m ∈ N.

w,, X ´ÛÜ;�g�Ýþ�m. 4 H = {xα : α < 2ω}. K H ´ X �4

8. XJ X ´ β �m, d½n 1.7.7, X ´���m, ¤±�3X �m8� {Un}

÷v: H =
⋂

n∈N
Un. e,�B−Un ´Ø�ê�,K�3 α < 2ω,¦Bα ⊂ B−Un,

ù� xαn → xα ∈ Un �gñ, l
z� B −Un ´�ê�. Ï� B ´Ø�ê�,¤

± B ∩ (
⋂

n∈N
Un) 6= ∅, gñ.

¯K 2.2.21[140] �5Moore �m´Ä´g�Ýþ�m?

2.3 û N �

�!±ûN��Ø%, 0�Ýþ�mûN�, 9�'��mN�Ú�êVûN
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���x, §�TÐ´S��m, Fréchet �mÚr Fréchet �m. ��A^, ?Ø

�5Ýþ�mÚëÏÝþ�mûN���x. TØK�6uf1��ê�m�N

�5�.

·K 2.3.1 (1) ûN��± k �m [200], S��m [115];

(2) �mN��± Fréchet �m [20, 115];

(3) �êVûN��±r Fréchet �m [350].

y² ½n 2.2.2 ®y²
 (3). � f : X → Y .

(1) � f ´ûN�, Ù¥ X ´ k �m. e Y �f8 A ÷vé K ∈ K (Y ),

k A ∩ K ∈ τ c(Y ), XJ L ∈ K (X), K A ∩ f(L) ∈ τ c(Y ), u´ f−1(A) ∩ L =

f−1(A ∩ f(L)) ∩ L ∈ τ c(X), l
 f−1(A) ∈ τ c(X), Ïd A ∈ τ c(Y ), � Y ´ k �

m.

ùy²
��Ñr�¯¢: é Y �f8 A, eé L ∈ K (X) k A ∩ f(L) ∈

τ c(Y ), K A ∈ τ c(Y ). òþãy²¥�K (Y ),K (X) ©O��S (Y ),S (X) �,

ûN��±S��m.

(2) � f ´�mN�, Ù¥ X ´ Fréchet �m. e y ∈ A ⊂ Y , XJ f−1(y) ∩

f−1(A) = ∅, @o y ∈ f(X − f−1(A))◦ ⊂ Y − A, gñ. u´�3 x ∈ f−1(y) ∩

f−1(A), l
�3S� {xn} ⊂ f−1(A), ¦ xn → x, ÏdS� {f(xn)} ⊂ A �

f(xn) → y. � Y ´ Fréchet �m.

½Â 2.3.2 �F ´�mX �CX,¡X 'uF äkfÿÀ [99],½¡X d

F ¤(½ [143], XJé A ⊂ X,A ∈ τ c(X) ��=�é F ∈ F k A ∩ F ∈ τ c(F ).

w,, X ´ k �m (S��m)��=�X 'uK (X) (S (X)) äkfÿÀ.

·K 2.3.3[143] �F ´�mX �CX, Z =
⊕

F . - f : Z → X ´g,N

�. f ´ûN���=�X 'uF äkfÿÀ.

y² � f ´ûN�. é A ⊂ X, e?� F ∈ F , A ∩ F ∈ τ c(F ), @o

f−1(A) ∈ τ c(Z), u´ A ∈ τ c(X), ¤± X 'u F äkfÿÀ. XJ X 'u F

äkfÿÀ,¿�kA ⊂ X, ¦ f−1(A) ∈ τ c(Z), @oé F ∈ F kA∩F ∈ τ c(F ),

l
 A ∈ τ c(X), � f ´ûN�.

½n 2.3.4[118] eã^��d:

(1) X ´ k �m;

(2) X ´�;ÛÜ;�m�ûN�;

(3) X ´ÛÜ;�m�ûN�.

y² (1) ⇒ (2). � X ´ k �m, K X 'u K (X) äkfÿÀ. d·K

2.3.3, X ´�;ÛÜ;�m
⊕

K (X) �ûN�.

(2) ⇒ (3) ´w,�.



· 54 · 1�Ù Ýþ�m�N�

(3) ⇒ (1). �LyÛÜ;�m´ k �m. � Y ´ÛÜ;�m, é A ⊂ Y ,

e A /∈ τ c(Y ), �3 y ∈ A − A. � V ´ y �m��� V ∈ K (Y ), @o

y ∈ V ∩A− V ∩A, u´ V ∩A /∈ τ c(Y ). � Y ´ k �m.

íØ 2.3.5 �X ´ k �m. eX äk:Gδ 5�, KX ´S��m.

y² X ´�;ÛÜ;�m
⊕

K (X) �ûN�. d½n 1.7.7,
⊕

K (X) ´

1��ê�m. 2d·K 2.3.1, X ´S��m.

ò½n 2.3.4 y²¥�K (X) ��S (X), �ÑÝþ�mûN���x.

½n 2.3.6[115] eã^��d:

(1) X ´S��m¶

(2) X ´ÛÜ;Ýþ�m�ûN�¶

(3) X ´Ýþ�m�ûN�.

|^N�Ún, �ÑÝþ�m�mN�±9�êVûN���x.

½n 2.3.7[20, 115] eã^��d:

(1) X ´ Fréchet �m¶

(2) X ´ÛÜ;Ýþ�m��mN�¶

(3) X ´Ýþ�m��mN�.

½n 2.3.8[350] eã^��d:

(1) X ´r Fréchet �m¶

(2) X ´ÛÜ;Ýþ�m��êVûN�¶

(3) X ´Ýþ�m��êVûN�.

�!1�Ü©, ?ØüaAÏ�m�ûN�¯K. k0��aAÏ�Ýþ�

m, §�4N�½ûN�Ñ´�Ýþ�m.

½Â 2.3.9[308] Ýþ�m (X, d) ¡��5Ýþ�m,e Xd ´X �;8.

Mrówka[308] ½Â��5Ýþ�m: �3X �Ýþ d, ¦éX ¥Ø���48

A,B, k d(A,B) > 0. Mrówka y²
ù½Â� 2.3.9 �d. �Öv^�ù�¯¢.

½n 2.3.10[10, 182] �X ´Ýþ�m. eã^��d:

(1) X ´�5Ýþ�m¶

(2) X �z�4N�´Ýþ�m¶

(3) X �z�ûN�´Ýþ�m.

y² (1) ⇒ (3). � f : X → Y ´ûN�. P;Ýþ�mXd ��êÈ8�

D = {ai : i ∈ N}. ½Â

B = {B(ai, 1/j) : i, j ∈ N}, U = BF .

K U ´X ��êx. é U ∈ τ(X), �

H(U ) = (Y − f(Xd − U )) ∩ f(U ),



2.3 ûN� · 55 ·

G1(U ) = (X − f−1f(Xd − U )) ∩ (f−1f(U ) − U ),

G2(U ) = (X − f−1f(Xd − U )) ∩ U .

K f−1(H(U )) = G1(U ) ∪ G2(U ). du G1(U ) ⊂ X − Xd, G2(U ) ∈ τ(X), u´

H(U ) ∈ τ(Y ). -

W = {H(U ) : U ∈ U } ∪ {{y} : y ∈ Y − f(Xd)}.

e¡y²W ´�;�m Y � σ ÛÜk�Ä, � Y ´Ýþ�m.

(10.1) Y ´�;�m.

é Y �mCX V , �3 V ′ ∈ V <ω, ¦ f(Xd) ⊂ ∪V ′, @o V ′ ∪ {{y} : y ∈

Y − ∪V ′} ´ V �ÛÜk�m\[,¤± Y ´�;�m.

(10.2) W ´ Y �Ä.

é y ∈ Y , e y ∈ V ∈ τ(Y ), Ø���3 x ∈ Xd, ¦ y = f(x), K�3 U ∈ U ,

¦ Xd ∩ f−1f(x) ⊂ U ⊂ f−1(V ), l
 y ∈ H(U ) ⊂ V .

(10.3) W ´ σ ÛÜk�Ä.

d U ��ê5, P {H(U ) : U ∈ U } �CX f(Xd) �k�fx�N�

{Pi}i∈N. é i ∈ N, 4

Wi = Pi ∪ {{y} : y ∈ Y − ∪Pi}.

K W =
⋃

i∈N
Wi � Wi ´ÛÜk��.

(3) ⇒ (2) ´w,�, e¡y² (2) ⇒ (1). eXd /∈ K (X), KXd ¹�ê4l

Ñf�m Z. 4 f : X → X/Z ´ûN�, K f ´4N�� ∂f−1([Z]) = Z Ø´X

�;8. d½n 2.2.2, X/Z Ø´Ýþ�m,gñ. �Xd ∈ K (X).

íØ 2.3.11[395] X ´;Ýþ�m��=�X �z�N�´Ýþ�m.

y² �Ly¿©5. d½n 2.3.10, X ´�5Ýþ�m. e X Ø´;�m,

K X ¹�ê4lÑf�m Z ⊂ X − Xd. P Y = X − Z, 4 τ1 = τ(X)|Y , � τ2

´8Ü Z þØ�Ýþ� Hausdorff ÿÀ. du (Z, τ1|Z) ´ X �m4f�m, ¤±

idX : X → (Y, τ1) ⊕ (Z, τ2) ´ëY¼ê, � (Y, τ1) ⊕ (Z, τ2) Ø´Ýþ�m, gñ.

� X ´;Ýþ�m.

íØ 2.3.12[182] � X ´Ýþ�m. eã^��d:

(1) X �z�ûN�´Ýþ�m¶

(2) X �z�ûN�´1��ê�m¶

(3) X �z�ûN�´ Fréchet �m¶

(4) X �z�ûN�´�êVûN�¶

(5) X �z�ûN�´�mN�.

y² (1) ⇒ (2) ⇒ (4) ⇒ (5) ⇒ (3) ´w,�, ¤±�Ly (3) ⇒ (1). X

J Xd /∈ K (X), @o Xd ¹�ê4lÑf�m {xn : n ∈ ω}. � X �lÑm8
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x {Un : n ∈ ω}, ¦ xn ∈ Un. é n ∈ ω, �S� {xnm}m ⊂ Un, ¦ xnm → xn. -

Y = X − {xn : n ∈ N}. ½Â¼ê f : X → Y , ÷v

f(x) =

{
x0n, x = xn, n ∈ N,

x, x ∈ Y.

D� Y d f p��ûÿÀ. K Hausdorff �m Y ¹ Arens f�m S2, 
 S2 Ø´

Fréchet �m, gñ. ÏdXd ∈ K (X), � X �z�ûN�´Ýþ�m.

~ 2.3.13[236] �3�5Ýþ�mX ±9ûN� f : X → Y , ¦ f QØ´4

N��Ø´mN�.

4 X = I × ω, �B ´ I 'uî¼ÿÀ��êÄ.�

V (B,m) = B × ({0} ∪ {n ∈ N : n > m}), B ∈ B,m ∈ N;

P = {{x} : x ∈ I × N} ∪ {V (B,m) : B ∈ B,m ∈ N}.

X D�dÄP )¤�ÿÀ.KX ´�K�m�P ´X � σ lÑÄ, u´X ´

�Ýþ�m. Ï� Xd ´ I D�î¼ÿÀ, ¤± Xd ´ X �;8, Ï
 X ´�5

Ýþ�m. 4 f : X → I ´ÝKN�. @oûN� f QØ´4N��Ø´mN�.

~ 2.3.13 `², íØ 2.3.12 ��mN�½�êVûN�Ø�\r�4N�½

mN�. ~ 2.3.14 `², ½n 2.3.10 �4N�½ûN�Ø����êVûN�.

~ 2.3.14[236] �3z��êVûN�´Ýþ�m���5Ýþ�m.

é n ∈ N, - In = I. � X =
⊕

n∈N
In. @oÝþ�mX Ø´�5Ýþ�m.

� f : X → Y ´�êVûN�, K Y ´ Lindelöf �ÛÜ;, ÛÜ�Ýþ�m, u

´ Y ´Ýþ�m.

,�aAÏ�m´ëÏ�S��m. N��±ëÏ5. ëÏ�m´Ä´ëÏ

Ýþ�m�N� [386]?

½Â 2.3.15[102] X ¡� s ëÏ�m, e X ØUL«�ü�Ø�����S

�m8�¿. s ëÏ�m�¡�S�ëÏ�m.

w,, ëÏ�S��m⇒ s ëÏ�m⇒ ëÏ�m.

½n 2.3.16[241] eã^��d:

(1) X ´ëÏÝþ�m�S�CXN�;

(2) X ´ëÏÝþ�m�N�;

(3) X ´ s ëÏ�m.

y² (2) ⇒ (3).�Ly²: �N� f : M → X, eM ´ sëÏ�,KX ´ s

ëÏ�. eØ,, K X ´Ø�����S�m8A,B �¿. XJ X �S� {an}

Âñu a ∈ f−1(A), K f(an) → f(a) ∈ A, u´ {f(an)} ´ªu A �, l
 {an}
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´ªu f−1(A) �, ¤± f−1(A) ´M �S�m8. Ón, f−1(B) ´M �S�m

8. =, M ´ü�Ø�����S�m8�¿,gñ.

(3) ⇒ (1). � X ´ s ëÏ�m. 4M =
⊕

S (X), P (M,d) �ÿÀÚ�Ñ

�Ýþ�m, � q : (M,d) → X ´g,N�. K q ´ëY�.

½Â ρ : (M × I)2 → R+ Xe:

ρ((y1, t1), (y2, t2)) =

{
d(y1, y2) + t1 + t2, y1 6= y2,

|t2 − t1|, y1 = y2.

´�y, ρ ´M × I �ål, ¿�M Ó�u (M × I, ρ) �f�mM × {0}.

½Â M × I ���'X “∼”: (y1, t1) ∼ (y2, t2) ��=� q(y1) = q(y2) �

t1 = t2 = 1, ½ y1 = y2 � t1 = t2. K ∼ ´�d'X. �da�8ÜP�Z, ¿�

4 p : M × I → Z ´g,Ý�. é y ∈M,n ∈ N, -

Byn = p({(y, 1)} ∪ {(y′, t) : q(y′) = q(y), 1 − 1/n < t < 1}).

Z D�eãÿÀ τ : é (y, t) ∈ M × I, e t 6= 1, p(y, t) 3 Z ���/X (y, t) 3

M × I ���; e t = 1, p(y, t) 3 Z ���Ä�/XByn, n ∈ N. K (Z, τ) ´�

K�m, ¿�é U ∈ τ , p−1(U ) ´ (M × I, ρ) �m8. l
 p ´ëY�.

(16.1) (Z, τ) ´�Ýþ�m.

�B ´Ýþ�m (M × I, ρ) � σ ÛÜk�Ä. 4 Q′ ´ I �f8 (1/3, 1) ¥

�knê�N�8. �

P1 = {p(B) : B ∈ B, B ⊂M × [0, 1/2)},

P2 = {p({y} × (r1, r2)) : y ∈M, r1, r2 ∈ Q′},

P3 = {Byn : y ∈M,n ∈ N},

P = P1 ∪ P2 ∪ P3.

KP ´ (Z, τ) � σ ÛÜk�Ä, ¤± (Z, τ) ´�Ýþ�m.

½Â¼ê h : (M × I, ρ) → X Ú f : (Z, τ) → X, ¦ h(y, t) = q(y)� f ◦p = h.

(16.2) f ´S�CXN�.

5¿�, XJ E ´ (M,d) �m8, K p(E × [0, 1)) ∈ τ ; XJ x ∈ X, K

p(q−1(x) × (0, 1]) ∈ τ . e A ´ X �m8, K q−1(A) ´ (M,d) �m8, u´

f−1(A) = p(q−1(A)× [0, 1))∪ (
⋃

x∈A p(q
−1(x)× (0, 1])) ∈ τ . � f ´ëY�. �X

¥�²��S� {xn}Âñu x. d q ��E,�3 (M,d)¥Âñu y �S� {yn},

¦ q(y) = x � q(yn) = xn. Ï� ρ((yn, 0), (y, 0)) = d(yn, y), ¤± (yn, 0) → (y, 0).

qdu p ´ëY�,@o p(yn, 0) → p(y, 0). 2du fp(yn, 0) = xn, u´ f ´S�

CXN�.

(16.3) (Z, τ) ´ s ëÏ�m.
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eØ,, Z ´üØ�����S�m8 C,D �¿. w,, f−1(x) ´ Z � s

ëÏf8, ¤±½ö f−1(x) ⊂ C, ½ö f−1(x) ⊂ D, u´�3 X �f8 A,B, ¦

X = A∪B,C =
⋃

x∈A f
−1(x)�D =

⋃
x∈B f

−1(x), = C = f−1(A), D = f−1(B).

� X �S� {xn} Âñu x ∈ A. d (16.2), �3 Z ¥Âñu,: z ∈ f−1(x) �

S� {zn}, ¦ f(zn) = xn. K z ∈ C, u´ {zn} ´ªu C �, l
 {xn} ´ªu A

�, � A ´ X �S�m8. Ón, B �´ X �S�m8. ù� X � s ëÏ5�

gñ. Ïd, Z ´ s ëÏ�m.

dN�Ún, keãíØ.

íØ 2.3.17[102, 241] X ´ëÏÝþ�m�ûN� (�mN�)��=�X ´

ëÏ�S��m (Fréchet �m).

~ 2.3.18[241] ëÏ5; s ëÏ5.

é R � Stone-Čech ;z βR, ky²: é p ∈ βR − R, R ¥Ø�3S�Â

ñu p. ¯¢þ, e�3 R ¥�²��S� {xn} Âñu p, - A = {x2n : n ∈

N}, B = {x2n−1 : n ∈ N}, K A,B ´ R ¥Ø���48. du R ´�5�, ¤±

clβR(A)∩clβR(B) = ∅ (X� Engelking[101]�íØ 3.6.4),
 p ∈ clβR(A)∩clβR(B),

gñ.

du R ´ëÏ�, ¤± βR �´ëÏ�. ,��¡, R 3 βR ¥Q´S�m8

q´S�48, ¤± βR Ø´ s ëÏ�m.

d½n 2.3.16, ëÏ�m βR Ø´ëÏÝþ�m�N�.

�!����·K,^¦È�Ñ Fréchet �m�r Fréchet �m�'X.

·K 2.3.19[285] X ´r Fréchet �m��=�X × S1 ´ Fréchet �m.

y² � X ´r Fréchet �m. é A ⊂ X × S1, e p ∈ A, Ø�� p = (x, 0).

é n ∈ N, ½Â

An = A ∩ (X × (S1 − {1/m : m < n})),

Bn = π1(An).

K {Bn} ´ X �4~8�� x ∈
⋂

n∈N
Bn, u´�3 xn ∈ Bn, ¦ xn → x, l
�

3S� {zn} ⊂ A, ¦ zn → p. �X × S1 ´ Fréchet �m.

��, � X × S1 ´ Fréchet �m. é X �4~8� {An}, e x ∈
⋂

n∈N
An,

- A =
⋃

n∈N
(An × {1/n}). @o (x, 0) ∈ A ⊂ X × S1, u´�3S� {zi} ⊂ A,

¦ zi → (x, 0), l
k N �f8 {ni : i ∈ N} 9 xi ∈ Ani
, ¦ zi = (xi, 1/ni) �

xi → x, ni → ∞. Ïd�3 yn ∈ An, ¦ yn → x. �X ´r Fréchet �m.



2.4 mN� · 59 ·

2.4 m N �

�!0�Ýþ�mÚ�;M �mmN���x. 1960 c Ponomarev[333] y

²
X ´1��ê�m��=�§´�Ýþ�m�mN�. Ponomarev ½n´J

Ñ Alexandroff ¯K��Äå [28], 
� Ponomarev ME�òA½��Ýþ�mL

� Baire "��m�f�m�N���{, {¡� Ponomarev �{, ´éÝþ�

mN�nØ�R��z. l�!å��Ù�!,òXÚ/0�ù«�{.

½Â 2.4.1[289] �m X �m8xB ¡� X �f8 A �	Ä, eé x ∈ A

9 x ∈ U ∈ τ(X), �3 B ∈ B, ¦ x ∈ B ⊂ U .

Ún 2.4.2 (König Ún) � {Xi} ´���k�8�. eé n < m, �3é

A πm
n : Xm → Xn ÷v: πm

n = πk
n ◦ πm

k � πm
m = idXm

, K�3 (xi) ∈
∏

i∈N
Xi, ¦

πm
n (xm) = xn.

y² Xi D�lÑÿÀ, KXi ´;�m. �

X =
∏

i∈N
Xi,

Y = {(xi) ∈ X : πm
n (xm) = xn, n < m},

K Y ´;�m X �48. ¯¢þ, e y = (yi) ∈ X − Y , K�3 n < m, ¦

πm
n (ym) 6= yn, - V = {(xi) ∈ X : xm = ym, xn = yn}, @o y ∈ V ∈ τ(X) �

V ∩ Y = ∅, � Y ´ X �48. ��¤Ún�y², �L`² Y 6= ∅. ém ∈ N,

-

Ym = {(xi) ∈ X : e n < m, K πm
n (xm) = xn},

u´ Ym ´ X ���48. l
 {Ym} ´ X �äkk��5��48�, ¤±

Y =
⋂

m∈N
Ym 6= ∅.

Ún 2.4.3[289] � K ∈ K (X). e K 3 X ¥äk�ê	ÄU , @o�3÷

veã^��U �k�8� {Ui}:

(1) é i ∈ N,K ⊂ ∪Ui;

(2) é x ∈ K, e x ∈ Ui ∈ Ui, K {Ui}i∈N ´ x ���Ä;

(3) é x ∈ K, i ∈ N, �3 Ui ∈ Ui, ¦ x ∈ Ui+1 ∩K ⊂ Ui.

y² � {Vi} �¤kCX K � U �k�8x. d8B{, � {Vi} �f�

{Ui} ÷v: é i ∈ N, Ui Ü©\[ Vi � {U ∩K : U ∈ Ui+1} Ü©\[ Ui. e

¡�y {Ui} ÎÜ^� (1) � (3). (1) w,¤á. é x ∈ K 9 x ∈ Ui ∈ Ui, �

x ∈W ∈ τ . � V ∈ U Ú V ∈ U <ω, ¦ x ∈ V ⊂W �K − V ⊂ ∪V ⊂ X − {x}.

u´�3 m ∈ N, ¦ V ∪ {V } = Vm, l
 Um ⊂ V . � {Ui}i∈N ´ x ���Ä.

�
�y (3), é x ∈ K, i ∈ N, ½Â Wi = (Ui)x. K Wi ´k��, ¿�÷v: e
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Ui+1 ∈ Wi+1, K�3 Ui ∈ Wi, ¦ Ui+1 ∩K ⊂ Ui. d König Ún, é i ∈ N, �3

Ui ∈ Ui, ¦ x ∈ Ui+1 ∩K ⊂ Ui.

·K 2.4.4[289] �X ´1��ê�m. e U ´X �Ä, @o�3�Ýþ�

mM ÚmN� f : M → X, ÷v

(1)eK ∈ K (X)äk�ê	ÄUK ⊂ U ,K�3L ∈ K (M),¦ f(L) = K;

(2) é E ⊂ X, e (U )E �ê, K f−1(E) äk�êÄ.

y² PU = {Uα}α∈Λ. é i ∈ N, Λi ´8Ü Λ D�lÑÿÀ��m. ½Â

M = {β = (αi) ∈
∏

i∈N
Λi : {Uαi

}´X ¥,: x(β)���Ä },

KM ´�Ýþ�m. é β ∈ M,x(β) ´��(½�. u´�±½Â¼ê f : M →

X � f(β) = x(β).

(4.1) f ´N�. d X �1��ê5, f ´÷¼ê. � β = (αi) ∈ M,f(β) =

x ∈ U ∈ τ(X), K�3m ∈ N, ¦ x ∈ Uαm
⊂ U . - V = {γ ∈ M : πm(γ) = αm}.

K β ∈ V ∈ τ(M) � f(V ) ⊂ Uαm
⊂ U . � f ´ëY�.

(4.2) f ´mN�. é n ∈ N Ú αi ∈ Λi(∀i 6 n), �

B(α1, · · · , αn) = {β ∈M : πi(β) = αi, i 6 n}.

XJ β = (βi) ∈ B(α1, · · · , αn), @o

f(β) ∈
⋂

i∈N

Uβi
⊂

⋂

i6n

Uαi
,

¤± f(B(α1, · · · , αn)) ⊂
⋂

i6n Uαi
. e x ∈

⋂
i6n Uαi

, é i > n, � αi ∈ Λi, ¦

{Uαi
}i>n ´ x ���Ä. 4 β = (αi). @o β ∈ B(α1, · · · , αn) � f(β) = x, u´

⋂
i6n Uαi

⊂ f(B(α1, · · · , αn)). Ïd f(B(α1, · · · , αn)) =
⋂

i6n Uαi
. du

{B(α1, · · · , αn) : αi ∈ Λi, i 6 n}

´M �Ä, ¤± f ´mN�.

d f �½Â, (2) ¤á. ey (1) ¤á.

(4.3) e K ∈ K (X) äk�ê	Ä UK ⊂ U , K�3÷vÚn 2.4.3 �Ü^

�� UK �k�8� {Ui}. é i ∈ N k Γi ∈ Λ<ω
i , ¦ Ui = {Uαi

: αi ∈ Γi}. Ø�

� Uαi
∩K 6= ∅. -

L = {β = (αi) ∈
∏

i∈N
Γi : é i ∈ Nk Uαi+1

∩K ⊂ Uαi
},

K L ´
∏

i∈N
Γi �48. ¯¢þ, XJ (αi) ∈

∏
i∈N

Γi − L, K�3 m ∈ N, ¦

Uαm+1
∩K 6⊂ Uαm

. - W = {(βi) ∈
∏

i∈N
Γi : βm = αm}. K (αi) ∈ W ∈

τ(
∏

i∈N
Γi) � W ∩ L = ∅. u´ L ´

∏
i∈N

Γi �;8. é β = (αi) ∈ L, Ï�

K ∩ (
⋂

i∈N
Uαi

) 6= ∅, � x ∈ K ∩ (
⋂

i∈N
Uαi

). @o β ∈ M � f(β) = x, l


L ⊂M � f(L) ⊂ K. 2dÚn 2.4.3(3), K ⊂ f(L). � L ∈ K (M) � f(L) = K.
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½n 2.4.5[333] (Ponomarev ½n) X ´1��ê�m��=�X ´�Ýþ

�m�mN�.

7�55g·K 2.4.4. dmN��±1��ê5�¿©5.

¯K 2.4.6[386] 1��ê�ëÏ�m´Ä´ëÏÝþ�m�mN�?

�!1�Ü©, 0��;M �m�mN�.

·K 2.4.7[284, 394] �K ,P ´�m Y �CX,Ù¥K ��´ Y �4�ê

;8, P 'uk��µ4. eé y ∈ P ∈ P, �3K ∈ K , ÷v

(i) y ∈ K ⊂ P ,

(ii) P �,�ê8´K 3 Y ¥��,

K�3�Ýþ�mM , M � σ lÑÄB Ú Y ×M �f�m X, ÷veã^�,

Ù¥P f = π1|X , g = π2|X .

(1) P = fg−1(B);

(2) e β ∈M , K fg−1(β) ∈ K ;

(3) g ´4N�;

(4) é E ⊂ Y, |{B ∈ B : B ∩ gf−1(E) 6= ∅}| 6 ℵ0 · |(P)E |.

y² PP = {Pα}α∈Λ. é i ∈ N, Λi ´8Ü Λ D�lÑÿÀ. ½Â

M = {β = (αi) ∈
∏

i∈N
Λi : {Pαi

}´K ¥,�Kβ 3 Y ¥4~�� },

KM ´�Ýþ�m. é β ∈M,Kβ ´��(½�. -

X = {(y, β) ∈ Y ×M : y ∈ Kβ}.

é n ∈ N Ú αi ∈ Λi(∀i 6 n), �

B(α1, · · · , αn) = {β ∈M : πi(β) = αi, i 6 n},

B = {B(α1, · · · , αn) : αi ∈ Λi, i 6 n ∈ N},

KB ´M � σ lÑÄ.

(1) fg−1(B(α1, · · · , αn)) = Pαn
.

w,, fg−1(B(α1, · · · , αn)) ⊂ Pαn
. e y ∈ Pαn

, �3 K ∈ K , ¦ y ∈ K ⊂

Pαn
, ¿� K 3 Y ¥äk�ê� F ⊂ P. Ø�P F = {Pαi

}i>n, Ù¥ αi ∈

Λi, Pαn
⊃ Pαi

⊃ Pαi+1
. - β = (αi), @o β ∈ B(α1, · · · , αn) � y ∈ K = fg−1(β),

l
 Pαn
⊂ fg−1(B(α1, · · · , αn)). Ïd fg−1(B(α1, · · · , αn)) = Pαn

.

(2) d½Â, é β ∈M , fg−1(β) = Kβ ∈ K .

(3) é X �48 C, � β = (αi) ∈ g(C). @oé n ∈ N, �3 (yn, β
(n)) ∈

(Y ×B(α1, · · · , αn)) ∩C, ù� yn ∈ Pαn
. ¤± {yn} kà:, �� y0, 
 {β(n)} 3

M ¥Âñu β, Ïd (y0, β) ∈ C, � β ∈ g(C). l
 g ´4N�.

(4) d (1), é E ⊂ Y , |{B ∈ B : B ∩ gf−1(E) 6= ∅}| 6 ℵ0 · |(PE)|.
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·K 2.4.7 �A�íØ.d (1), f ´÷¼ê, ¿�XJP ´ Y �mCX, K f

´mN�. d (2), g ´÷¼ê. d (3), g ´_�ê;N�,u´X ´M �m.

½Â 2.4.8[22] X ¡�:�ê.�m (½äk:�ê.),eé x ∈ X, �3X

¥¹ x �;8K, ¦K 3X ¥äk�ê��Ä.

w,, 1��ê�m⇒ äk:�ê.⇒ q �m.

·K 2.4.9[22] äk p S���K�m´:�ê.�m.

y² � {Un} ´�K�mX � p S�. é x ∈ X,n ∈ N, �½ Un ∈ (Un)x.

d�K5, �3 X �m8� {Vn}, ÷v x ∈ Vn+1 ⊂ V n+1 ⊂ Vn ⊂ Un. -

K =
⋂

n∈N
Vn. dÂñÚn, x ∈ K ∈ K (X) � {Vn}n∈N ´ K 3 X ¥��ê�

�Ä. �X ´:�ê.�m.

·K 2.4.10[22] :�ê.�m´ k �m.

y² � X ´:�ê.�m. e�3 X ��48 A, ¦é K ∈ K (X),

K ∩A ∈ τ c, �½ x ∈ A−A. K�3X ¥¹ x �;8 C, ¦ C 3 X ¥k4~�

��Ä {Ui}i∈N. � x �m�� V , ¦ V ∩ C ∩ A = ∅. - B = {xi : i ∈ N}, Ù¥

xi ∈ A∩ V ∩Ui. K B ∪C ∈ K (X), l
 B = A∩ (V ∩ (B ∪C)) ∈ K (X). Ï�

C ∩B = ∅, �3 i ∈ N, ¦ Ui ∩B = ∅, gñ. � X ´ k �m.

Ún 2.4.11[394] � X äk:�ê.. e x ∈ U ∈ τ , K�3K ∈ K (X), ¦

x ∈ K ⊂ U �K 3 X ¥äk�ê��Ä.

y² � L ∈ K (X),÷v x ∈ L� L3X ¥äk4~���Ä {Ui}i∈N. d

8B{y²: �3X ¥4~�m8� {Vi},¦ x ∈ Vi ⊂ Ui∩U � V i+1∩L ⊂ Vi∩L.

�L5¿�,e®�½
 Vn,d L�;5,�3 Vn+1 ∈ τ ,¦ x ∈ Vn+1 ⊂ Vn∩Un+1

� V n+1 ∩ L − Vn = ∅. y3, ½Â K = L ∩ (
⋂

i∈N
Vi). K K ∈ K (X) �

x ∈ K ⊂ U . � K ⊂ W ∈ τ . @o L ⊂ W ∪ (
⋃

i∈N
(X − V i)), u´�3

m ∈ N, ¦ L ⊂ W ∪ (X − V m), l
k k > m, ¦ Uk ⊂ W ∪ (X − V m), Ïd

Vk ⊂ Uk ∩ V m ⊂W . � {Vi}i∈N ´K 3 X ¥���Ä.

½n 2.4.12[394] X äk:�ê.��=�X ´�;M �m�mN�.

y² d·K 2.4.7 ÚÚn 2.4.11 �7�5. �y²¿©5�Ly, �; M

�m´:�ê.�m±9mN��±:�ê.5�.

� {Un}´�;�mX �M S�. é x ∈ X, n ∈ N, st(x,Un+1) ⊂ st(x,Un).

dÂñÚn, {st(x,Un)}n∈N ´¹ x �;8
⋂

n∈N
st(x,Un) 3 X ¥���Ä. �

X äk:�ê..

� f : X → Y ´mN�, Ù¥ X äk:�ê.. é y ∈ Y , � x ∈ f−1(y). @

o�3¹ x �;8 K, ¦ K 3 X ¥äk4~���Ä {Ui}i∈N, u´ {f(Ui)}i∈N

´¹ y �;8 f(K) 3 Y ¥���Ä. � Y äk:�ê..



2.5 4N� · 63 ·

:�ê.5�, q �m5�, r Fréchet 5�, Fréchet 5�, S��m5�, k

�m5�, g 1��ê5��Ñ´'1��ê5�f�ÿÀ5�,Ú¡�f1��

ê5�.

~ 2.4.13 _;N�Ø�±eã5�: 1��ê�m,:�ê., q �m, g 1

��ê�m. Ï
_;N�Ø�±Ýþ�m½�;M �m�mN�.

4 X ´R/�m (~ 1.8.3), KX ´1��ê�m. -K = I × {0}, K K ´

X �;8. 4 f : X → X/K ´g,Ý�, K f ´_;N�, ¿� X/K Ø´1�

�ê�m. duX/K ´äk:Gδ 5���K Fréchet �m, ¤±X/K QØ´ q

�m (½n 1.7.7), �Ø´ g 1��ê�m (íØ 1.6.18).

~ 2.4.14 f1��ê�m.

(1) g 1��ê5; Fréchet 5�, q �m5�, X Arens �m S2 (~ 1.8.6).

(2) ;5 (Ï
:�ê.5) ; S��m5�, X;z βN.

(3) Fréchet 5�; r Fréchet 5�, XS�÷ Sω (~ 1.8.7).

(4) q �m5�; k �m5�. 4 X ´ Froĺık �m [116], = N ⊂ X ⊂ βN, �

X ´ βN �ÄêØ�L c ��ê;f�m. KX �¤k;8´k�8,u´X Ø

´ k �m.

(5) �;, 1��ê5; p �m5�, XR/�m.

~ 2.4.15 V �m (~ 1.8.1): Ýþ�m�k���mN�.

± X L« V �m. é r ∈ R, 4 Xr = {(x, y) ∈ R2 : y = |x − r|}. K

Xr ´ X ��Ýþ�m4f�m, � {Xr : r ∈ R} ´ X �:k�mCX. -

M =
⊕

r∈R
Xr, f : M → X ´g,N�. KM ´Ýþ�m� f ´k����

mN�. e¡y² f ´;CXN�. é X �;8 K, - K0 = K ∩ (R × {0}),

K1 = K − ∪{Xr : r ∈ π1(K0)}. du R × {0} ´ X �4lÑf�m, ¤±K0 ´

k�8. qdu K ´�Ýþ�, ¤± K1 ´k�8. l
�3 M �;8 L, ¦

f(L) = K.

¯K 2.4.16[341] (Olson R C) äk:�êÄ�m�äk:�ê.�m�ûL

N�´Ä´�êVûN�?

2.5 4 N �

Ï¦Ýþ�m4N��S3A�´ Arhangel’skǐı[24] JÑ�¯K. Lašnev[212]

ïÄ
ù�¯K, ¿��Ñ
 Arhangel’skǐı ¯K�1��), Foged[112] �Ñ
q

��£�. �!SNdn�Ü©|¤. 1�Ü©, ïáÝþ�m4N��S3A�,
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�¹ Foged �Í¶½n. 1�Ü©, ?Ø¢D4��±8x��
5�,dd�)

A�Ýþz½n. 1nÜ©, 0�Ýþ�m4N���È5^�.

½Â 2.5.1[353] X ¡� Lašnev �m, XJX ´Ýþ�m�4N�.

w,, Lašnev 5�´�\5Ú¢D5. d·K 2.3.19, Sω × S1 Ø´ Lašnev �

m, Ï
 Lašnev 5�Ø´k��È5.

½Â 2.5.2[212] � P ´�m X �8x. P ¡�¢D4��±�, eé

H(P ) ⊂ P ∈ P, 8x {H(P ) : P ∈ P} ´4��±�.

¢D4��±{P�HCP . w,, ÛÜk�8x⇒ HCP 8x⇒ 4��±

8x. ´�y, 4N��±HCP 8x.

·K 2.5.3[222] eP ´�K�mX �¢D4��±8x, KP �´X �

¢D4��±8x.

y² �P = {Pα}α∈Λ. eP Ø´ X � HCP 8x, @oé α ∈ Λ, �

3 Hα ⊂ Pα, ¦
⋃

α∈ΛHα /∈ τ c. � x ∈
⋃

α∈ΛHα −
⋃

α∈ΛHα. é α ∈ Λ, �3

Vα, Uα ∈ τ , ¦ x ∈ Vα,Hα ⊂ Uα � Vα ∩ Uα = ∅, u´Hα ⊂ Uα ∩ Pα ⊂ Uα ∩ Pα.

¤±

x ∈ ∪{Uα ∩ Pα : α ∈ Λ} = ∪{Uα ∩ Pα : α ∈ Λ}.

l
k β ∈ Λ, ¦ x ∈ Uβ ∩ Pβ , Ïd Uβ ∩Pβ ∩Vβ 6= ∅, gñ. �P ´X �HCP

8x.

Ún 2.5.4[324] �P ´�mX �¢D4��±8x. e K ´ X ��ê;

8, K�3 F ∈ K<ω, ¦ (P)K−F ´k��.

y² eØ,, K�3P ��ê8 {Pn}n∈N 9X �S� {xn}, ÷v

x1 ∈ P1 ∩K, xn+1 ∈ Pn+1 ∩ (K − {xi : i 6 n}), n ∈ N,

K {xn} kà:, ù�P ´HCP 8x�gñ.

dd, eP �´ K �CX, KP �,k�8CXK; ,��¡, e X �S

� {xn} Âñu x ∈ X − {xn : n ∈ N}, K�3 m ∈ N, ¦ {P ∈ P : {xn : n >

m} ∩ P 6= ∅} ´k��.

Ún 2.5.5[112] eP ´ Fréchet �m X �¢D4��±�48x, @o

{∩P∗ : P∗ ∈ P<ω} �´¢D4��±8x.

y² eØ,, �3�I8 Λ 9 Pα ∈ P<ω, Gα ⊂ ∩Pα, ÷v
⋃

α∈ΛGα

Ø´ X �48. u´kS� {xn} ⊂
⋃

α∈ΛGα, ¦ xn → x ∈ X −
⋃

α∈ΛGα.

é n ∈ N, �3 α(n) ∈ Λ, ¦ xn ∈ Gα(n). Ø��¤k α(n) pØ�Ó. dPα

�k�5, �3 {α(n)} �f� {α(nk)}, ¦Pα(nk) −
⋃

i<k Pα(ni) 6= ∅, u´é

m ∈ N, {P ∈
⋃

k∈N
Pα(nk) : {xnk

: k > m} ∩ P 6= ∅} ´Ã�8, gñ.
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Ún 2.5.6[112] � Fréchet �m X äk k �
⋃

n∈N
Pn, Ù¥Pn ⊂ Pn+1.

e X �S� Z Âñu x ∈ U − Z, Ù¥ U ∈ τ , K�3 m ∈ N, ¦ Z ªu

int(∪{P ∈ Pm : P ⊂ U}).

y² é n ∈ N, 4 P∗
n = {P ∈ Pn : P ⊂ U}. eÚnØ¤á, @o

�À� Z �f� {zn}, ¦ zn ∈ U − int(∪P∗
n) ⊂ U − ∪P∗

n. u´�3S�

{znk}k ⊂ U −∪P∗
n, ¦ znk → zn. l
 x ∈ {znk : n, k ∈ N}, K�3f� {znjkj

}j ,

¦ znjkj
→ x,Ù¥ nj < nj+1. Ï�

⋃
n∈N

Pn ´ k �,¤±�3m ∈ N,¦ {znjkj
}

ªu ∪P∗
m, ù�� nj > m � znjkj

∈ U − ∪P∗
m �gñ.

·K 2.5.7 � f : X → Y ´;CXN�. eP ´ X � k �, K f(P) ´

Y � k �.

½n 2.5.8 é�K�mX, eã^��d:

(1) X ´ Lašnev �m;

(2) X ´äk σ ¢D4��± k �� k �m�Ø¹4f�mÓ�u S2;

(3) X ´äk σ ¢D4��± k �� Fréchet �m [112].

y² (1) ⇒ (2). � f : M → X ´4N�, Ù¥ M ´Ýþ�m. d·K

2.3.1, X ´ Fréchet �m. Ï� S2 Ø´ Fréchet �m (�~ 1.8.6), ¤± X Ø¹4

f�mÓ�u S2. �P ´M � σ ÛÜk�Ä, du f ´4N�, l·K 2.1.16

Ú 2.5.7, f(P) ´X � σ ¢D4��± k �.

(2) ⇒ (3)[375]. w,, X äk: Gδ 5�. díØ 2.3.5, X ´S��m. X

J X Ø´ Fréchet �m, @o�3 X �f8 A, ¦ A 6= Ã, Ù¥ Ã = {z ∈ X :

�3 A�S� {zn}¦ zn → z}. u´ Ã Ø´ X �48, l
�3 Ã ��²

�S� {xn} Âñu x ∈ A − Ã. À� X �m8� {Un}, ÷v Un+1 ⊂ Un �

{x} =
⋂

n∈N
Un. Ø�� xn ∈ Un. 2À� X ¥pØ���m8� {Vn}, ¦

xn ∈ Vn. é n ∈ N, A ∩ Un ∩ Vn ¥�3S� {xnm}m Âñu xn. -

M = {x} ∪ {xn : n ∈ N} ∪ {xnm : n,m ∈ N},

KM ´ X �Ó�u S2 �4f�m, gñ. � X ´ Fréchet �m.

(3) ⇒ (1). � Fréchet �mX äk σ ¢D4��± k �P. dÚn 2.5.5, �

±PP =
⋃

n∈N
Pn, Ù¥Pn ´'uk��µ4� HCP 8x�Pn ⊂ Pn+1.

é P ∈ Pn, -

Rn(P ) = P − int(∪{Q ∈ Pn : P 6⊂ Q}),

Rn = {Rn(P ) : P ∈ Pn}.

(8.1) é x ∈ X, � X �S� {xn} Âñu x ∈ X − {xn : n ∈ N}, x ∈ U ∈ τ .

e {xn} ªu int(∪{P ∈ Pm : P ⊂ U}), K {xn} ªu int(∪R′
m), � ∪R′

m ⊂ U ,

Ù¥R′
m = {R ∈ Rm : R ∩ {xn : n ∈ N}´Ã�8 }.
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¯¢þ, P L = {xn : n ∈ N}, V = int(∪Pm) − ∪{Q ∈ Pm ∪ Rm : Q ∩

L´k�8 },K V ∈ τ . dÚn 2.5.4, {xn}ªu V . é y ∈ V , e y ∈ Q ∈ Pm,K

Q ∩ L ´Ã�8, u´Pm 3 y ´:k�� (dÚn 2.5.4), l
 ∩(Pm)y ∈ Pm.

- P (y) = ∩(Pm)y, @o y /∈ ∪{Q ∈ Pm : P (y) 6⊂ Q}, ¤± y ∈ Rm(P (y)), u´

Rm(P (y)) ∩ L ´Ã�8, Ïd Rm(P (y)) ∈ R′
m, � y ∈ Rm(P (y)) ⊂ ∪R′

m. ù`

²
 V ⊂ ∪R′
m, ¤± {xn} ªu int(∪R′

m). é Rm(P ) ∈ R′
m, �3 Q ∈ Pm, ¦

Rm(P ) ⊂ P ⊂ Q ⊂ U . ÄK, int(∪{Q ∈ Pm : Q ⊂ U}) ⊂ int(∪{Q ∈ Pm : P 6⊂

Q}) ⊂ X −Rm(P ), @o {xn} ªuX −Rm(P ), u´Rm(P )∩L ´k�8,gñ.

Ïd ∪R′
m ⊂ U .

y3, é n ∈ N, -R∗
n = Rn ∪{X − int(∪Rn)}, ¿�PR∗

n = {Rα : α ∈ Λn}.

D� Λn lÑÿÀ. �

M = {β = (αn) ∈
∏

n∈N
Λn : {Rαn

}´X ¥,: x(β)�� },

K M ´�Ýþ�m. é β ∈ M,x(β) ´��(½�. ½Â f : M → X �

f(β) = x(β).

(8.2) f ´÷¼ê. é x ∈ X, e x ´ X ��á:, @o�3 m ∈ N, ¦

{x} ∈ Pm, u´ Rm({x}) = {x}, ¤±k β ∈ M , ¦ f(β) = x. e x ´ X �

à:, K�3 X − {x} �S� {xk} Âñu x. é n ∈ N, �½ αn ∈ Λn, ¦

Rαn
∩ {xk : k ∈ N} ´Ã�8. XJù:�Ø�, KÀ� αn ∈ Λn, ¦ x ∈ Rαn

.

@ook x ∈ Rαn
. dÚn 2.5.6 Ú (8.1), {Rαn

}n∈N ´ x ��. - β = (αn), K

β ∈M � f(β) = x.

(8.3) f ´ëY¼ê. � U ∈ τ(X) � β ∈ f−1(U ). P β = (αn), K�3

m ∈ N, ¦ f(β) ∈ Rαm
⊂ U , u´ β ∈ {γ ∈ M : πm(γ) = αm} ⊂ f−1(U ), Ï


f−1(U ) ∈ τ(M).

(8.4) f ´4N�. � F ∈ τ c(M). e x ∈ f(F ) − f(F ), K�3 f(F ) �S

� {xi} Âñu x. é i ∈ N, � βi = (αin) ∈ F ∩ f−1(xi). @oé n ∈ N k

xi ∈ Rαin
∈ R∗

n. dÚn 2.5.4, �3m ∈ N, ¦ {R ∈ R∗
1 : R ∩ {xi : i > m} 6= ∅}

´k�8, Ï
k N �Ã�8 I1 Ú α1 ∈ Λ1, ¦é i ∈ I1 k αi1 = α1. d8B

{, �À� N �4~Ã�8� {In} Ú β = (αn) ∈
∏

n∈N
Λn, ¦� n ∈ N, i ∈ In

�, αin = αn. é n ∈ N, À� k(n) ∈ In, ¦ k(n) < k(n + 1). @o βk(n) → β,

l
 β ∈ F . é n ∈ N, i ∈ In, k xi ∈ Rαn
, Ï
 x ∈ Rαn

. � x ∈ U ∈ τ(X),

Ï� xk(n) → x, dÚn 2.5.4 Ú (8.1), �3 m ∈ N, ¦ {xk(n)} ªu ∪{R ∈

Rm : R ∩ {xk(n) : n ∈ N}´Ã�8 } ⊂ U . e i > m, K k(i) ∈ Ii ⊂ Im, u´

Rαm
= Rαk(i)m

, � {Rαn
}n∈N ´ x ��. Ïd x = f(β) ∈ f(F ), gñ. u´ f ´

4N�.
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nþ¤ã, X ´ Lašnev �m.

½Â 2.5.9 �P ´�mX �8x.

(1) P ¡�f¢D4��±8x [74], eé x(P ) ∈ P ∈ P, 8x {{x(P )} :

P ∈ P} ´4��±�,= {x(P ) : P ∈ P} ´X �4lÑf�m.

(2) P ¡��ê¢D4��±8x (�êf¢D4��±8x) [120], eP �

z��êfx´¢D4��±� (f¢D4��±�).

é X �8xP, �

D(P) = {x ∈ X : (P)x Ø´k�8 },

F (P) = {P −D(P) : P ∈ P} ∪ {{x} : x ∈ D(P)}.

Ún 2.5.10[112, 252] eP ´�mX ��êf¢D4��±8x,KF (P)

´;k�8x.

y² � K ∈ K (X). Äk, K ∩D(P) ´k�8. ÄK, K ∩D(P) ¹Ã�

8 {xn : n ∈ N}. d D(P) �½Â, �3P �Ã�8 {Pn}n∈N, ¦ xn ∈ Pn, l


{xn : n ∈ N} ´ X �4lÑ8, ù� K �;5�gñ. Ùg, (F (P))K ´k�

8. ÄK, kP �Ã�8 {Qn}n∈N, ¦ (Qn −D(P)) ∩K 6= ∅, @okK �Ã�

8 {yi : i ∈ N} Ú8� {Qni
}, ¦ yi ∈ Qni

, gñ. �F (P) ´;k��.

½n 2.5.11[252] X ´ Lašnev�m��=�X ´äk σ ;k� k ���K

� Fréchet �m.

y² � X ´ Lašnev �m. d½n 2.5.8, X ´�K� Fréchet �m¿�ä

k k �
⋃

n∈N
Pn, Ù¥Pn ´HCP �Pn ⊂ Pn+1. æ^Ún 2.5.10 �PÒ, K

⋃
n∈N

F (Pn) ´X � σ ;k� k �. �Ly§´ k �. éX �;8K ⊂ U ∈ τ ,

�3m ∈ N ÚP ∈ P<ω
m , ¦K ⊂ ∪P ⊂ U . -

F = {P −D(Pm) : P ∈ P} ∪ {{x} : x ∈ K ∩D(Pm)},

KF ∈ F (Pm)<ω �K ⊂ ∪F ⊂ U .

��, ��K� Fréchet �m X k k �
⋃

n∈N
Pn, Ù¥Pn ´;k��. d

½n 2.5.8, �LyPn ´ X � HCP 8x. PPn = {Pα}α∈Λn
. é α ∈ Λn 9

Hα ⊂ Pα, e�3 x ∈
⋃

α∈Λn
Hα −

⋃
α∈Λn

Hα, Kk
⋃

α∈Λn
Hα �S� {xi} Âñ

u x, u´Hα =¹ {xi}�k��,l
Pn Ø´;k��,gñ. �X ´ Lašnev

�m.

�!1�Ü©, |^þã'u Lašnev �m�S3A�ïáA�Ýþz½n.

Ún 2.5.12[74] �P ´�mX ��ê¢D4��±�m8x, A ⊂ X. e

x ∈ Ad ��3X ¥¹ x � Gδ 8 G, ¦ G ∩ (A− {x}) = ∅, K (P)x ´k��.

y² eØ,, K�3 (P)x ��ê8 {Pn}n∈N. P G =
⋂

n∈N
Gn, Ù¥

Gn ∈ τ . -
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H1 = A ∩ P1 ∩G1, Hn+1 = Hn ∩ Pn+1 ∩Gn+1, n ∈ N,

K x ∈ P1 ∩G1 ∩A− {x} ⊂ H1 − {x} =
⋃

n∈N
Hn −Hn+1 =

⋃
n∈N

Hn −Hn+1, u

´�3m ∈ N, ¦ x ∈ Hm −Hm+1, l
 Pm+1 ∩Gm+1 ∩ (Hm −Hm+1) 6= ∅, gñ.

íØ 2.5.13 �P ´�mX ��ê¢D4��±�m8x. eX �à: x

äk: Gδ 5�, K (P)x ´k��.

íØ 2.5.14 �
⋃

n∈N
Pn ´�mX ¥: x �ÛÜÄ, Ù¥Pn ´¢D4�

�±�. e x ´X �à:, KPn ´k��.

y² é n ∈ N, P ∈ Pn, �½ x(P ) ∈ P − {x}, - Fn = {x(P ) : P ∈ Pn}.

K Fn ∈ τ c. � A =
⋃

n∈N
Fn, G = X − A. @o x ∈ Ad ∩ G, G ´ X � Gδ 8�

G ∩ (A− {x}) = ∅. dÚn 2.5.12, Pn ´k��.

Ún 2.5.15[74] �P ´�m X ��êf¢D4��±�m8x. e X ´

k �m, K ∩P ∈ τ .

y² é K ∈ K (X), dÚn 2.5.4, �3 F ∈ K<ω, ¦ (P)K−F ´k�8.

é P ∈ P − (P)K−F , P ∩K ⊂ F , ¤±K ∩ (∩P) ∈ τ(K). duX ´ k �m, l


 ∩P ∈ τ(X).

Ún 2.5.16[194] � P ´�m X ��êf¢D4��±8x. e X ´

Fréchet �m, KP ´X �¢D4��±8x.

y² é H(P ) ⊂ P ∈ P, e�3 x ∈ ∪{H(P ) : P ∈ P} − ∪{H(P ) : P ∈

P}, K�3 ∪{H(P ) : P ∈ P} �S� {xn} Âñu x, u´ H(P ) =¹ {xn} �

k��.em ∈ N, K {P ∈ P : {xn : n > m}∩P 6= ∅} ´Ã�8,gñ. �P ´

X �HCP 8x.

½n 2.5.17 é�K�mX, eã^��d:

(1) X ´�Ýþ�m;

(2) X äk σ ¢D4��±Ä [74]; (Burke-Engelking-Lutzer Ýþz½n)

(3) X ´äk σ �êf¢D4��±Ä� k �m [74];

(4) X ´äk σ �ê¢D4��±Ä�:Gδ �m
[183];

(5) X ´äk σ �êf¢D4��± k ��r Fréchet �m;

(6) X ´äk σ ;k� k ��r Fréchet �m [252].

y² d½n 1.3.2 � (1) ⇒ (2) Ú (6). d½n 2.5.11 Ú 2.2.2 � (6) ⇒ (1).

díØ 2.5.14 � (2) ⇒ (3) Ú (4). díØ 2.5.13 � (4) ⇒ (5). dÚn 2.5.16, ½

n 2.5.8 Ú 2.2.2 � (5) ⇒ (1).

(3) ⇒ (5). �
⋃

n∈N
Pn ´ k �m X �Ä, Ù¥Pn ´�êf¢D4��±

�. é x ∈ X, dÚn 2.5.15, {∩(Pn)x}n∈N ´ x �ÛÜÄ, �X r Fréchet �m.
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e¡ü�~fé½n 2.5.17 �^���`².

~ 2.5.18[74] �3äk σ f¢D4��±Ä�Ø�Ýþ��K�m.

� A ´Äê�u ℵω �Sê�8Ü. - Z = {0, 1}A. é z ∈ Z,α ∈ A, P

z(α) = πα(z). s ´ Z �z��I� 0 ��, B ´ s 3È�m Z �Ä�m��Ä.

�

X = {s} ∪ {z ∈ Z : {α ∈ A : z(α) = 0} ∈ A<ω}.

X D�XeÿÀ: X ���à: s ���Ä´B|X . KX ´�1��ê��K�

m, ¤±X Ø´�Ýþ�m. é n ∈ N, ½Â

P1n = {{z} : z ∈ X − {s}� |{α ∈ A : z(α) = 0}| = n},

KP1n ´ X �lÑm8x. é B ∈ B, ½Â

ΛB = {α ∈ A : πα(B) = {0}},

K ΛB ∈ A<ω � B d ΛB ��(½. 2½Â

P2n = {B ∩X : B ∈ B � ΛB ⊂ [0, ωn]},

Ù¥ ωn ´Äê� ℵn �1��Sê, @o |P2n| 6 ℵn. �y P2n ´f¢

D4��±8x, �Lyé B ∩ X ∈ P2n, p(B) ∈ B ∩ X − {s}, k s /∈

{p(B) : B ∩X ∈ P2n}. �

ΓB = {α ∈ A : p(B) (α) = 0},

Γ = ∪{ΓB : B ∩X ∈ P2n}.

@o ΓB ∈ A<ω, u´ |Γ| 6 ℵn. �½ β ∈ A− Γ. -

V = {z ∈ Z : z(β) = 0}.

@o s ∈ V ∩X ∈ τ(X) � V ∩ {p(B) : B ∩X ∈ P2n} = ∅, l


s /∈ {p(B) : B ∩X ∈ P2n}.

� X äk σ f¢D4��±Ä
⋃

n∈N
(P1n ∪ P2n).

d½n 2.5.17, X Ø´ k �m. Ï� X = {s} ∪ (
⋃

n∈N
(∪P1n)), ¤± X ´ σ

4lÑ�m, u´ X äk: Gδ 5�. �äk σ f¢D4��±ÄÚ:Gδ 5�

��K�m�7´�Ýþ�m.

~ 2.5.19[229, 360] Fortissimo �m: äk σ �ê¢D4��±Ä�Ø�Ýþ

��K�m.

éØ�ê8Ü X, �½ p � X �AÏ:. Xp ¡� Fortissimo �m, XJ X

D� Fortissimo ÿÀ: é F ⊂ X,F ∈ τ c(X) ��=�½ö p ∈ F , ½ö F ´�ê

8. Fortissimo �mäk5�:

(1) Xp ´�K� Lindelöf �m;

(2) Xp Øäk:Gδ 5�;

(3) Xp �?Û8x´�ê¢D4��±8x;
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(4) é Xp �Ø�ê8A, {{x} : x ∈ A} Ø´4��±8x;

(5) Xp �;8´k�8.

Å��yXe.

(1) w,, Xp �ü:8´48,¿�

{{x} : x ∈ Xp − {p}} ∪ {B ⊂ Xp : p ∈ B � |Xp −B| 6 ℵ0}

´ Xp �4Ä, ¤± Xp ´�K�m. é Xp �mCX U , � U ∈ (U )p, K

|Xp − U | 6 ℵ0, �U k�êfCX.

(2) é p �?�m��� {Un}, |Xp −
⋂

n∈N
Un| 6 ℵ0, u´ {p} 6=

⋂
n∈N

Un.

l
Xp Øäk:Gδ 5�.

(3) � P ´ Xp �8x. é P ��ê8 {Pn}n∈N 9 Qn ⊂ Pn, - F =
⋃

n∈N
Qn. e p ∈ F , @o F ´ Xp �48; e p /∈ F , @o |Qn| 6 ℵ0, u´

|F | 6 ℵ0, l
 F �´Xp �48. �P ´�ê¢D4��±8x.

(4) Ï� A Ø�ê, ¤± p ∈ A− {p}, u´ A − {p} Ø´ Xp �48. �

{{x} : x ∈ A} Ø´4��±8x.

(5) Ø�� p ∈ K ∈ K (X). e K ´Ã�8, � K − {p} �Ã�8 {xn : n ∈

N}. @o K �mCX {Xp − {xn : n ∈ N}} ∪ {{xn} : n ∈ N} Ø¹k�fCX, g

ñ. ¤±K ´k�8.

¯K 2.5.20[260] äk σ f¢D4��±Ä��m´Ääk:Gδ 5�?

¯K 2.5.21[262] äk σ ;k� k ���K� k �m´Ä´æ Lindelöf�m?

�!1nÜ©, ?Ø Lašnev �m��êÈ5�9�'�_;_�5�. äk

σ ¢D4��± k �5�Ø´k��È5.

~ 2.5.22[193] Sω1
× S1 Øäk σ ¢D4��± k �.

� X =
⋃

α<ω1
Xα, Ù¥� Xα = {s} ∪ {xαn : n ∈ N} �ú�: s ´ X ��

�à:� U ´ s �m����=�é α < ω1, �3mα ∈ N, ÷v

{s} ∪ {xαn : n > mα, α < ω1} ⊂ U,

K X Ó�u Sω1
.

XJF ´ Sω1
×S1 � σ- HCP 4 k�. |^��8B{,�À�F �Ø�ê

8 {Fα}α<ω1
, ¦ |Fα ∩ ({s}× S1)| = ℵ0. ¯¢þ, kÀ�F ′ ∈ F<ω, ¦X0 × S1 ⊂

∪F ′. u´�3 F0 ∈ F ′ Ú x0 ∈ F0 ∩ ((X0 −{s})× S1), ¦ |F0 ∩ ({s}× S1)| = ℵ0.

b�, é α < ω1, XJ β < α, ®À�
 Fβ ∈ F Ú xβ ∈ Fβ ∩ ((Xβ − {s}) × S1),

¦ |Fβ ∩ ({s} × S1)| = ℵ0. du Sω1
× S1 �48 {xβ : β < α} �;8 Xα × S1

Ø��, �3F ′′ ∈ F<ω, ¦ Xα × S1 ⊂ ∪F ′′ ⊂ Sω1
× S1 − {xβ : β < α}, l


�3 Fα ∈ F ′′ ±9 xα ∈ Fα ∩ ((Xα − {s}) × S1), ¦ |Fα ∩ ({s} × S1)| = ℵ0. Ï

� Fα ∩ {xβ : β < α} = ∅, ¤±� β < α �, Fβ 6= Fα. ù�, ÒÀ�
 F �
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Ø�ê8 {Fα}α<ω1
, ¦ |Fα ∩ ({s} × S1)| = ℵ0. d {s} × S1 �;59Ún 2.5.4,

{F ∈ F : |F ∩ ({s} × S1)| = ℵ0} ´�ê�, gñ. � Sω1
× S1 Øäk σ ¢D4�

�± k �.

Ún 2.5.23[172] � X,Y ÑØ´lÑ�m. e X × Y ´ Lašnev �m, K§

´�Ýþ�m.

y² Ï� X ´�lÑ� Fréchet �m, u´ X ¹4f�mÓ�u S1, l


S1 × Y ´ Fréchet �m. d·K 2.3.19 Ú½n 2.5.17, Y ´�Ýþ�m. Ón, X

´�Ýþ�m.

½n 2.5.24 � {Xn} ´ Lašnev �m�.

(1) e Z ⊂
∏

n∈N
Xn ´ Fréchet �m, @o Z ´ Lašnev �m [370];

(2) e |Xn| > 2 �
∏

n∈N
Xn ´ Fréchet �m, @o

∏
n∈N

Xn ´�Ýþ�m.

y² (1) d½n 2.5.11, Xn äk k �
⋃

m∈N
Pn,m, Ù¥Pn,m ´ Xn �;

k�8x�Pn,m ⊂ Pn,m+1. é i ∈ N, -

Pi = (
∏

n6i Pn,i) × {
∏

n>iXn}.

@o (
⋃

i∈N
Pi)|Z ´�K� Fréchet �m Z � σ ;k� k �, � Z ´ Lašnev �

m.

(2) �

X =
∏

n∈N
X2n, Y =

∏
n∈N

X2n−1.

@oX, Y ÑØ´lÑ�m. d (1), X × Y ´ Lašnev �m, u´§´�Ýþ�m.

�
∏

n∈N
Xn ´�Ýþ�m.

¯K 2.5.25[370] Ï¦�ê� Lašnev �m¦È�f�m�S3�x?

π1 : Sω × S1 → Sω ´_;N�. �, Sω × S1 äk Gδ é��, �´ Sω × S1

Øäk σ ¢D4��± k � (¤±Ø´ Lašnev �m). l
äk σ ¢D4��±

k ��m½ Lašnev �mÑØ÷v_;_�Gδ é��½n. ,
, keã(J.

íØ 2.5.26[225] � f : X → Y ´_;N�, Ù¥ Y ´ Lašnev �m. e X

´äk Gδ é��� Fréchet �m, KX ´ Lašnev �m.

y² w,, X ´�;�m. díØ 2.2.11, �3Ýþ�mM Ú�é�N�

g : X →M . é5� “äk σ ;k� k �” A^íØ 2.1.9, X äk σ ;k� k �.

� X ´ Lašnev �m.

2.6 ;CXN�

�!�8�´ÐÚ0�Michael Ú Nagami[289] 'uÝþ�m3�a;CX

N�e��m�A�. e!òUY0�'u;CXm s N���x.
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½n 2.6.1[289] (1) X ´Ýþ�m�;CXN���=�X �z�;8�

Ýþ;

(2) X ´Ýþ�m;CX�û (�m, �êVû) N���=�X ´z�;8

�Ýþ� k �m (Fréchet �m, r Fréchet �m).

y² (1) �X ´Ýþ�mM 3;CXN� f e��. éK ∈ K (X), �3

L ∈ K (M), ¦ f(L) = K. du L ´;Ýþ�m, ¤± K ´�Ýþ�m. ��,

� X �z�;8�Ýþ,-M = ⊕K (X). KM ´�Ýþ�m, ¿�lM �X

�g,N�´;CXN�.

(2) d·K 2.3.1 �7�5, dN�Ún�¿©5.

A�5¿,Ï�X ´S��m��=�X 'u {K ∈ K (X) : K ´�Ýþf

�m} äkfÿÀ, ¤± (2) ¥� k �m^��S��m^�´�d�.

Ýþ�m;CXmN���x�6eãÚn.

Ún 2.6.2[289] �K ´X ��Ýþ�;8. e K 3 X ¥äk�ê��Ä,

K K 3 X ¥äk�ê	Ä.

y² ©O� {Un}n∈N Ú {Vn}n∈N ´ K ��êÄÚ K 3 X ¥��êm

��Ä. - A = {(n,m) ∈ N × N : Un ⊃ Um}. @oé (n,m, k) ∈ A × N, �3

Unm ∈ τ(X), ¦ Um ⊂ Unm ⊂ Unm ⊂ X − (K − Un). �W (n,m, k) = Unm ∩ Vk.

/XW (n,m, k) �8Ü�k���N�8P�H , KH ´�ê�.  yH ´

K 3X ¥�	Ä. é p ∈ K 9 p ∈ U ∈ τ(X), ½Â

B = {α ∈ A× N : p ∈W (α)};

H(F ) =
⋂

α∈F W (α), F ∈ B<ω.

�Ø�3 F ∈ B<ω, ¦H(F ) ⊂ U . � p(F ) ∈ H(F ) − U . �

Q(F ) = {p(F ′) : F ⊂ F ′ ∈ B<ω},

KK ∩Q(F ) 6= ∅. ÄK, �3 k, n,m ∈ N, ¦ Vk ∩Q(F ) = ∅� p ∈ Um ⊂ Un. P

α = (n,m, k), F ′ = F ∪{α}. K α ∈ B � p(F ′) ∈W (α)∩Q(F ) ⊂ Vk ∩Q(F ) = ∅,

gñ. Ïd, {K ∩ Q(F ) : F ∈ B<ω} äkk��5�, l
 K ∩ (∩{Q(F ) : F ∈

B<ω}) 6= ∅. ,��¡, é x ∈ K − {p}, À� α ∈ B, ¦ x /∈ W ({α}). u´

x /∈ Q({α}), Ïd (K − {p}) ∩ (∩{Q(F ) : F ∈ B<ω}) = ∅. ù�, ∩{K ∩ Q(F ) :

F ∈ B<ω} = {p} ⊂ U . d K �;5, �3 F ∈ B<ω, ¦ U ∩Q(F ) 6= ∅, gñ. �

K 3X ¥äk�ê	Ä.

dÚn 2.6.2, ·K 2.4.4, �eã½n.

½n 2.6.3[289] X ´Ýþ�m�;CXmN���=�X �z�;8�Ý

þ�3X ¥äk�ê��Ä.

~ 2.6.4 ;8�Ýþ�f1��ê5.



2.7 s N� · 73 ·

(1) z�;8�Ýþ; k �m5�, XMichael �m (~ 1.8.8).

(2) 3z�;8�Ýþ��m¥:

(i) k �m5�; Fréchet 5�, X Arens �m S2 (~ 1.8.6)).

(ii) Fréchet 5�; r Fréchet 5�, XS�÷ Sω (~ 1.8.7).

(iii) r Fréchet 5�; 1��ê5�,X~ 2.4.13 ¥��mX/K.

(iv) 1��ê5�; ;83 X ¥äk�ê��Ä, XR/�m (~ 1.8.3).

R/�mX `²
����5¿�¯¢: X Q´Ýþ�m�;CXN�,q´Ý

þ�m�mN�,� X Ø´Ýþ�m�;CXmN�.

(3) z�;83X ¥äk�ê��Ä; z�;83X ¥�Ýþ, X Alexan-

droff V��m (~ 1.8.9).

¯K 2.6.5 ^Ýþ�m�N��x5�: z�;8´�Ýþ�1��ê�

m.

~ 2.6.6[205] 4N� 6⇒ S�CXN�.

é Isbell-Mrówka�m ψ(N) (~ 1.8.4). ½Â f : ψ(N) → S1 � f(ψ(N)−N) =

{0}� f(n) = 1/n. K f ´4N�. ¯¢þ,� ψ(N)�m8 U ⊃ f−1(0),K N−U

´k�8. ÄK, P {ni} ´ N − U �Ã�S�. d A �4�5, �3 A ∈ A , ¦

A ¹ê� {ni} �Ã��, u´é A �k�8 F , A − F 6⊂ U , ù� U ´: A 3

ψ(N) ����gñ. - V = {0}∪{1/n : n ∈ N∩U}. K V ´ 03 S1 �m���

f−1(V ) = U . � f Ø´S�CXN�, ÄK, �3 ψ(N) �;8 L, ¦ f(L) = S1.

u´ ψ(N) �È8 N ⊂ L, l
 ψ(N) = L, gñ.

2.7 s N �

�!�8�´ïáÝþ�m��a s N��A�. Ýþ�mû s N��S3

�x� Arhangel’skǐı[24] @�´ “­�
(J”�¯K. Ï¦T¯K�), ±9ÅÚ

�õ�L§, ²{
 20 c��m, �� 1987 cA^ cs∗ ��Vgâ�Ñ��÷¿

��Y. �!l:�ê8xXÃ, A^ cs∗ �!k �!Ä�Vg, £ãÝþ�m�û

s N�!�m s N�!m s N�Ú4 s N��S3A�.

·K 2.7.1 �K ,P ´�mX �CX, Ù¥K ⊂ K (X). eK ,P ÷v:

é K ∈ K , �3P �k�8� {Pn}, ¦

(i) é n ∈ N, Pn �K �k�4CX°(\[�;

(ii) é x ∈ K 9 Pn ∈ (Pn)x(∀n ∈ N), {Pn}n∈N ´ x 3X ��.

Kk�Ýþ�mM 9N� f : M → X, äk5�:

�¡K �CX U °(\[ V , e U = {Uα}α∈A, V = {Vα}α∈A �z� Uα ⊂ Vα.
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(1) é K ∈ K , �3 L ∈ K (M), ¦ f(L) = K;

(2) é E ⊂ X, e (P)E �ê, K f−1(E) äk�êÄ.

y² PP = {Pα}α∈Λ. é i ∈ N,Λi ´8Ü Λ D�lÑÿÀ��m. ½Â

M = {β = (αi) ∈
∏

i∈N
Λi : {Pαi

} ´ X ¥,: x(β) �� }.

K M ´�Ýþ�m, ¿�é β ∈ M,x(β) ´��(½�. u´�±½Â¼ê

f : M → X, ¦ f(β) = x(β). d (ii), f ´N�. d f �½Â, (2) ¤á. ey (1)¤

á. éK ∈ K , �P �k�8� {Pn}÷v (i) Ú (ii). é n ∈ N, �3 Γn ∈ Λ<ω
n

Ú K �4CX {Kα : α ∈ Γn}, ¦Pn = {Pα : α ∈ Γn} �Kα ⊂ Pα. �

L = {(αi) ∈
∏

i∈N
Γi :

⋂
i∈N

Kαi
6= ∅}.

K L ∈ τ c(
∏

i∈N
Γi). ¯¢þ, XJ (αi) ∈

∏
i∈N

Γi − L, K
⋂

i∈N
Kαi

= ∅, l


�3 i0 ∈ N, ¦
⋂

i6i0
Kαi

= ∅. - W = {(βi) ∈
∏

i∈N
Γi : βi = αi, i 6 i0}. K

(αi) ∈W ∈ τ(
∏

i∈N
Γi) �W ∩ L = ∅. Ïd, L ∈ K (

∏
i∈N

Γi). é α = (αi) ∈ L,

�3 x ∈
⋂

i∈N
Kαi

⊂ K ∩ (
⋂

i∈N
Pαi

), u´ α ∈ M � f(α) = x, l
 L ⊂ M �

f(L) ⊂ K. ,��¡, é x ∈ K, i ∈ N, �3 αi ∈ Γi, ¦ x ∈ Kαi
. - α = (αi). K

α ∈ L � f(α) = x, Ïd f(L) ⊃ K. � f(L) = K.

·K 2.7.2 � f : X → Y ´S�ûN�. eP ´X � cs∗ �, K f(P) ´

Y � cs∗ �.

Ún 2.7.3[233] �P ´�mX �:�ê cs∗ �. -K = S (X), KK ,P

÷v·K 2.7.1 �^�.

y² é K ∈ K , P K = {x} ∪ {xn : n ∈ N}, Ù¥�²�S� xn → x. k

y², éK ⊂ U ∈ τ , �3F ∈ P<ω äk5� ({P� Φ(K,U )): K ⊂ ∪F ⊂ U ,

�F|K ⊂ τ c − {φ}.

- P ′ = {P ∈ P : x ∈ P ⊂ U} = {Pi}i∈N. é k ∈ N, e {xn} Øªu⋃
i6k Pi, K�3f� {xnk

}, ¦ xnk
∈ X −

⋃
i6k Pi, l
k {xnk

} �f� {yj} Ú

m ∈ N, ¦ {yj} ⊂ Pm, gñ. Ïd�3 k ∈ N, ¦ {xn} ªu
⋃

i6k Pi. dd´�Ñ

F ∈ P<ω äk5� Φ(K,U ).

8x {F ∈ P<ω : F äk5� Φ(K,X)} ´�ê�, PÙ� {Pn}n∈N. w,,

{Pn} ÷v·K 2.7.1 � (i). e¡�y§÷v (ii).

� y ∈ K 9 Pn ∈ (Pn)y(∀n ∈ N). 4 y ∈ V ∈ τ . XJ y = x, -K1 = V ∩K,

K�3F ′ ∈ P<ω ä5� Φ(K1, V ), Ó��3F ′′ ∈ P<ω, ¦K −K1 ⊂ ∪F ′′ ⊂

X −K1, u´F ′ ∪ F ′′ ä5� Φ(K,X), l
k i ∈ N, ¦F ′ ∪ F ′′ = Pi, ¤±

y ∈ Pi ⊂ ∪F ′ ⊂ V . XJ y 6= x, K�3 P ∈ P, ¦ y ∈ P ⊂ V − (K − {y}), u´

�3F ′ ∈ P<ω ä5�Φ(K −{y}, X −{y}), @oF ′ ∪{P}ä5� Φ(K,X), Ï

d�3 j ∈ N, ¦F ′ ∪ {P} = Pj , u´ y ∈ Pj = P ⊂ V . � {Pn}n∈N ´ y ��.
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½n 2.7.4[233] eã^��d:

(1) X äk:�ê cs∗ �;

(2) X ´Ýþ�m�S�û s N�;

(3) X ´Ýþ�m�S�CX s N�.

y² d·K 2.7.1 ÚÚn 2.7.3 � (1) ⇒ (3), d·K 2.1.13 � (3) ⇒ (2), d

Nagata-Smirnov Ýþz½nÚ·K 2.7.2 � (2) ⇒ (1).

íØ 2.7.5[143, 376] eã^��d:

(1) X ´äk:�ê cs∗ ��S��m;

(2) X ´Ýþ�m�S�û�û s N�;

(3) X ´Ýþ�m�S�CX�û s N�;

(4) X ´Ýþ�m�û s N�.

y² d½n 2.7.4, N�ÚnÚ·K 2.3.1 � (1) ⇔ (2) ⇔ (3), Ú (2) ⇔ (4).

A�J�, (1) XJòíØ 2.7.5 ¥� “S��m” �� “Fréchet �m”, Ó�

ò “ûN�” �� “�mN�”, @o(ØE,¤á; (2) 3äk:�ê cs∗ ���

m¥, k �m5�; S��m5�,X;z βN.

íØ 2.7.6[167] äk:�êfÄ��m´Ýþ�m�û s N�.

e¡=\?Ø:�ê cs∗ �!:�ê k �9Ýþ�m�;CX�û s N��

m�'X.

½Â 2.7.7 �P ´�mX �8x. é A ⊂ X ÚF ⊂ P,

(1) F ¡� A �4�CX [292] (½Ø��CX [101]), XJF CX A, ¿�F

�?�ýf8ØUCXA.

(2) F ¡� A �4�SÜCX [76], XJ A ⊂ (∪F )◦, ¿�éF �?�ýf

8H , A 6⊂ (∪H )◦.

Ún 2.7.8[292] (Mǐsčenko Ún) XJP ´�m X �:�êCX, @o X

�?�f8=k�ê�dP ��|¤�k�4�CX.

y² � A ⊂ X � {Pα}α∈Λ ´dP ��|¤� A �k�4�CX�N.

eÚnØ¤á, K�3 n ∈ N, ¦ Ψ = {Pα : α ∈ Λ, |Pα| = n} ´Ø�ê�. é

P ∈ P, - Ψ(P ) = {Pα ∈ Ψ : P ∈ Pα}. � x1 ∈ A. K Ψ = ∪{Ψ(P ) : x1 ∈

P ∈ P}. duP ´:�ê�, u´�3 P1 ∈ P, ¦ x1 ∈ P1 � |Ψ(P1)| > ℵ0.

K n > 1 ��3 x2 ∈ A − P1. - Ψ(P1, P ) = {Pα ∈ Ψ(P1) : P ∈ Pα}, K

Ψ(P1) = ∪{Ψ(P1, P ) : x2 ∈ P ∈ P}. Ïd, �3 P2 ∈ P, ¦ x2 ∈ P2 6= P1

� |Ψ(P1, P2)| > ℵ0. ­EþãL§, ���:8 {xi : i 6 n} 98x {Pi}i6n,

÷v xi ∈ Pi ∈ P, � i 6= j 6 n �, Pi 6= Pj � |Ψ(P1, · · · , Pn)| > ℵ0. �´

|Ψ(P1, · · · , Pn)| = 1, gñ.
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Ún 2.7.9 �P ´�mX �:�ê k �. eK ∈ K (X), K�3P �C

X K �k�8� {Pn}, ÷v·K 2.7.1 �^� (ii).

y² dMǐsčenkoÚn,P {F ∈ P<ω : F ´K �4�CX }� {Pn}n∈N.

é x ∈ K 9 Pn ∈ (Pn)x(∀n ∈ N), � x ∈ V ∈ τ(X). � W ∈ τ(K), ¦

x ∈ W � clK(W ) ⊂ V . @o�3 H1,H2 ∈ P<ω, ¦ clK(W ) ⊂ ∪H1 ⊂ V

� K − W ⊂ ∪H2 ⊂ X − {x}. u´ K ⊂ ∪(H1 ∪ H2), l
�3 n ∈ N, ¦

Pn ⊂ H1 ∪ H2, Ïd x ∈ Pn ⊂ ∪H1 ⊂ V . � {Pn}n∈N ´ x ��.

dÚn 2.7.9, ·K 2.7.1 ÚN�Ún, keãíØ.

íØ 2.7.10[286] e X äk:�ê4 k �, K X ´Ýþ�m�;CX s N

�. XJ��X ´ k �m, KX ´Ýþ�m�;CX�û s N�.

Ún 2.7.11[227] � f : X → Y ´ûN�, Ù¥ X ´ k �m. é X � k �

B, e f(B) ´ Y �:�ê8x,K f(B) ´ Y � k �.

y² �P = f(B). é Y �;8K ⊂ U ∈ τ(Y ), �

H = {P ∈ P : P ∩K 6= ∅, P ⊂ U}.

K�3F ∈ H <ω, ¦ K ⊂ ∪F . eØ,, é y ∈ K, P (H )y = {Pi(y)}i∈N. @o

�3 K �f8 A = {yn : n ∈ N}, ¦� i, j < n �, yn /∈ Pi(yj). � a ∈ Ad. -

L = A − {a}. K L 6∈ τ c(Y ), u´�3 C ∈ K (X), ¦ L ∩ f(C) 6∈ τ c(Y ) (�·

K 2.3.1), l
 A ∩ f(C) ´Ã�8. � D = f−1(K) ∩ C. @o�3B′ ∈ B<ω,

¦ D ⊂ ∪B′ ⊂ f−1(U ), u´ f(D) ⊂ ∪f(B′) ⊂ U . 
 f(D) ∩ A = f(C) ∩ A,

¤± (∪f(B′)) ∩ A ´Ã�8, Ïd�3 P ∈ f(B′) ∈ H <ω ¹ A �Ã�8. �

P = Pi(yj), @o�3 n > i, j, ¦ yn ∈ Pi(yj), gñ. �P ´ Y � k �.

½n 2.7.12 �X ´ÛÜ;�Ýþ�m. e f : X → Y ´û s N�, K f ´

;CXN�� Y äk:�ê4 k �.

y² X äk σ ÛÜk�ÄB, ÷v B ⊂ K (X). 4P = f(B), KP

´ Y �:�ê48x. dÚn 2.7.11, P ´ Y � k �. XJ K ∈ K (Y ), K

�3P ′ ∈ P<ω, ¦ K ⊂ ∪P ′, l
�3 F ∈ B
<ω

, ¦ f(F ) = P ′, ��3

L ∈ K (X), ¦ f(L) = K. ¤± f ´;CXN�.

Nagami[310] y²
ÛÜ;�;�mþ�û L N�´;CXN�. e¡�E�

~`²íØ 2.7.10 Ø´�_�.

Ún 2.7.13 �P ´r Fréchet�mX �:�ê8x. eK (X)\[PF ,

@o (PF )◦ CXX.

y² é X ��ê8 C, P (P)C = {Pi(C)}i∈N. e�3 x ∈ X − ∪(PF )◦,

d Fréchet 5�, �À� X ��ê8� {Cn}, ÷v C1 = {x}, x ∈
⋂

n∈N
Cn,

�� i, j < n �, Cn ∩ Pi(Cj) = ∅. u´ P �z��=�k�� Cn ��.
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dr Fréchet 5�, �3 {Cn} �f� {Cnk
} Ú xk ∈ Cnk

, ¦ xk → x. Ï�

{x} ∪ {xk : k ∈ N} ∈ K (X), ¤±kP �� P ¹ {xk} �Ã��, l
 P �Ã�

� Cn ��, gñ.

~ 2.7.14[360, 408] R �:Ãn*ÜÿÀ�mX:

(1) X äk�êÄ;

(2) X Ø´�K�m;

(3) X ´�©Ýþ�m�;CXmN�;

(4) X Øäk:�ê4 k �.

�X = R. D�X :Ãn*ÜÿÀ:é x ∈ X, x���Ä�/X{x}∪(P∩U ),

Ù¥ U ´ x 3 R �î¼��. w,, X äk�êÄ. du Q ´X �4f�m, ¿

�é Q ⊂ V ∈ τ(X) k V = X, ¤±X Ø´�K�m. d·K 2.4.4, X ´�©Ý

þ�m�;CXmN�.

� X äk:�ê4 k �P. ½ÂH = {P ∈ P : P ◦ = ∅}, KK (X) \

[H F . ¯¢þ, é K ∈ K (X), - V = (K ∩ Q) ∪ P. du Q ´ X �4lÑf

�m, ¤± K ⊂ V ∈ τ , u´�3F ∈ P<ω, ¦ K ⊂ ∪F ⊂ V . e (∪F )◦ 6= ∅,

�3 R �m«m J , ¦ J ∩ P ⊂ ∪F , @o Q ∩ J ⊂ Q ∩ J ∩ P ⊂ Q ∩ V = Q ∩K,

l
 Q ∩ J ´k�8, gñ. Ïd (∪F )◦ = ∅, �F ∈ H <ω � K ⊂ ∪F . l


K (X) \[H F . dÚn 2.7.13, X = ∪(H F )◦, ù�H �½Âgñ. �X Øä

k:�ê4 k �.

�!1�Ü©, &?Ýþ�m�m s N��S3A�.

Ún 2.7.15[76] eP ´ Fréchet�mX �:�ê8x,KX �?�f8=

k�ê�dP ��|¤�k�4�SÜCX.

y² éF ∈ P<ω, �

H (F ) = {H ⊂ X : F ´ H �k�4�SÜCX }.

é A ⊂ X, e�3Ø�ê�F ∈ P<ω, ¦ A ∈ H (F ), K�3 m ∈ N ÚP<ω

�Ø�ê8 Ψ, ¦�F ∈ Ψ �, |F | = m � A ∈ H (F ). � R ´P �÷vé

Ø�ê�F ∈ Ψ k R ⊂ F �4�f8. K 0 6 |R| < m � A 6⊂ (∪R)◦. �½

x ∈ A− (∪R)◦. K x ∈ X −∪R. duX ´ Fréchet�m�, �3X −∪R ��ê

8 L, ¦ x ∈ L. - Ω = {F ∈ Ψ : R ⊂ F}. eF ∈ Ω, K x ∈ (∪F )◦, u´ L �

F ¥,���. dP �:�ê5Ú Ω �Ø�ê5, �3 P ∈ P, ¦ L ∩ P 6= ∅

� Ω ¥kØ�ê��¹ P . ù� P 6∈ R ¿�3 Ω ¥ (Ï
3 Ψ ¥) kØ�ê�

F ¹R ∪ {P}, ù�R �4�5�gñ.

�ù´��¦^Fréchet�m�?. �©�'Fréchet^�f�countable tightness .¡�mXäkcountable

tightness, e x ∈ A ⊂ X, K�3 A ��ê8 C, ¦ x ∈ C.
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·K 2.7.16[76] ��m X äk:�ê8x P, ÷vé x ∈ U ∈ τ , �3

F ∈ (P)<ω
x , ¦ x ∈ (∪F )◦ ⊂ ∪F ⊂ U . KX äk:�êÄ.

y² éF ∈ P<ω, �

H (F ) = {H ⊂ X : F ´H �k�4�SÜCX },

V (F ) = (∪(H (F ) ∩ P))◦,

V = {V (F ) : F ∈ P<ω}.

Äk, V ´X �:�ê8x. e x ∈ V (F ),K�3A ∈ H (F )∩P,¦ x ∈ A. Ï

� X ´1��ê�m, dÚn 2.7.15, �k�ê�F ∈ P<ω, ¦ A ∈ H (F ), 


(P)x �ê, u´ (V )x �ê. Ùg, V ´ X �Ä. é x ∈ U ∈ τ , �3F ∈ P<ω,

¦ x ∈ (∪F )◦ ⊂ U . Ø�� F ´ {x} �4�SÜCX. � B ∈ (P)<ω
x , ¦

x ∈ (∪B)◦ ⊂ ∪B ⊂ (∪F )◦. e B ∈ B, @o B ∈ H (F ), u´ (∪B)◦ ⊂ V (F ),

l
 x ∈ V (F ) ⊂ U . =, V ´ X �:�êÄ.

½n 2.7.17 eã^��d:

(1) X äk:�êÄ;

(2) X ´Ýþ�m�;CX�m s N� [289]; (Michael-Nagami ½n)

(3) X ´Ýþ�m�m s N� [333];

(4) X ´Ýþ�m��êVû s N� [105].

y² (1) ⇒ (2). � X äk:�êÄ. dMǐsčenko Ún, X �;83X ¥

äk�ê	Ä. 2d·K 2.4.4, X ´Ýþ�m�;CX�m s N�.

(2) ⇒ (3) ⇒ (4)´w,�. e¡y² (4) ⇒ (1).�M ´Ýþ�m� f : M →

X ´�êVû� s N�. 4B ´M �:�êÄ. @o X �:�ê8x f(B) ÷

v·K 2.7.16 �^�, �X äk:�êÄ.

íØ 2.7.18 eã^��d:

(1) X äk:�êÄ;

(2) X ´äk:�êfÄ� Fréchet �m;

(3) X ´äk:�ê cs∗ ��r Fréchet �m.

y² (1) ⇒ (2) ´w,�, díØ 1.6.18 Ú 1.6.20 � (2) ⇒ (3), 2díØ

2.7.5, N�ÚnÚ½n 2.7.17 � (3) ⇒ (1).

íØ 2.7.19[104, 105] (Filippov ½n) _;N�½�êVû� s N��±:�

êÄ5�.

y² �N� f : X → Y , Ù¥ X äk:�êÄ. d½n 2.7.17 Ú 2.6.1, ä

k:�êÄ�;�m´�Ýþ�. u´, e f ´_;N�, K f ´�êVû s N

�Filippov[105] y²Vû s N���/. mN�⇒ VûN�⇒ �êVûN�.
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�. ½n 2.7.17 � (4) ⇒ (1) ®y²
�êVû s N��±:�êÄ5�. � Y

äk:�êÄ.

1973 cMichaelÚ Nagami[289] JÑ¯K:Ýþ�m�û s N�´Ä´Ýþ�

m�;CX�û s N�? 1999 c�~+ [87] �E~fÄ½
ù�¯K, 2003 c�

~+[88] q3b��3 σ′ 8e�E
�K��mÄ½
Michael-Nagami ¯K. ù

ü�~f��Eþ�E,,Öö�ë�¤�©z.

�!1nÜ©,ïÄÝþ�m�4 s N��S3A�. ky²Ýþ�m���

4N�5�, §����/ª�½n 3.4.16.

Ún 2.7.20[375] � f : X → Y ´4N�, Ù¥ X ´Ýþ�m. f ´>�;

N� (>� L N�) ��=� Y Ø¹4f�mÓ�u Sω (Sω1
).

y² =y²>� L N���/. e f ´>� L N�, dÚn 2.1.15, �3Ý

þ�mM Ú4 L N� g : M → Y . 4B ´M � σ ÛÜk�Ä, d·K 2.1.13

Ú 2.7.2, g(B) ´ Y �:�ê cs∗ �. 2d~ 1.8.7, Y Ø¹4f�mÓ�u Sω1
.

��, e f Ø´>� L N�, K�3 s ∈ Y , ¦ ∂f−1(s) Ø´X � Lindelöff

�m, u´�3 ∂f−1(s) �lÑ48 {xα : α < ω1}ÚX �lÑm8x {Dα}α<ω1
,

¦ xα ∈ Dα. é α < ω1, e s ∈ V ∈ τ(Y ), @o f−1(V ) ∩ (Dα − f−1(s)) 6= ∅,

= V ∩ (f(Dα) − {s}) 6= ∅, u´ s ∈ f(Dα) − {s}. Ï� Y ´ Fréchet �m, �

3 Eα = {yαn : n ∈ N} ⊂ f(Dα) − {s}, ¦ yαn → s. du {f(Dα)}α<ω1
´ Y �

HCP 8x, {Eα ∪ {s}}α<ω1
´ Y � HCP 8x. é α < ω1, dÚn 2.5.4, �3

Fα ∈ E<ω
α ,Λα ∈ ω<ω

1 ,¦� β ∈ ω1−Λα �, (Eα−Fα)∩Eβ = ∅. -Kα = Eα−Fα.

d��8B{, �À� ω1 �Ø�ê8 Γ, ¦ {Kα}α∈Γ ´pØ���8x. ù�, Y

�4f�m {s} ∪ (
⋃

α∈ΓKα) Ó�u Sω1
.

½n 2.7.21 eã^��d:

(1) X ´Ýþ�m�4 s N�;

(2) X ´ Fréchet � ℵ �m [131];

(3) X ´Ø¹4f�mÓ�u Sω1
� Lašnev �m [375].

y² d½n 2.5.8 Ú~ 1.8.7 � (2) ⇒ (3), 2dÚn 2.7.20 Ú 2.1.15 � (3)

⇒ (1). e¡y² (1) ⇒ (2). �M ´Ýþ�m� f : M → X ´4 s N�. w,,

X ´�;� Fréchet �m. �B ´M � σ ÛÜk�Ä, 4P = f(B). d·K

2.1.16 Ú 2.5.7, P ´ X � σ ÛÜ�ê k �. PP =
⋃

i∈N
Pi, Ù¥Pi ´ÛÜ

�ê8x�Pi ⊂ Pi+1. é i ∈ N, dPi �ÛÜ�ê59 X ��;5, �3 X

�ÛÜk�mCXUi, ¦Ui �z��=�Pi ��ê����,u´Pi ∧Ui ´

σ ÛÜk�8x.  y
⋃

i∈N
(Pi ∧Ui) ´X � k �. éX �;8K ⊂ U ∈ τ(X),

�3 m ∈ N ÚP ′ ∈ P<ω
m ,U ′ ∈ U <ω

m , ¦ K ⊂ ∪P ′ ⊂ U � K ⊂ ∪U ′, u´
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P ′ ∧ U ′ ∈ (Pm ∧ Um)<ω �K ⊂ ∪(P ′ ∧ U ′) ⊂ U . �X ´ ℵ �m.

2.8 ss N �

��Ýþ�m s N��AÏ�¹,�!ò0�Ýþ�m� ss N�. 1996 c4

AÚ�:¬ [259] ¼�
ÛÜ�©Ýþ�mû s N��1��S3�x. Ï¦§�

{'�x�´��ÿ�)û�¯K [261]. ss N�3�xÛÜ�©Ýþ�m�N�

¥kÕA��^. �!�SNÌ�koÜ©,�´�©Ýþ�m�N�;�´Ýþ

�m�û ss N�; n´Ýþ�m��m ss N�!4 ss N�ÚÛÜ�©Ýþ�m

��m s N�!4 s N�; o´�Ñ�
~éAa� s N�!ss N�k'�N\

^�?1`².

½Â 2.8.1[220] �N� f : X → Y . f ¡� ss N�, XJé y ∈ Y , �3 y 3

Y ¥�m�� V , ¦ f−1(V ) ´X ��©f�m.

Äk, £ãÝþ�m� ss N��A�. 5¿�, e f : X → Y ´ ss N�, K

X ´ÛÜ�©�m.

·K 2.8.2 �N� f : X → Y . eP ´ X ��, K f(P) ´ Y ��.

dd, cosmic �m��KN�´ cosmic �m.

½n 2.8.3[245] X äkÛÜ�ê���=�X ´Ýþ�m� ss N�.

y² e�K = {{x} : x ∈ X}, P ´ X �ÛÜ�ê�,d·K 2.7.1 �7

�5. ��, �X ´Ýþ�mM 3 ss N� f e��. 4B ´M � σ ÛÜk�

Ä, K f(B) ´X ��. é x ∈ X, �3 x �m�� V , ¦ f−1(V ) ´M ��©f

�m, u´ f−1(V ) =�B ¥�ê����,l
 V =� f(B) ¥�ê����,

Ïd f(B) ´X �ÛÜ�ê�.

íØ 2.8.4[280] �K�m X ´ cosmic �m��=� X ´�©Ýþ�m�

N�.

Ùg, ?ØÝþ�m�û ss N��S3A�. 8x U ¡�(�ê�, eé

U ∈ U , (U )U ´�ê�.

Ún 2.8.5[151] � U ´�m X �(�ê8x. K U =
⋃

α∈Λ Uα, Ù¥ Uα

´�ê�, �� α 6= β ∈ Λ �, (∪Uα) ∩ (∪Uβ) = ∅.

y² é A,B ∈ U , ¡ A ∼ B ��=��3 U �k�8 {Ui}i6n, ¦

A = U1, B = Un, �é i < n k Ui ∩ Ui+1 6= ∅. é A ∈ U , - UA = {B ∈ U :

A ∼ B}. @o UA ´�êx. ù�, U = ∪{UA : A ∈ U }, �é A,B ∈ U ,

(∪UA) ∩ (∪UB) 6= ∅ ��=�UA = UB.

½n 2.8.6[220] eã^��d:
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(1) X äkÛÜ�ê cs∗ �;

(2) X äkÛÜ�ê cs �;

(3) X ´Ýþ�m�S�û ss N�;

(4) X ´Ýþ�m�S�CX ss N�;

(5) X ´Ýþ�m�;CX ss N�;

e��X ´�K�m, §���du:

(6) X äkÛÜ�ê k �.

y² (1) ⇒ (2). �P ´ X �ÛÜ�ê cs∗ �. é x ∈ X, �3 x �m��

Vx, ¦ Vx =�P ¥�ê����. - U = {P ∈ P : �3 Vx ⊃ P}. K U ´

(�ê�. dÚn 2.8.5, U =
⋃

α∈Λ Uα, Ù¥ Uα ´�ê�, �� α 6= β ∈ Λ �,

(∪Uα) ∩ (∪Uβ) = ∅. 2-F =
⋃

α∈Λ U F
α . KF E´ÛÜ�ê�. e¡y²F

´X � cs �. �X �S� {xn} Âñu x ∈ V ∈ τ . dÚn 2.7.3, �3m ∈ N Ú

P ′ ∈ (P)<ω
x , ¦ {x} ∪ {xn : n > m} ⊂ ∪P ′ ⊂ V ∩ Vx, ù�k��� α ∈ Λ, ¦

x ∈ ∪Uα, ¤± ∪P ′ ∈ U F
α . l
F ´ X � cs �.

(2) ⇒ (5). �K = K (X), P ´ X �ÛÜ�ê cs �. �LyK ,P ÷v

·K 2.7.1 �^�. é K ∈ K , KP|K ´ K ��ê cs �, ¤± K ´�Ýþ�.

-P ′ = (P)K , du8x

{F ∈ P
′<ω : F �K �k�4CX°(\[ }

´�ê�, PÙ� {Pn}n∈N. e¡y² {Pn} ÷v·K 2.7.1 � (ii). � x ∈ K

9 Pn ∈ (Pn)x(∀n ∈ N). XJ x ∈ V ∈ τ(X), �3 x 3 K �m�� W , ¦

clK(W ) ⊂ V . � {Vi}i∈N ´ x 3 K ¥4~�ÛÜÄ.4

Px = {P ∩K : P ∈ P
′, P ⊂ V ��3 i ∈ N, ¦ Vi ⊂ P ∩K}.

d·K 1.6.21 ¤y, Px ´ x 3K ���Ä.u´�3 Px ∈ P, ¦ x ∈ intK(Px ∩

K) ⊂ Px ⊂ V . l
�3 Vx ∈ τ(K), ¦ x ∈ Vx ⊂ clK(Vx) ⊂ intK(Px ∩K). ;8

K−Vx ⊂ X−{x} ∈ τ(X), dc¤y,é y ∈ K−Vx, �3 Py ∈ P, Vy ∈ τ(K), ¦

y ∈ Vy ⊂ clK(Vy) ⊂ intK(Py ∩K) ⊂ Py ⊂ X − {x}. ù� K − Vx �mCX {Vy :

y ∈ K − Vx} �3k�fCX {Vyk
}k6m. 4F = {Px} ∪ {Pyk

: k 6 m}. KF �

K �k�4CX°(\[, ¤±�3 j ∈ N, ¦F = Pj , @o x ∈ Pj = Px ⊂ V .

� {Pn}n∈N ´ x ��.

(5) ⇒ (4) ⇒ (3) ´w,�. d½n 1.3.2 Ú·K 2.7.2, (3) ⇒ (1). d·K

1.6.7, (1) ⇒ (6). ��, ��K�m X äkÛÜ�ê k �, @o X äkÛÜ�ê

4 k �, u´X äkÛÜ�ê cs∗ �.
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íØ 2.8.7[280] �K�mX ´ ℵ0 �m��=�X ´�©Ýþ�m�;C

X (S�CX, S�û) N�.

~ 2.8.8[386] ëÏ� ℵ0 �mØ´ëÏÝþ�m�N�.

�½ p ∈ βR − R, 4 X = R ∪ {p}. D� X �;z βR �f�mÿÀ, K X

´ëÏ�m. d~ 2.3.18, R ¥Ø�3S�Âñu p, ¤±X äk�ê cs �, Ï


X ´ ℵ0 �m. qduX Ø´ s ëÏ�m, d½n 2.3.16, X Ø´ëÏÝþ�m�

N�.

Ún 2.8.9[224] äk σ ÛÜ�ê cs∗ �� k �m´æ Lindelöf �S��m.

y² � k �mX äk σ ÛÜ�ê cs∗ �P. éK ∈ K (X), P|K ´K �

�ê�, ¤±K ´�Ýþ�. díØ 2.3.5, X ´S��m.

�P =
⋃

n∈N
Pn 'uk��µ4, Ù¥Pn ´ÛÜ�ê��Pn ⊂ Pn+1.

ky², é X �?�ÛÜ�ê8xF = {Fα}α∈Γ, �3:�ê�m8x W =

{Wα}α∈Γ, ¦ Fα ⊂Wα; {¡W ´F �:�êm*Ü.�

Λ = {λ : λ´d N��|¤�k�S� }.

é λ ∈ Λ, UXe�ª8B½Â X �ÛÜ�ê8x F (λ) = {Fα(λ)}α∈Γ. -

F (∅) = F , Ù¥ Fα(∅) = Fα. XJ®½Â
ÛÜ�êxF (λ), é n ∈ N, P λn

�k�S� λ �\�� n, �

P(λn) = {P ∈ Pn : =é�ê� α ∈ Γk Fα(λ) ∩ P 6= ∅};

Fα(λn) = ∪{P ∈ P(λn) : Fα(λ) ∩ P 6= ∅}, α ∈ Γ;

F (λn) = {Fα(λn) : α ∈ Γ}.

é x ∈ X, �3 x �m�� V , ¦ V =�Pn ¥�ê����. P

(Pn)V ∩ P(λn) = {Pi}i∈N.

é i ∈ N, �3 Γ ��ê8 Γi, ¦� α ∈ Γ − Γi �, Pi ∩ Fα(λ) = ∅. u´

|{α ∈ Γ : �3 i ∈ N, ¦ Pi ∩ Fα(λ) 6= ∅}| 6 ℵ0.

==é Γ ¥�ê� α k V ∩ Fα(λn) 6= ∅, Ï
F (λn) ´ÛÜ�ê8x.

é α ∈ Γ, -Wα =
⋃

λ∈Λ Fα(λ). K Fα ⊂ Wα, �Wα ´ X �S�m8. ¯¢

þ, �S� {xn} Âñu x ∈ Wα, u´k λ ∈ Λ, ¦ x ∈ Fα(λ), l
�3 x �m�

�W , ¦ (F (λ))W ´�ê8x. dÚn 2.7.3 ¤y, �3 k ∈ N ÚH ∈ (Pk)
<ω
x ,

¦ {xn} ªu ∪H ⊂ W . du ∪H ⊂ Fα(λk) ⊂ Wα, ¤± {xn} ªuWα. �Wα

´ X �S�m8. 
X ´S��m, ¤±Wα ´X �m8.

2� W = {Wα}α∈Γ. K W ´:�ê�. ÄK, �3 x ∈ X Ú Γ �Ø�ê8

Γ′, ¦� α ∈ Γ′ �, x ∈ Wα. é α ∈ Γ′, �3 λα ∈ Λ, ¦ x ∈ Fα(λα), u´�3 Γ′

�Ø�ê8 Γ′′ Ú λ ∈ Λ, ¦� α ∈ Γ′′ �, λα = λ, = x ∈ Fα(λ), ù�F (λ) �:

�ê5�gñ.
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e¡y²X ´æ Lindelöf�m. éX �mCXU , U �3\[
⋃

i∈N
Fi, Ù

¥Fi = {Fα : α ∈ Γi}´ÛÜ�ê8x. é i ∈ N,�Wi = {Wα : α ∈ Γi}´Fi �

:�êm*Ü.éα ∈ Γi,À�Uα ∈ U ,¦Fα ⊂ Uα. @o
⋃

i∈N
{Uα∩Wα : α ∈ Γi}

´ U �:�êm\[. �X ´æ Lindelöf �m.

Ún 2.8.10 ÛÜ�©�æ Lindelöf �m´�©!Lindelöf�m�ÿÀÚ.

y² � X ´ÛÜ�©�æ Lindelöf �m. K X �3d�©f�m|¤�

:�êmCX U . du�©�m�:�êm8x´�êx, ¤± U ´(�ê8

x. dÚn 2.8.5, X äkpØ���mCX {Xα}α∈Λ, ¦Xα ´X ��©f�m,

Ïd X =
⊕

α∈ΛXα. Ï��©�æ Lindelöf �m´ Lindelöf �m, ¤±Xα ´�

©� Lindelöf �m.

íØ 2.8.11[220, 224] eã^��d:

(1) X ´äkÛÜ�ê cs∗ �� k �m;

(2) X ´äk�ê cs ��S��mx�ÿÀÚ;

(3) X ´Ýþ�m�;CX (S�û, S�CX) �û ss N�;

(4) X ´Ýþ�m�û ss N�;

e��X ´�K�m, §���du:

(5) X ´äkÛÜ�ê k �� k �m.

y² d½n 2.8.6, Ún 2.8.9 Ú 2.8.10 � (1) ⇔ (2). d½n 2.8.6 ÚN�Ú

n� (1) ⇒ (3). (3) ⇒ (4)´w,�. d·K 2.3.1, N�ÚnÚ·K 2.7.2 � (4) ⇒

(1). 3�K�m^�e,d½n 2.8.6 � (1) ⇔ (5).

�!1nÜ©,?ØÝþ�m��m ss N�!4 ss N�±9ÛÜ�©Ýþ�

m��m s N�!4 s N��S3�x.

Ún 2.8.12 eã^��d [143]:

(1) X ´äk�ê cs∗ �� Fréchet �m;

(2) X ´�©Ýþ�m��mN�;

(3) X ´�©�m, q´Ýþ�m��m s N�;

e��X ´�K�m, §���eã^��d [112]:

(4) X ´ Fréchet � ℵ0 �m;

(5) X ´�©Ýþ�m�4N�.

y² d·K 2.7.1, Ún 2.7.3 ÚN�Ún� (1) ⇒ (2). (5) ⇒ (2) ⇒ (3) ´

w,�. dÚn 2.7.11 � (2) ⇒ (4). e¡y² (3) ⇒ (1) Ú (4) ⇒ (5).

(3) ⇒ (1). d·K 2.3.1, X ´ Fréchet �m. díØ 2.7.5, X äk:�ê cs∗

�P. �D ´X ��êÈ8, -H = (P)D. KH �ê.  yH ´X � cs∗

�. �X �S� {xn} Âñu x ∈ U ∈ τ . ½Â
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S = {x} ∪ {xn : n ∈ N},

H ′ = {H ∈ H : x ∈ H ⊂ U}.

e¡ò¬`²H ′ 6= ∅. PH ′ = {Hi}i∈N.

äó: �3 m ∈ N, ¦ x ∈ intS((
⋃

i6m Hi) ∩ S). ÄK, �3S� {zm}, ÷

v zm → x � zm ∈ S −
⋃

i6m Hi. 5¿�, (
⋃

i6m Hi) ∩ S ´ X �48, u´

zm ∈ D − (
⋃

i6m Hi) ∩ S, l
�3D − (
⋃

i6m Hi) �S� {zmk}k Âñu zm. Ï

d x ∈ {zmk : m, k ∈ N}, ¤±�3f� {zmjkj
} Âñu x, Ù¥ mj → +∞. Ø

���3 P ∈ P, ¦ {x} ∪ {zmjkj
: j ∈ N} ⊂ P ⊂ U . @o P ∈ H ′ (ù�L²

H ′ 6= ∅), u´k i ∈ N, ¦ P = Hi. À� j ∈ N, ¦mj > i, @o zmjkj
/∈ P , gñ.

dd, �3 m ∈ N, ÷v x ∈ intS((
⋃

i6m Hi) ∩ S), l
�3 S �f� {xnj
}

Ú i ∈ N, ¦ {x} ∪ {xnj
: j ∈ N} ⊂ Hi ⊂ U . Ïd, H ´ X ��ê cs∗ �.

(4) ⇒ (5). d½n 2.7.21, �3Ýþ�mM Ú4 s N� f : M → X. duX

´ Lindelöf �m� f ´4 L N�, u´M ´ Lindelöf �m. � X ´�©Ýþ�

m�4N�.

5¿�, �m s N��±¢Dæ Lindelöf 5 (�N¹ A íØ 5.3). 2díØ

2.8.11, Ún 2.8.10 Ú 2.8.12, keã½n.

½n 2.8.13[220, 224] eã^��d:

(1) X ´äkÛÜ�ê cs∗ �� Fréchet �m;

(2) X ´ÛÜ�©Ýþ�m��m s N�;

(3) X ´Ýþ�m��m ss N�;

(4) X ´ÛÜ�©�m,q´Ýþ�m��m s N�;

e��X ´�K�m, §���eã^��d:

(5) X ´ÛÜ�©Ýþ�m�4 s N�;

(6) X ´ÛÜ�©�m,q´Ýþ�m�4 s N�.

~ 2.7.14 `²
Ún 2.8.12 Ú½n 2.8.13 ¥�K5��¦´­��. e�~

`²½n 2.8.6 ÚíØ 2.8.11 ¥�K5�´7Ø���.

~ 2.8.14 ���ÿÀ�mX (~ 2.2.20(3)):

(1) X Ø´æ Lindelöf �m;

(2) X Øäk:�ê� cs∗ �;

(3) X äkÛÜ�ê� σ lÑ� k �.

´�y, X ´�©�1��ê�m, �X Ø´ Lindelöf �m. ùL²X Ø´

æ Lindelöf �m, l
X Øäk:�êÄ.díØ 2.7.18, X Øäk:�ê� cs∗

�.

é x ∈ R2, r > 0, P B(x, r) � R2 �¥/��. �
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P = {{p} : p ∈ L} ∪ {B(q, 1/n) ∩ S : q ∈ Q × Q, n ∈ N}.

du L ´X �4lÑ8, ¤±P ´ X �ÛÜ�ê� σ lÑ8x.  yP ´X

� k �. � X �;8K ⊂ U ∈ τ (���ÿÀ).é x ∈ X, 4 {P ∈ P : x ∈ P ⊂

U} = {Pi(x)}i∈N. @o K � {Pi(x) : x ∈ K, i ∈ N} �,k�8¤CX. eØ,,

K�3K �S� {pn},¦� i, j < n�, pn 6∈ Pi(pj). u´ {pn}�,f� {pnk
}Â

ñu p ∈ K. du L ´lÑ�, Ø��¤k� pnk
∈ S, K3î¼f�mÿÀ τ∗ ¥

S� {pnk
}Âñu p,qdu {B(q, 1/n)∩X : q ∈ Q×Q, n ∈ N}´ τ∗ ��êÄ,u

´�3 q ∈ Q×Q,Ú h,m ∈ N, ¦ {p}∪{pnk
: k > h} ⊂ B(q, 1/m)∩X ⊂ U ,l


{pnk
: k > h} ⊂ B(q, 1/m)∩S ⊂ U . Ï
,�3 i, j ∈ N,¦B(q, 1/m)∩S = Pi(pj),

� n > i, j, ¦ pn ∈ Pi(pj), gñ. Ïd, P ´X � k �.

~ 2.8.15 Michael �� (~ 1.8.5): Ýþ�m�;CX�m s N�.

~ 1.8.5 ®y², Michael ��X ´äk:�êÄ��K Lindelöf �m. d½

n 2.7.17, X ´Ýþ�m�;CX�m s N�. � X Ø´ β �m, Ï
§Ø´ ℵ0

�m. ùL²Ún 2.8.12(3) Ú½n 2.8.13(4) ¥��©5Ø��¤ Lindelöf 5.

~ 2.8.16[143] �3ÛÜ;Ýþ�mM Ú;CX�ûk���N�f : M →

X, ¦ X ´�æ Lindelöf ��©, �K�m.

½Â

X = I × S1, Y = I × (S1 − {0}).

X D�eãÿÀ: Y ��X �f�mäkî¼ÿÀ. (t, 0) ∈ X ���Ä�/X

{(t, 0)} ∪ (∪{V (t, k) : k > n}), n ∈ N;

Ù¥ V (t, k) ´ (t, 1/k) 3f�m I × {1/k} �m��. �

M = (⊕{I × {1/n} : n ∈ N}) ⊕ (⊕{{t} × S1 : t ∈ I}),

@oM ´ÛÜ;��Ýþ�m. 4 f : M → X ´g,N�. Ï�X 'u:k�

CX {I × {1/n} : n ∈ N} ∪ {{t} × S1 : t ∈ I} äkfÿÀ,d·K 2.3.3, f ´ûk

���N�. 2d½n 2.7.12, f ´;CXN�.

w,, X ´�K��©�m. Ï� I × {0} ´ X �Ø�ê�4lÑf�m,¤

±X Ø´ Lindelöf�m, l
X Ø´æ Lindelöf �m. dÚn 2.8.9, X Øäk σ

ÛÜ�ê cs∗ �.

ù`², (1) Ún 2.8.12(3) Ú½n 2.8.13(4) ¥��mN�Ø�~f�ûN�;

(2) ÛÜ;Ýþ�m�;CX�ûk���N��7äk σ ÛÜ�ê cs∗ �; (3)

ÛÜ�©Ýþ�m�û s N��7´Ýþ�m�û ss N�.

~ 2.8.17[224] äkÛÜ�ê k ���K�m�7´ ℵ �m.
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�X = ω1×S1. X D�eãÿÀ:X−(ω1×{0})�:´X ��á:; (α, 0) ∈

X ���Ä�/X {(α, 0)} ∪ (
⋃

n>m(V (α, n) × {1/n})), Ù¥ m ∈ N, V (α, n) ´

α 3 ω1 ¥'uSÿÀ�m��.KX ´�K�m. �

P = {{x} : x ∈ X} ∪ {{α} × ({0} ∪ {1/n : n > m}) : α < ω1,m ∈ N},

KP ´ X �ÛÜ�ê8x. �K ∈ K (X). @o

(17.1) é s ∈ S1, K ∩ (ω1 × {s}) ´k�8¶

(17.2) e (α, 0) ∈ ω1 × {0} −K, =ék�� n ∈ N k (α, 1/n) ∈ K¶

(17.3) K − ∪{{α} × S1 : (α, 0) ∈ K ∩ (ω1 × {0})} ´k�8.

u´P ´X �ÛÜ�ê k �.

½Â f = π1 : X → ω1. D� ω1 SÿÀ, K f ´�m;N�. e X ´ ℵ �m,

@o ω1 ´g�;�m (�·K 3.4.14), gñ. �X Ø´ ℵ �m.

ù`²Ún 2.8.9, íØ 2.8.11 ¥ k �m�^�Ø���. Sakai[345] �E
�

�¤k;8´k�8�ÛÜ�ê��K�mX, ¦ X Ø´�êæ;�m. ù�m

äkÛÜ�ê k �, �Ø´ perfect �m.

2.9 π N �

3þü!¥0�
äk�©n���
N�. �!=\?Ø�äk;n��

N�;��'� π N�, Ù8�3uuÐfÐm�Vg, &?Ýþ�m�û π N

�!�m π N�Úm π N��A�,ò÷vf Cauchy ^��é¡Ýþ�m!�Ý

þ�mL�Ýþ�m3ù
N�e��.

½Â 2.9.1[333] � (X, d) ´Ýþ�m. f : X → Y ¡� π N�, XJé

y ∈ U ∈ τ(Y ) k d(f−1(y), X − f−1(U )) > 0.

w,, ½ÂuÝþ�mþ�;N�´ π N�. é�mX, 4M ´8ÜX D�

lÑÿÀ��m. K idM : M → X ´;N�, ¤±z��m´,�Ýþ�m� π

N�. Ï
?ØÝþ�m� π N�LN\�½�^�.

½Â 2.9.2[249] X �CX� {Un} ¡�X �:(�, eé x ∈ X, {st (x ,

Un)}n∈N ´ x 3 X ¥��. � Φ ´�8x5�. e X �:(� {Un} ¥�z�

Un äk Φ, K¡ {Un} ´ Φ :(�.

:(�´fÐm�í2. fÐm�¡�:(fÄ. aq�½Â:(S���

�.

½Â 2.9.3 �P ´�mX �CX.

(1) P ¡�X � cfp CX [405], e K ∈ K (X), �3F ∈ P<ω, ¦F �K

�k�4CX°(\[;



2.9 π N� · 87 ·

(2) P ¡� X � wcs CX [133], e S ´ X ¥Âñu x �S�, �3P ′ ∈

(P)<ω
x , ¦ S ´ªu ∪P ′;

(3) P ¡�X � cs∗ CX [215], e S ´ X ¥Âñu x �S�, �3 P ∈ P,

¦ S �,f�´ªu P .

´�y, é�mX, mCX⇒ cfp CX⇒ wcs CX⇒ cs∗ CX.

Ún 2.9.4 �P ´�mX � wcs CX. e S ∈ S (X), K�3F ∈ P<ω,

¦F � S �k�4CX°(\[.

y² �S� S Âñu x ∈ X. K�3P ′ ∈ (P)<ω
x , ¦ S ´ªu ∪P ′. d

u S −∪P ′ ´k�8�é P ∈ P ′, P ∩ S ´48, ¤±�3F ∈ P<ω, ¦F �

S �k�4CX°(\[.

·K 2.9.5 �N� f : X → Y , Ù¥ (X, d) ´Ýþ�m. é n ∈ N, -

Un = {f(B(x, 1/n)) : x ∈ X}.

(1) e f ´ π N�, K {Un} ´ Y �:(� [251];

(2) e f ´;CXN�, KUn ´ Y � cfp CX [249];

(3) e f ´S�CXN�,K Un ´ Y � wcs CX [133];

(4) e f ´S�ûN�, KUn ´ Y � cs∗ CX [251].

y² (1)é y ∈ U ∈ τ(Y ), �3 n ∈ N, ¦ d(f−1(y), X − f−1(U )) > 1/n. �

m = 2n. e y ∈ f(B(x, 1/m)), @o f−1(y) ∩ B(x, 1/m) 6= ∅. XJ B(x, 1/m) 6⊂

f−1(U ),K d(f−1(y), X−f−1(U )) < 2/m = 1/n,gñ. ÏdB(x, 1/m) ⊂ f−1(U ),

l
 f(B(x, 1/m)) ⊂ U , ¤± st(y,Um) ⊂ U . � {Un} ´ Y �:(�.

(2) éK ∈ K (Y ), �3 L ∈ K (X), ¦ f(L) = K, l
�3 {B(x, 1/n)}x∈X

�k�8F , ¦F � L �k�4CXL °(\[, @oUn �k�8 f(F ) �

K �k�4CX f(L ) °(\[. l
Un ´ Y � cfp CX.

(3) � S ´ Y ¥Âñu y �S�. �3 L ∈ K (X), ¦ f(L) = S ∪ {y}, u´

�3X �k�8 F , ¦ f−1(y)∩L ⊂
⋃

x∈F B(x, 1/n). KU = {f(B(x, 1/n))}x∈F

´ Un �k�8� S ´ªu ∪U �. ÄK, �3 S �f� {yk} ⊂ Y − ∪U . é

k ∈ N, �3 xk ∈ L −
⋃

x∈F B(x, 1/n), ¦ f(xk) = yk. � a ´ {xk} �à:. K

a 6∈
⋃

x∈F B(x, 1/n), u´ f(a) 6= y, gñ.

(4) e f ´S�ûN�, ´�y, Un ´ Y � cs∗ CX.

·K 2.9.6 � {Un} ´�mX �:(�. @o�3Ýþ�m (M,d) Ú π N

� f : M → X äk5�:

(1) e {Un} ´ X �mCX�, K f ´mN� [153];

(2) e {Un} ´ X � cfp CX�, K f ´;CXN� [250];

(3) e {Un} ´ X � wcs CX�, K f ´S�CXN� [133];
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(4) e {Un} ´ X � cs∗ CX�, K f ´S�ûN� [251];

(5) e E ⊂ X �z� (Un)E ´�ê�, K f−1(E) äk�êÄ.

y² N´�y, é x ∈ X, XJ x ∈ Ui ∈ Ui(∀i ∈ N), @o {Ui}i∈N ´ x �

�. é i ∈ N, P Ui = {Uα}α∈Λi
, ¿� Λi ´D�lÑÿÀ��m. �

M = {α = (αi) ∈
∏

i∈N
Λi : {Uαi

}´ X ¥,: x(α)�� }.

K M ´�Ýþ�m, ¿�ùÝþÿÀ�Xe½Â�M �ål¼ê d ´�N�:

é α, β ∈M , ½Â

d(α, β) =

{
0, α = β,

max{1/k : πk(α) 6= πk(β), k ∈ N}, α 6= β.

- f : M → X � f(α) = x(α). K f ´N�. é x ∈ U ∈ τ(X), �3 n ∈ N,

¦ st(x,Un) ⊂ U . é α ∈ f−1(x), β ∈ M , e d(α, β) < 1/n, @o� i 6 n �,

πi(α) = πi(β), u´ x ∈ Uπn(α) = Uπn(β), l
 f(β) ∈
⋂

i∈N
Uπi(β) ⊂ Uπn(β) ⊂ U ,

Ïd d(f−1(x),M − f−1(U )) > 1/n. � f ´ π N�.

(1) � {Un} ´ X �mCX�. é n ∈ N, αi ∈ Λi(∀i 6 n), k

f(B(α1, · · · , αn)) = ∩{Uαi
: i 6 n},

Ù¥ B(α1, · · · , αn) = {β ∈M : πi(β) = αi, i 6 n}. u´ f ´mN�.

(2) � {Un} ´ X � cfp CX�. é K ∈ K (X), n ∈ N, �3P ′
n ∈ P<ω

n ,

¦P ′
n = {Pα}α∈Γn

� K �4CX {Kα}α∈Γn
°(\[, Ù¥ Γn ⊂ Λn. Ø��

Kα ´���. � L = {(αn) ∈
∏

n∈N
Γn :

⋂
n∈N

Kαn
6= ∅}. aq·K 2.7.1(1) �

y², L ´M �;8� f(L) = K. � f ´;CXN�.

(3) � {Un} ´ X � wcs CX�. é S ∈ S (X), dÚn 2.9.4 9 (2) �`²,

�3M �;8 L, ¦ f(L) = S. � f ´S�CXN�.

(4) � {Un} ´ X � cs∗ CX�, {xn} ´ X ¥Âñu x0 ��²�S�. d

u U1 ´ X � cs∗ CX, �3 {xn} �f� T1 Ú α1 ∈ Λ1, ¦ T1 ´ªu Uα1
�.

d8B{, é i ∈ N, �À�S� Ti Ú αi ∈ Λi, ¦ Ti+1 ´ Ti �f�� Ti ´ªu

Uαi
�, u´ Ti ⊂

⋂
k6i Uαk

. �½ xni
∈ Ti Ú βi ∈ f−1(xni

), ¦ ni < ni+1 ��

k 6 i �, πk(βi) = αk. @o lim
i→∞

πk(βi) = αk. - β0 = (αi). K3M ¥S� {βi}

Âñu β0. � f ´S�ûN�.

d f �½Â, (5) ¤á.

½n 2.9.7 eã^��d:

(1) X ´�Ð�m;

(2) X ´Ýþ�m�;CX�m π N� [253];

(3) X ´Ýþ�m�m π N� [153].
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½Â 2.9.8[23] ¡é¡Ýþ�m (X, d) ÷vf Cauchy ^�, XJ {xn} ´X

�ÂñS�, K�3 Cauchy f� {xni
}, =é ε > 0, �3 k ∈ N, ¦� i, j > k �,

d(xni
, xnj

) < ε.

´�y, éé¡Ýþ�m (X, d), e {xn} ´X �ÂñS�,@o {xn} kf�

´ Cauchy S���=�é ε > 0, �3f� {xni
}, ¦¤k� d(xni

, xnj
) < ε.

Ún 2.9.9[67, 377] � (X, d) ´é¡Ýþ�m. d ÷vf Cauchy ^���=

�é F ⊂ X, e F Ø´X �48, Ké ε > 0, �3 x 6= y ∈ F , ¦ d(x, y) < ε. þ

ã^��duX ´äk cs∗ CX:(��S��m.

y² (9.1) � (X, d) ´÷vf Cauchy ^��é¡Ýþ�m. d·K 1.6.16,

X ´S��m. é n ∈ N, � Un = {A ⊂ X : diamA < 1/n}. Ké x ∈ X k

st(x,Un) = B(x, 1/n). l
 {Un} ´ X �:(�. é n ∈ N 9 X ¥Âñu x �

S� {xk}, �3 Cauchy f� {xki
} §¦¤k� d(x, xki

) < 1/(n + 1), u´�3

m ∈ N, ¦� i, j > m �, d(xki
, xkj

) < 1/(n+ 1). - An = {x}∪ {xki
: i > m}. @

o An ∈ Un. l
Un ´X � cs∗ CX.

(9.2)4 {Un}´S��mX � cs∗CX:(�,Ø��Un+1\[Un. é x ∈

X, n ∈ N,ky² st(x,Un)´ x�S���.eØ,,K�3X−st(x,Un)�S�

{xm}Âñu x,l
�3f� {xmi
}ªu,�U ∈ Un,u´ xmi

∈ U ⊂ st(x,Un),

gñ. Ï� X ´S��m, ¤± {st(x,Un)}n∈N ´ x �fÄ. d·K 1.6.14 �¿

©5, �3 X �é¡Ýþ d, ¦é x ∈ X,n ∈ N k st(x,Un) = B(x, 1/2n). é

F ⊂ X, ε > 0, � m ∈ N, ¦ 1/2m < ε. e F Ø´ X �48, �3 F �S�

{xn} Âñu x 6∈ F , u´�3 U ∈ Um, ¦ {xn} �,f�´ªu U �, l
k

x 6= y ∈ F , ¦ d(x, y) < 1/2m < ε.

(9.3) �é¡Ýþ�m (X, d) ÷v: é F ⊂ X, e F Ø´ X �48, Ké

ε > 0, �3 x 6= y ∈ F , ¦ d(x, y) < ε. é ε > 0 9 X ¥Âñu x ��²�S�

{xn}, eé {xn} �z�f� {yn}, �3f� {zn}, ¦� n > 1 �, d(z1, zn) > ε,

K�3f� {an}, ¦� n 6= m �, d(an, am) > ε, gñ. Ï
�3 {xn} �f�

{yn}, ¦é {yn} �z�f� {zn} k d(z1, zn) < ε. dd��E {xn} �f� {an},

¦ d(an, am) < ε. ùL² {xn} �3 Cauchy f�.

½n 2.9.10[204] X ´Ýþ�m�û π N���=�X ´÷vfCauchy^

��é¡Ýþ�m.

y² |^Ún 2.9.9 ÚN�Ún§d·K 2.9.6 �¿©5, d·K 2.9.5 �7

�5.

½n 2.9.11[404] X ´Ýþ�m�;CX�û π N���=�X �3 cfp

CX�fÐm.
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y² d·K 2.9.6 ÚN�Ún�¿©5,d·K 2.9.5 �7�5.

~ 2.9.12[204] �3Ø÷vf Cauchy ^��é¡Ýþ�m.

� X = R. ½ÂX �é¡ål d Xe: é x, y ∈ X,

d(x, y) =

{
1, x, y ∈ P� x 6= y,

|x− y|, Ù§.

X D�d d )¤�é¡ÝþÿÀ.é x ∈ X, n ∈ N, k

B(x, 1/n) =

{
(x− 1/n, x+ 1/n), x ∈ Q,

{x} ∪ ((x− 1/n, x+ 1/n) − P), x ∈ P.

u´

(12.1) f�m P �ÂñS�Ñ´²��.

(12.2) é x ∈ Q, A ⊂ X, e x ´ A 3 R ¥'uî¼ÿÀ τ∗ �à:, @o x

�´ A 3X �à:.

é n ∈ N 9X �é¡Ýþ ρ, �

Dn = {x ∈ P : ρ(x,P − {x}) > 1/n}.

e�3 x ∈ P −
⋃

n∈N
Dn, @oé n ∈ N, �3 xn ∈ P − {x}, ¦ ρ(x, xn) < 2/n,

u´ xn → x ∈ P, ù� (12.1) gñ. l
 P =
⋃

n∈N
Dn. d (R, τ∗) �1��Æ

5�, �3 m ∈ N, ¦ intτ∗(clτ∗(Dm)) 6= ∅. � x ∈ Q ∩ (clτ∗(Dm)). d (12.2),

x ∈ Q ∩Dm, ¤± Dm Ø´ X �48. dÚn 2.9.9, (X, ρ) Ø÷vf Cauchy ^

�.

éþã X, d½n 2.3.6, �3Ýþ�mM ÚûN� f : M → X. d½n

2.9.10, f 'uM þ?��N�ÝþØ´ π N�. é�Ýþ�m,�¹u)
Cz.

Ún 2.9.13[67] ?��Ýþ�m�3÷vfCauchy ^���N��Ýþ.

y² � (X, d) ´�Ýþ�m. é r ∈ R+§½Â

B(r) = {B ⊂ X : é x 6= y ∈ Bk d(x, y) > r}.

é x, y ∈ X, ½Â

A(x, y) = {z ∈ X : �3 B ∈ B(d(x, y)/2), ¦ x, y ∈ B � z ∈ B},

ρ(x, y) = inf{d(x, z) + d(z, y) : z ∈ A(x, y)}.

(13.1) ρ ´X ��Ýþ.

w,, ρ ´ X �é¡ål, ¿�é x, y ∈ X k ρ(x, y) 6 d(x, y), u´é x ∈

X, ε > 0 k Bd(x, ε) ⊂ Bρ(x, ε). XJ�3 X �S� {xn}, ¦ xn ∈ Bρ(x, 1/n) −

Bd(x, ε), 4 εn = d(x, xn), @o εn > ε. du ρ(x, xn) < 1/n, �3 yn ∈ A(x, xn),

¦ d(x, yn) + d(yn, xn) < 1/n, u´�3 Bn ∈ B(εn/2), ¦ x, xn ∈ Bn, yn ∈ Bn
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� d(x, yn) < 1/n. À� Bn �S� {yni}i Âñu yn. u´�3 n, i ∈ N, ¦

yni ∈ Bd(x, ε/2), = d(x, yni) < ε/2. du yni ∈ Bn ∈ B(εn/2) � x ∈ Bn, ¤±

d(x, yni) > εn/2 > ε/2, gñ. Ïd, �3 n ∈ N, ¦ Bρ(x, 1/n) ⊂ Bd(x, ε). � ρ ´

X ��Ýþ.

(13.2) (X, ρ) ÷vf Cauchy ^�.

é ε > 0, F ⊂ X, e F /∈ τ c(X), � z ∈ F − F , ¿�½Â B = F ∩

Bd(z, ε/2), ε1 = inf{d(x, y) + ε : x 6= y ∈ B}. @o B ∈ B(ε1) � ε1 > ε. À�

x, y ∈ B, ¦ 0 < d(x, y) < 2ε1. K B ∈ B(d(x, y)/2) � z ∈ B, u´ z ∈ A(x, y).

Ïd ρ(x, y) 6 d(x, z) + d(z, y) < ε. dÚn 2.9.9, (X, ρ) ÷vf Cauchy ^�.

~ 2.9.14[67] �3�Ýþ�m (X, d), ¦ d Ø÷vf Cauchy ^�.

� X = A ∪ B, Ù¥ A = {(0, a) ∈ R2 : |a| 6 1}, B = {(b, sin(1/b)) : 0 <

b 6 1}. X D�î¼ÿÀ. ½Â X �é¡ål d Xe: é x, y ∈ X, P x =

(x1, x2), y = (y1, y2). XJ x ∈ A ½ y ∈ A, 4 d(x, y) =
√

(x1 − y1)2 + (x2 − y2)2;

XJ x, y ∈ B, 4 d(x, y) ´ x � y 3 B ¥l��Ý.@o d ´�X �ÿÀ�N�

�Ýþ. Ï� B �?� Cauchy S�þØÂñuA �:, ¤±é B ¥?�Âñu

A �:�S�, ùS�Ø�3'u d � Cauchy f�, = d Ø÷vf Cauchy ^�.

½n 2.9.15[1, 67] eã^��d:

(1) X ´�Ýþ�m;

(2) X ´Ýþ�m��êVû π N�;

(3) X ´Ýþ�m��m π N�.

y² dÚn 2.9.13, ½n 2.9.10 ÚN�Ún� (1) ⇒ (2). (2) ⇒ (3) ´w,

�. d½n 2.9.10 Ú 1.2.7 � (3) ⇒ (1).

íØ 2.9.16 4 π N��±�Ýþ5.

¯K 2.9.17 (1) �Ýþ�m´Ä´,�Ýþ�m�S�CX� π N�?

(2) �Ýþ�m´Ä´,�Ýþ�m�;CX� π N�?

~ 2.9.18[240] �3Ýþ�m (X, d) Ú�êVû� π N� f : (X, d) → S1,

¦ f Ø´S�CXN�.

� A ´ N �4�A�pØ��x (~ 1.8.4). PØ�êx A = {Aα}α∈Γ. é

α ∈ Γ, � Bα = {α} ∪Aα. 3 Bα þ½Âé¡ål dα Xe: é x, y ∈ Bα,

dα(x, y) =





0, x = y,

1/y, x 6= y, x = α,

|1/x− 1/y|, x 6= y, x 6= α, y 6= α.

@o (Bα, dα) ´Ýþ�m. - X =
⊕

α∈ΓBα, �4 d ´ X þIO�ÿÀÚÝþ.
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½Â¼ê f : X → S1 ÷v:

f(x) =

{
0, x ∈ Γ,

1/x, x 6∈ Γ.

(18.1) f ´ëY�. é y ∈ S1 − {0}, f−1(y) = ⊕{1/y : 1/y ∈ Aα} ´ X �

m48. XJ U ´ 0 3 S1 ���, é α ∈ Γ, f−1(U ) ∩ Bα ´ Bα �m8, ¤±

f−1(U ) ∈ τ(X).

(18.2) f ´�êVûN�. dN�Ún, �Ly f ´ûN�. � U ⊂ S1 �

f−1(U ) ∈ τ(X). é y ∈ U , Ø�� y = 0. XJ U Ø´ y ���, K�3 N �Ã�

8M , ¦é n ∈ M k 1/n 6∈ U . XJM ∈ A , K�3 α ∈ Γ, ¦ Bα = {α} ∪M .

Ï� f−1(U ) ´ α ���, S� Bα ´ªu f−1(U ) �, l
S� {1/n}n∈M ´ª

u U �, gñ.Ïd, M 6∈ A , @o�3 α ∈ Γ, ¦M ∩ Aα ´Ã�8, u´S�

{x : x ∈ M ∩ Aα}´ªu f−1(U ) �, gñ. l
, U ´ y ���. � f ´ûN

�.

(18.3) f ´ π N�. ÄK, �3 z ∈ S1 Ú z �m�� U , ¦ d(f−1(z), X −

f−1(U )) = 0. K�3 X �S� {zn} Ú {xn}, ¦ zn ∈ f−1(z), xn ∈ X − f−1(U )

� d(zn, xn) < 1/n. @oz� f(zn) = z � f(xn) 6∈ U . l
�3 αn ∈ Γ, ¦

xn, zn ∈ Bαn
, � dαn

(zn, xn) < 1/n, u´ |f(zn)− f(xn)| < 1/n, � f(xn) → z, g

ñ.

(18.4) f Ø´S�CXN�. ÄK, �3 X �;8 K, ¦ f(K) = S1. d

K �;5, �3 Γ′ ∈ Γ<ω, ¦ K ⊂
⋃

α∈Γ′ Bα. �½ β ∈ Γ − Γ′. K�3 n0 ∈

Aβ − (
⋃

α∈Γ′ Aα) ⊂ Aβ −K. u´Ø�3 x0 ∈ K, ¦ f(x0) = 1/n0, gñ.

2.10 ; N �

�!3Ýþ�m� π N��Ä:þ, &?Ýþ�m�û;N�!�m;N�

Úm;N��A�,ò�Ð�m!æ;�Ð�mL�Ýþ�m3ù
N�e��.

½n 2.10.1[240] Ýþ�mþ�S�û�;N�´S�CXN�.

y² � f : X → Y ´S�û�;N�,Ù¥ X ´Ýþ�m. 4 {yn} ´ Y

¥Âñu y0 ��²�S�. P S1 = {y0} ∪ {yn : n ∈ N}, X1 = f−1(S1), g = f|X1
.

K g ´S�û�;N�. dN�Ún, g ´�mN�. � {Un}n∈N ´;8 g−1(y0)

3Ýþ�mX1 ¥4~���Ä.é n ∈ N, y0 ∈ g(Un)◦, �3 in ∈ N, ¦� i > in
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�, yi ∈ g(Un), u´ g−1(yi) ∩ Un 6= ∅. Ø�� 1 < in < in+1. é j ∈ N, �½

xj ∈

{
f−1(yj), j < i1,

f−1(yj) ∩ Un, in 6 j < in+1.

4K = g−1(y0)∪{xj : j ∈ N}. KK ´X1 �;8� g(K) = S1,l
 f(K) = S1.

�, f ´S�CXN�.

íØ 2.10.2[240] Ýþ�mþ�û;N�´S�CXN�.

~ 2.10.3[288] �©Ýþ�m�;Ýþ�m��êVû;N��7´;CX

N�.

� Z = I × I. � A = {A ∈ K (Z) : π1(A) = I}. @o |A | = 2ℵ0 , u´�3

�é��÷¼ê µ : I → A . e s ∈ I, @o s ∈ π1µ(s), u´ µ(s) ∩ π−1
1 (s) 6= ∅.

�½ xs ∈ µ(s) ∩ π−1
1 (s). - Os ´ {s} × I ¥¹: xs ��Ý� 1/4 �m«m. 2

- X = {(s, t) ∈ Z : (s, t) 6∈ Os}. K X ´�©Ýþ�m. ½Â f = π1|X . K

f : X → I ´;N�.

(3.1) f Ø´;CXN�. eØ,, �3 X �;8 B, ¦ f(B) = I. @o

B ∈ A , ¤±�3 s ∈ I, ¦ B = µ(s), l
 xs ∈ µ(s) −X, u´ B 6⊂ X, gñ.

(3.2) f ´�êVûN�. dÂñÚn, �Ly f ´S�CXN�. � I �S

� {sn} Âñu s0. �½ f−1(s0) ¥�ü: (s0, t1), (s0, t2), ¦ |t1 − t2| = 1/2. 4

K = {si : i ∈ ω}, C = f−1(K) ∩ (K × {t1, t2}). K C ´ X �;8� f(C) = K.

� f ´S�CXN�.

½Â 2.10.4 �m X �CX� {Un} ¡� X �:k�fÐm [181] (:k�

�Ðm [1], :k�Ðm),e {Un} ´X �fÐm (�Ðm, Ðm) ¿�Un ´X �

:k�CX.

Ún 2.10.5[239] � {Un} ´�mX �:k�CX�. e Un+1 \[ Un, K

{Un} ´X � cs∗ CX�:(���=� {Un} ´X �:(S����.

y² dÚn 2.9.9 � (9.2), e {Un} ´X � cs∗ CX�:(�,K {Un} ´

X �:(S����. ��,� {Un}´X �:(S����. én ∈ N9X ¥Â

ñu x��²�S� {xk}. em 6 n� st(x,Um) 6= {x},� zm ∈ st(x,Um)−{x}.

u´�3 i ∈ N, ¦ st(x,Ui) ⊂ X − {zm : m 6 n� st(x,Um) 6= {x}}. Ï� {xk}

´ªu st(x,Ui) �, ¤± i > n, l
 {xk} ´ªu st(x,Un) �. du Un ´:k

��, ¤±�3 {xk} �f�´ªuUn �,�. �Un ´ X � cs∗ CX.

½n 2.10.6 eã^��d:

(1) X äk:k�fÐm;

(2) X ´Ýþ�m�S�û�û;N� [403];
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(3) X ´Ýþ�m�û;N� [181, 228];

(4) X ´Ýþ�m�S�CX�û;N� [403].

y² (1)⇒ (2).� {Un}´X �:k�fÐm. é i ∈ N,PUi = {Uα}α∈Λi
.

æ^·K 2.9.6 �PÒ, �½ÂÝþ�mM ÚN� f : (M,d) → X. é x ∈ X, i ∈

N, � Γi = {α ∈ Λi : x ∈ Uα}. @o
∏

i∈N
Γi ´

∏
i∈N

Λi �;8. XJ α = (αi) ∈∏
i∈N

Γi, @o x ∈
⋂

i∈N
Uαi

, u´ α ∈M � f(α) = x, �
∏

i∈N
Γi ⊂ f−1(x). XJ

α = (αi) ∈ f−1(x), @o x ∈
⋂

i∈N
Uαi

, u´ α ∈
∏

i∈N
Γi, � f−1(x) ⊂

∏
i∈N

Γi.

Ïd f−1(x) =
∏

i∈N
Γi. =, f ´;N�. 2dÚn 2.10.5 Ú·K 2.9.6, f ´S�

ûN�.

dN�Ún� (2) ⇔ (3). díØ 2.10.2 � (3) ⇔ (4). e¡y² (3) ⇒ (1). �

X ´Ýþ�mM 3û;N� f e��. d½n 1.3.5, M �3ÛÜk�mCX�

{Bi},¦Bi+1 \[Bi,�éK ∈ K (M), {st(K,Bi)}i∈N ´K 3M ¥���Ä.

- Ui = f(Bi). @o Ui ´ X �:k�CX. e¡y² {Ui} ´ X �fÐm. e

x ∈ U ∈ τ(X), @o�3 n ∈ N, ¦ st(f−1(x),Bn) ⊂ f−1(U ), l
 st(x,Un) ⊂ U .

,��¡, e X �f8 U ÷v: é x ∈ U , �3 n ∈ N, ¦ st(x,Un) ⊂ U , @o

é z ∈ f−1(U ), �3 n ∈ N, ¦ st(f(z),Un) ⊂ U , u´ st(z,Bn) ⊂ f−1(U ), l


f−1(U ) ∈ τ(M), Ïd U ∈ τ(X). � {Ui} ´ X �:k�fÐm.

íØ 2.10.7 é�K�mX, eã^��d:

(1) X ´�©Ýþ�m� (;CX�) û;N�;

(2) X ´�©Ýþ�m�û π N�;

(3) X ´ g 1��ê�m.

y² (1) ⇒ (2) ´w,�. díØ 2.8.11, ½n 2.9.10 Ú 1.6.22 � (2) ⇒ (3).

(3) ⇒ (1). �B ´ X ��êfÄ. Ø��B ⊂ τ c(X). PB = {Bi}i∈N =
⋃

x∈X Bx, Ù¥Bx ´ x �fÄ. é i ∈ N, -

Ci = {x ∈ X : Bi /∈ Bx}, Ui = {Bi, Ci}.

K Ui ´ X � cfp CX. ¯¢þ, � K ∈ K (X), � K1 = Bi ∩K,K2 = K −Bi.

@o K1 ⊂ Bi � K = K1 ∪ K2. XJ x ∈ K2, du K ´�Ýþ�, ¤±�3

K − Bi �S� {xn} Âñu x ∈ K, u´ Bi 6∈ Bx, l
 x ∈ Ci. ¤± K2 ⊂ Ci.

e x ∈ X, K

st(x,Ui) =





Bi, Bi ∈ Bx,

X, Bi /∈ Bx, x ∈ Bi,

Ci, Bi /∈ Bx, x /∈ Bi.

u´ {st(x,Ui)}i∈N ´ x �fÄ. ùL² {Ui} ´ X �fÐm. d·K 2.9.6 Ú½

n 2.10.6, X ´�©Ýþ�m�;CX�û;N�.
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íØ 2.10.8 �Äeã^�:

(1) X ´Ýþ�m� (;CX�) û; ss N�;

(2) X ´Ýþ�m�û π-ss N�;

(3) X äkÛÜ�êfÄ;

(4) X ´ g 1��ê�m�ÿÀÚ;

(5) X ´äkÛÜ�ê cs∗ �� g 1��ê�m;

(6) X ´äkÛÜ�ê k �� g 1��ê�m.

@o (1) ⇒ (2) ⇒ (3) ⇔ (4) ⇔ (5) ⇒ (6). e��X ´�K�m, K (6) ⇒ (1).

y² (1) ⇒ (2) ´w,�. díØ 2.8.11 Ú½n 2.9.10� (2) ⇒ (5). díØ

2.8.11 Ú·K 1.6.21� (5) ⇒ (3). díØ 2.8.11 � (3) ⇒ (4). (4) ⇒ (5) ⇒ (6)´

w,�. �X ´�K�m�,díØ 2.8.11 Ú 2.10.7 � (6) ⇒ (1).

~ 2.8.14 `²þãíØ¥b��K5´­��.

~ 2.10.9 R �:Ãn*ÜÿÀ�mX (~ 2.7.14): X Ø´Ýþ�m�û π

N�[239].

æ^~ 2.7.14 �PÒ. ky² (X, τ) Ø´�êæ;�m. P X �î¼ÿÀ

� τ∗, Q = {rn : n ∈ N}. é n ∈ N, - Fn = {ri : i > n}. Ï� Q ´ X �

4lÑ8, {Fn} ´ X �4~�48��
⋂

n∈N
Fn = ∅. e X ´�êæ;�

m, K�3 X �m8� {Gn}n∈N, ÷v Fn ⊂ Gn �
⋂

n∈N
Gn = ∅ (�N¹ A ·

K 2.8). é n ∈ N, x ∈ Fn, �3 Unx ∈ τ∗, ¦ x ∈ Unx, Unx ∩ {ri : i < n} =

∅� {x} ∪ (P ∩ Unx) ⊂ Gn, u´ Unx = (Unx ∩ Q) ∪ (Unx ∩ P) ⊂ Gn, l
k

On ∈ τ∗, ¦ Fn ⊂ On ⊂ Gn. Ïd On ´ (R, τ∗) �mÈ8�
⋂

n∈N
On = ∅, ù�

τ∗ ´ Baire ÿÀ�gñ. ¤± X Ø´�êæ;�m, u´ X �Ø´g�;�m

(�N¹ A ·K 4.11).

XJ X ´Ýþ�m�û π N�, dN�Ún9½n 2.9.15, X ´�Ýþ�m,

l
X ´g�;�m,gñ.

¯K 2.10.10 �©Ýþ�m�û π N�´Ä´,��©Ýþ�m�û;N

�?

¯K 2.10.11[173] äk σ :k� cs ��é¡Ýþ�m´Ä´Ýþ�m�û

;N�?

Ún 2.10.12[1] eã^��d:

(1) X äk:k�Ðm;

(2) X äk:k��Ðm;

(3) X ´äk:k�fÐm� Fréchet �m;

(4) X ´æ;��Ð�m.
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y² ( 4 ) ⇒ ( 1 ) ⇒ ( 3 ) ´w,� . d·K 1.6.17 � ( 3 ) ⇒ ( 2 ). e¡y²

( 2 ) ⇒ ( 4 ). � X äk:k��Ðm. d½n 2.10.6 ÚN�Ún, X ´Ýþ�

m��êVû;N�,u´ X ´æ;�m (�N¹ A íØ 2.7). qd½n 2.7.17,

2.9.15 Ú 1.2.11, X ´�Ð�m.

dd9·K 2.9.6 Ú½n 2.10.6, ��Ýþ�mm;N��A�.

½n 2.10.13[18, 26] eã^��d:

(1) X ´Ýþ�m� (;CX�) m;N�;

(2) X ´Ýþ�m��m;N�;

(3) X ´æ;��Ð�m.

Michael[277] y²
Ýþ�mþ�m;N�g�´;CXN�. ~ 2.10.3 `²

mN�Ø�~f��êVûN�.

~ 2.10.14 Michael �� (~ 1.8.5): æ;�Ð�m�m;N� [48].

æ^~ 1.8.5 �PÒ, Ù¥X,B ©O´Michael ��Ú Bernstein 8. �

H = (I × {0}) ∪ (B × N);

V (x,m) = {x} × ({0} ∪ {n : n > m}), x ∈ I,m ∈ N;

W (J,m) = ((J ∩ (I −B)) × {0})∪

((J ∩B) × {n : n > m}), J ⊂ I,m ∈ N.

H D�eãÿÀ: Ä�/X V (x,m) (∀x ∈ B,m ∈ N), W (J,m) (∀m«m J ⊂

I,m ∈ N) ÚB×N ¥�ü:8. I'uî¼ÿÀ�3Ðm {Um}, ¦Um ´k�8

� Um+1 \[ Um. ém ∈ N, Pm ´/Xeã8Ü�N�8: V (x,m) (∀x ∈ B),

W (U,m) (∀U ∈ Um) Ú {h} (∀h ∈ B × {1, 2, · · · ,m− 1}). K {Pm}m>2 ´ H �

:k�Ðm. �H ´æ;�Ð�m.

´�y, π1|H : H → X ´m;N�.

Ï�Michael ��Ø´ β �m, ¤±§Ø´æ;�Ð�m. dd��, Ýþ�

m�m;N��a¿Ø'um;N�µ4. ¹kÝþ�m�'um;N�µ4�

�maäkAO�¿Â.

½Â 2.10.15[24] MOBI a´÷ve�ü^�����ÿÀ�ma:

(1) Ýþ�máuù�a;

(2) 'um;N�µ4�a.

w,, m;N��±MOBI a.

½n 2.10.16[48] Y ´MOBI a¥��m��=��3Ýþ�mM Úm;

N��k�8 {f1, · · · , fn}, ¦ (fn ◦ · · · ◦ f1)(M) = Y .

y² ± {Hα}α∈Λ L«÷v½Â 2.10.15 ¥ü^���ma�x,KMOBI

a =
⋂

α∈Λ Hα. PB = {X : �3Ýþ�m Z Úm;N��k�8 {f1, · · · , fn} ,
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¦ (fn ◦ · · · ◦ f1)(Z) = X}. K�3 α ∈ Λ, ¦ B = Hα, l
 B ⊃ MOBI a.

é α ∈ Λ, e X ∈ B, K�3Ýþ�m Z Úm;N��k�8 {f1, · · · , fn}, ¦

(fn ◦ · · · ◦ f1)(Z) = X. d½Â 2.10.15, X ∈ Hα, ÏdB ⊂ Hα, ¤±B ⊂ MOBI

a. �B = MOBI a.

díØ 2.7.19 Ú½n 2.10.16, keãíØ.

íØ 2.10.17[24] e Y ∈ MOBI a, K Y äk:�êÄ.

íØ 2.10.17 �_·K´Ä¤á´F<Ï��. Chaber[85] Qy², äk:�

êÄ� T1 �m´æ;��Ð T1 �m�m;N�.l
3 T1 �ma¥, MOBI a

�x�äk:�êÄ��ma. XJ^MOBIi aL«½n 2.10.16 ¤ã�z�m

;N�Ñäk Ti ���MOBI a�fa, Ù¥ i = 2, 3, 4, <�Ì�'5äk:

�êÄ� Ti �m´ÄáuMOBIi a? ~ 2.10.14 L², Michael ��áuMOBI2

a.

¯K 2.10.18[24] _;N�´Ä�±MOBI a?

¯K 2.10.19[85] äk:�êÄ��m´ÄáuMOBI2 a?

2.11 σ ÛÜk�N�

c¡A!0��m�N�'X�g´´ïÄÝþ�m3¤Ù��N�ae�

��m�A�. é2ÂÝþ�ma, �±}ÁÏL·��å»½ÂN�a,ò�m

aL�Ýþ�ma3ùN�a¥N���.�!½Â� σ ÛÜk�N�Ú σ N�

Ò´�ìù«g�,©Oò σ �mÚ ℵ �mL�Ýþ�m3ù
N�e��.

½Â 2.11.1[287] �N� f : X → Y . f ¡� σ ÛÜk�N�, eé X � σ

ÛÜk�CXP, �3P �\[F , ¦ f(F ) ´ Y � σ ÛÜk�CX.

éX �8xP ÚF , F ¡�P � B \[, eF Ü©\[P, ¿�P �

?��´F �,f8�¿.

Ún 2.11.2[287] eP ´�mX �ÛÜk�8x,@oP �3pØ���

ÛÜk� B \[F , ¦é F ∈ F , (P)F ´k��.

y² �

F (B) = ∩B − ∪(P − B),B ⊂ P;

F = {F (B) : ∅ 6= B ⊂ P}.

KF ´P �pØ���ÛÜk�B \[�é F ∈ F , (P)F ´k��.

·K 2.11.3[287] eN� f : X → Y , K (1) ⇒ (2) ⇔ (3), Ù¥:

(1) X �z�mCXU �3\[B, ¦ f(B) ´ Y � σ ÛÜk�8x;

(2) X �z� σ ÛÜk�8xkB \[B, ¦f(B)´ Y � σ ÛÜk�8x;
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(3) f ´ σ ÛÜk�N�.

y² (1) ⇒ (3). �P =
⋃

n∈N
Pn ´ X �CX, Ù¥Pn ´ÛÜk��.

é n ∈ N, �3 X �mCXUn, ¦ Un �z��=�Pn �k���, u´ Un

�3\[Bn, ¦ f(Bn) ´ Y � σ ÛÜk�8x. @o
⋃

n∈N
(Pn ∧Bn) ´P �

\[� f(
⋃

n∈N
(Pn ∧ Bn)) ´ Y � σ ÛÜk�CX.� f ´ σ ÛÜk�N�.

(2) ⇒ (3) ´w,�, e¡y² (3) ⇒ (2). �Ly X �z�ÛÜk�8xP

k B \[B, ¦ f(B) ´ Y � σ ÛÜk�8x. dÚn 2.11.2, P �3pØ��

�ÛÜk� B \[F , ¦F �z��=�P �k���. �

H = F ∪ {X − ∪F}.

@oH ´ X �ÛÜk�CX,u´H �3\[R, ¦ f(R) ´ σ ÛÜk�8

x. Ï�H ´pØ��8x,¤±R ´H � B \[. 2�

B = {B ∈ R : B ⊂ ∪F}.

KB ´F � B \[, u´B ´P � B \[� f(B) ´ σ ÛÜk�8x.

íØ 2.11.4[287] �N� f : X → Y . eeã^���¤á,K f ´ σ ÛÜk

�N�.

(1) �3X �A� (modk) �P, ¦ f(P) ´ Y � σ ÛÜk�8x.

(2) f ´4 L N�� Y ´g�;�m.

y² �U ´X �mCX. (1) �

H = {P ∈ P : P ⊂ ∪F ,F ∈ U
<ω}.

@oH \[ U F � f(H ) ´ Y � σ ÛÜk�8x, u´ U �3\[ B, ¦

f(B) ´ Y � σ ÛÜk�8x. d·K 2.11.3, f ´ σ ÛÜk�N�.

(2) é y ∈ Y , �3U ��êfxUy CX f−1(y), q�3 y �m�� Vy, ¦

f−1(Vy) ⊂ ∪Uy. � V = {Vy}y∈Y . K Y �mCX V �3 σ lÑ�4\[F . é

F ∈ F , �3 y(F ) ∈ Y , ¦ F ⊂ Vy(F ). -

B = {f−1(F ) ∩ U : F ∈ F , U ∈ Uy(F )}.

KB \[U , � f(B) ´ Y � σ ÛÜk�8x. � f ´ σ ÛÜk�N�.

íØ 2.11.5[287] σ ÛÜk�N��±eãÿÀ5�:

(1) äk σ ÛÜk��;

(2) äk σ ÛÜk�A� (modk) �.

y² � f : X → Y ´ σ ÛÜk�N�. 4P ´ X � σ ÛÜk�� (σ Û

Ük�A� (modk)�). d·K 2.11.3, P k B \[B, ¦ f(B) ´ Y � σ ÛÜ

k�8x. ù� f(B) ´ Y �� (A� (modk) �).
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4 X ´Michael �� (~ 1.8.5). du X äk:�êÄ, u´�3Ýþ�m

M Úm s N� f : M → X. Ï� X Ø´ σ �m, díØ 2.11.5, f Ø´ σ ÛÜk

�N�. l
,íØ 2.11.4 �4N�^�Ø���mN�^�.

dÚn 1.5.13 Ú·K 2.4.7, ��eãÚn.

Ún 2.11.6[287] �P ´�m Y �'uk��µ4� σ ÛÜk�4A�

(modk) �, K�3�Ýþ�mM , M � σ lÑÄB Ú Y ×M �f�mX, ÷

veã^�, Ù¥P f = π1|X , g = π2|X .

(1) P = fg−1(B);

(2) g : X →M ´_;N�.

½n 2.11.7[287] é�K�mX, eã^��d:

(1) X ´ σ �m (r Σ �m);

(2) X ´Ýþ�m (�;M �m) � σ ÛÜk�N�.

y² díØ 2.11.5 � (2) ⇒ (1), é�;M �m��/,�|^
íØ 2.2.8

Ú·K 1.5.14.

(1) ⇒ (2). k�P ´ σ �mX �'uk��µ4� σ ÛÜk�4�. 4M

´8ÜX. D�M ±P ��Ä)¤�ÿÀ.KP ´M � σ ÛÜk�4Ä,u

´M ´Ýþ�m. - f = idM : M → X. Ï�P ´ X ��, f ´N�. 2dí

Ø 2.11.4, f ´ σ ÛÜk�N�.

2�P ´r Σ �m X �'uk��µ4� σ ÛÜk�4A� (modk) �.

dÚn 2.11.6, �3�Ýþ�mM , M � σ lÑÄB Ú X ×M �f�m Z, ÷

veã^�, Ù¥P f = π1|Z , g = π2|Z .

(7.1) P = fg−1(B)¶

(7.2) g : Z →M ´_;N�.

K Z ´�;M �m, g−1(B) ´ Z � (modk) �. díØ 2.11.4, f ´ σ ÛÜk�

N�.

þã½n¥��K5´­��. R �:Ãn*ÜÿÀ�mX ´Ýþ�m�

σ ÛÜk�N� (�~ 2.7.14 Ú~ 2.10.9). dur Σ �m´g�;�m (�½n

3.2.10), ¤±X Ø´r Σ �m.

éäk�ê (modk) ���m, k�íØ 2.8.4 ²1�(J.

íØ 2.11.8[287] �K�mX äk�ê (modk) ���=��3�©Ýþ�

mM Ú_;N� g : Z →M , ¦X ´ Z �N�.

~ 2.11.9[282] �3ÛÜ;�;�mZ Ú4N� f : Z → X, ÷v

(1) X Ø´r Σ �m;

(2) f Ø´ σ ÛÜk�N�.
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é α < ω1, � hα : ω1 + 1 → Tα ´Ó�N�. - Z =
⊕

α<ω1
Tα. K Z ´ÛÜ

;�;�m. - A = {hα(ω1) : α < ω1}. � X �û�m Z/A. 4 f : Z → X ´g

,ûN�. K f ´4N�. � X ´r Σ �m. 4F ´ X �'uK � σ ÛÜ

k�4 (modk) �. P ω̂1 = fh0(ω1). é α, β < ω1, P [α(β), ω̂1) = fhβ([α, ω1)).

d F � σ ÛÜk�5, é β < ω1, {F ∈ F : ω̂1 ∈ F � F ∩ [0(β), ω̂1) 6= ∅} ´

�ê�, u´�3 αβ < ω1, ¦� F ∈ F � F ∩ [αβ(β), ω̂1) 6= ∅ �, ω̂1 ∈ F . é

F ∈ F , �

α(F ) = {γ < ω1 : F ∩ [0(γ), ω̂1) 6= ∅},

F0 = {F ∈ F : ω̂1 ∈ F, α(F ) < ω1}.

KF0 ´�ê�. u´�3 β < ω1, ¦ β > sup{α(F ) : F ∈ F0}. ù�, e F ∈ F

� F ∩ [αβ(β), ω̂1) 6= ∅, @oéØ�ê� γ < ω1 k F ∩ [0(γ), ω̂1) 6= ∅. P

{F ∈ F : F ∩ [αβ(β), ω̂1) 6= ∅} = {Fn}n∈N.

À� K ∈ K , ¦ K ∩ [αβ(β), ω̂1) 6= ∅. Ï� {γ < ω1 : K ∩ [0(γ), ω̂1) 6= ∅} ´

k�8, �À� X �S� {xn} 9 ω1 ¥�²��S� {γn}, ¦ xn ∈ (Fn −K) ∩

[0(γn), ω̂1). l
�3 F ∈ F , ¦ K ⊂ F ⊂ X − {xn : n ∈ N}. u´�3m ∈ N,

¦ F = Fm, Ïd xm ∈ F , gñ. � X Ø´r Σ �m. 2díØ 2.11.5, f Ø´ σ

ÛÜk�N�.

�!1�Ü©, 0�XÛr ℵ �mL«�Ýþ�m�A½N�.

½Â 2.11.10[231] �N� f : X → Y . f ¡� σ N�, e�3X �ÄB, ¦

f(B) ´ Y � σ ÛÜk�8x.

½Âu�©Ýþ�mþ�N�´σ N�. d·K 2.11.3, σ N�´ σ ÛÜk�

N�.

½n 2.11.11[231] �K�mX´σ �m��=�X´�Ýþ�m�σ N�.

y² � X ´ σ �m. d½n 2.11.7 ¥ (1) ⇒ (2) �y², X ´,��Ýþ

�m� σ N�. du σ N�´ σ ÛÜk�N�, ¤±Ýþ�m��K� σ N�´

σ �m.

½n 2.11.12 é�K�mX, eã^��d:

(1) X ´ ℵ �m;

(2) X ´Ýþ�m�S�û σ N� [380];

(3) X ´Ýþ�m�S�CX σ N� [380];

(4) X ´Ýþ�m�;CX σ N� [231].

y² (1) ⇒ (4). � P ´ ℵ �m X �'uk��µ4� σ ÛÜk�

4 k �. P P =
⋃

n∈N
Pn, Ù¥ Pn = {Pα}α∈Λn

´ÛÜk���Ø��

X ∈ Pn ⊂ Pn+1. Λn D�lÑÿÀ. �
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M = {α = (αi) ∈
∏

i∈N

Λi : {Pαi
}´ X ¥,: x(α)�� }.

K M ´�Ýþ�m, ¿�é α ∈ M , x(α) ´��(½�. u´�±½Â¼ê

f : M → X, ¦ f(α) = x(α). ´�y, f ´N�. e¡y² f ´;CX� σ N�.

(12.1) f ´ σ N�. é n ∈ N, αn ∈ Λn, �

B(α1, · · · , αn) = {α ∈M : πi(α) = αi, i 6 n},

B = {B(α1, · · · , αn) : αi ∈ Λi, i 6 n}.

K B ´ M �Ä. �y² f ´ σ N�, �L�y f(B(α1, · · · , αn)) =
⋂

i6n Pαi
.

w, f(B(α1, · · · , αn)) ⊂
⋂

i6n Pαi
. e x ∈

⋂
i6n Pαi

, �3 β = (βk) ∈ M , ¦

f(β) = x. é k ∈ N, �3 αk+n ∈ Λk+n, ¦ Pαk+n
= Pβk

. � α = (αk). @o

α ∈ B(α1, · · · , αn) � f(α) = x. Ïd,
⋂

i6n Pαi
⊂ f(B(α1, · · · , αn)).

(12.2) f ´;CXN�. é K ∈ K (X), dÚn 2.7.9, �3P �k�8�

{Fi}, ÷v·K 2.7.1 �^� (i) Ú (ii). �S� {n} �f� {ni}, ¦ Fi ⊂ Pni
.

Ø��, n1 = 1. é i ∈ N 9 ni 6 n < ni+1, 4P ′
n = Fi. KP ′

n ⊂ Pn, u´�3

Γn ∈ Λ<ω
n , ¦P ′

n = {Pα}α∈Γn
. �

L = {α = (αn) ∈
∏

n∈N

Γn :
⋂

n∈N

Pαn
∩K 6= ∅}.

d·K 2.7.1 ¤y, L ´M �;8� f(L) = K. ¤± f ´;CXN�.

(4) ⇒ (3) ⇒ (2) ´w,�, e¡y² (2) ⇒ (1). � f : M → X ´S�û σ

N�, Ù¥M ´Ýþ�m. �3M �ÄB, ¦ f(B) ´ X � σ ÛÜk�8x.

d·K 2.7.2 Ú 1.6.7, f(B) ´ X � σ ÛÜk� k �. �X ´ ℵ �m.

~ 2.11.13 V �m X (~ 1.8.1 Ú 2.4.15): �3Ýþ�mM Ú σ ÛÜk�

N� f : M → X, äk5�:

(1) f ´;CXN�,� X Ø´ ℵ �m;

(2) f ´m;N�, �X Ø´ g �Ýþ�m;

(3) f Ø´ σ N�.

d~ 2.4.15, �3Ýþ�mM Ú;CX�k���mN� f : M → X. dí

Ø 2.11.4, f ´ σ ÛÜk�N�. d½n 2.5.17, X Ø´ ℵ �m. qdíØ 1.6.8, X

�Ø´ g �Ýþ�m. d½n 2.11.12, f Ø´ σ N�.

'u g �Ýþ�m�N��x,�½n 3.9.13 ��'(J.
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1 2 Ù�ã
Ýþ�m3AaN�e��m½_��m�S3A�. dd�

�, A^N���m��p©a�K, ÏLÝþ�m±94N�!mN�!�êV

ûN�!�mN�!ûN�!sN�!;N�Ú π N��, ò��ÿÀÆ¥��


­�Vg, XÄ!CX�!�!k �!cs∗ �Ú (modk) ��±9dd¤�Ñ�2Â

Ýþ�ma, X�Ð�m!�Ýþ�m!f1��ê�m!M�m!σ �mÚr Σ

�m�é(u�N. ù��¡`²
^N�é�m?1ïÄ��J�%å, ,��

¡�L²
31 2 Ù¥¤Ñy�2ÂÝþ�ma3ÿÀ�mØ�ïÄ¥ÓâØ%

 �.

N���m�p©a�Ä�¯K´, 3�aN��^e, =
ÿÀ5��±Ø

C (¯K 2.0.6). �Ù�¥%ÆK��´(½N��N�a�±A½�2ÂÝþ�

ma. �d, 7L¿©/&?2ÂÝþ�ma��«5�,cÙ­��´Ï¦§�

��x— �Ù�°ç�SN��.

3¤�9�2ÂÝþ�ma¥,k��êþ��m´l Bing-Nagata-Smirnov

Ýþz½n (½n 1.3.2), ½ Michael 'u�;5��x (�N¹ A ½n 1.2), ½

Burke-Junnila 'ug�;5�A� (�N¹ A ½n 3.3), |^ σ lÑ8x, ½ σ

ÛÜk�8x, ½ σ 4��±8x, ½ σ =G8x5½Â�. ù´�)2ÂÝþ�

ma�k��{, ¿���ak��¯K: |^ùo«8x½Â��ma, 3�o

^�e´�d�?

ùa¯Ké�Ä4N�´Ä�±ù
�ma�w�AO­�.e¡òw�T

a¯Ké σ �m�¤õ£� (½n3.3.1) ¤���ÿÀÆ�;�. ��5`, 3 σ

lÑ8x� σ ÛÜk�8x¥, ¯K�õk�¡��Y; 3 σ ÛÜk�8x� σ

4��±8x¥, ¯K¥yE,z; 
3 σ 4��±8x� σ =G8x¥, ¯Kw

�É~�(J.�Ù�AÚ��,´��¡/�ã
d σ ¢D4��±8x½Â�

�m. l Burke-Engelking-Lutzer Ýþz½n (½n 2.5.17) wÑ, ïÄ σ ÛÜk

�8x� σ ¢D4��±8x'Xù�¯K�Ü1, 
�T¯K3?Ø4N�´

Ä�±·���ma�¤Óâ� ��é σ 4��±8x�ïÄ´Ó�­��.
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3.1 äk:�êCX��m

31 2 Ù¥, �)û Arhangel’skǐı 'uÝþ�mû s N���x, ±9ïÄ

�d�'�m s N�!m;N��¯K,�9
�þäkA½5��:�êCX,

¿�&?
§��m�ÐÚ'X. �!�8�´8¥?Ø�
:�êCX5�, �

)§��Ýþz½n±9N�5�.

½Â 3.1.1 �P ´�mX �8x.

(1) P ¡�X � p Ä [34], XJP ⊂ τ �P ´X � p �.

(2) P ¡�X � pæÄ,XJé x 6= y ∈ X,�3F ∈ P<ω,¦ x ∈ (∪F )◦ ⊂

∪F ⊂ X − {y}.

(3) P ¡�X � p-k �, XJéK ∈ K (X) 9 y ∈ X −K, �3F ∈ P<ω,

¦ K ⊂ ∪F ⊂ X − {y}.

p æÄ� p-k ��¹¿@®Ñyu©z [77, 143]. �Qã��Bå�, ëì p �

�½Â, 3d©O·¶� p æÄÚ p-k �. w,, é�m X, p Ä⇒ p æÄ⇒ p-k

�.

·K 3.1.2 eã�maäk:�ê k �:

(1) äk σ ¢D4��± k � [112];

(2) Ýþ�m�û s N� [143].

y² d½n 2.5.11 �y², äk σ ¢D4��± k ���mäk σ ;k�

k �, l
§äk:�ê k �. dÚn 2.7.11, Ýþ�m�û s N�äk:�ê k

�.

·K 3.1.3[77] äk Gδ é���g�;�mäk:�ê p æÄ.

y² �X ´äkGδ é���g�;�m. KX äk4 p �
⋃

n∈N
Pn, Ù

¥Pn ´ÛÜk��. é n ∈ N, ½Â

Fn(B) = ∩B −∪(Pn − B),B ⊂ Pn;

Fn = {Fn(B) : B ⊂ Pn}.

@o Fn ´ X �pØ��CX. é x 6= y ∈ X, �3 m ∈ N Ú B ∈ Pm, ¦

y ∈ B ⊂ X − {x}. �

H = {Fm(B) : B ⊂ (Pm)x}.

@oH ∈ F<ω
m . XJB ⊂ (Pm)x, @o B ∈ Pm − B, u´ Fm(B) ⊂ X − B,

¤± ∪H ⊂ X − {y}. � U = X − ∪(Pm − (Pm)x). @o x ∈ U ∈ τ . XJ

z ∈ U , @o (Pm)z ⊂ (Pm)x, u´ z ∈ Fm((Pm)z) ∈ H , l
 U ⊂ ∪H . Ïd

x ∈ (∪H )◦ ⊂ ∪H ⊂ X − {y}. �
⋃

n∈N
Fn ´ X �:�ê p æÄ.

íØ 3.1.4 ���mäk:�ê p æÄ.
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¯K 3.1.5 (1) äk:�ê p æÄ� β �m´Ä´���m?

(2) äk:�êÄ� β �m´Ä´���m?

(3) äk:�êÄ�8��5� β �m´Ä´�Ýþ�m [38]?

Ún 3.1.6 ÷veã^�����ê;�m´;�Ýþ�m:

(1) äk:�ê p æÄ��m [77];

(2) äk:�ê p-k �� k �m [143].

y² �X ´�ê;�m.

(6.1) 4 P ´ X �:�ê p æÄ. @o P äk5�: e A ∈ X<ω �

x ∈ X − A, K�3F ∈ P<ω, ¦ x ∈ (∪F )◦ ⊂ ∪F ⊂ X −A. �

H = ∪{F ∈ P
<ω : F ´X �4�CX }.

dMǐsčenko Ún, H ´�ê�.

(6.1.1) H ´X � p æÄ.

é x 6= y ∈ X, �3F ∈ P<ω, ¦ x ∈ (∪F )◦ ⊂ ∪F ⊂ X − {y}. Ø��F

´ {x} �4�SÜCX.é F ∈ F , �3 x(F ) ∈ (∪F )◦ ∩ (X −∪(F − {F})), ù

� x(F ) ∈ F ∩ (∪F )◦ −∪(F − {F}). � A = {x(F ) : F ∈ F}. é z ∈ X −A, �

3Fz ∈ P<ω, ¦ z ∈ (∪Fz)
◦ ⊂ ∪Fz ⊂ X − A. ½Â

R = F ∪ (∪{Fz : z ∈ X −A}).

é p ∈ X, P (R)p = {Pi(p)}i∈N. äó: �3 R �k�8CX X. ÄK, �3 X

�f8 {xn : n ∈ N}, ¦� i, j < n �, xn /∈ Pi(xj). � a ´ {xn : n ∈ N} �à

:. Ï� X = (∪F )◦ ∪ (
⋃

z∈X−A(∪Fz)
◦), �3 P ∈ R, ¦ P ¹f� {xnk

}. �

i, j ∈ N, ¦ P = Pi(xj). 2�m ∈ N, ¦ nm > i, j. @o xnm
∈ Pi(xj), gñ. Ï

d, �3B ∈ R<ω, ¦X = ∪B. �B ´X �4�CX.KB ⊂ H . é F ∈ F ,

Ï� (R)x(F ) = {F}, ¤± F ∈ B, Ï
F ⊂ H . �H ´ p æÄ.

(6.1.2) X äk�ê4�.

�

E = {X − (∪F )◦ : F ∈ H <ω},

C = {∩E ′ : E ′ ∈ E <ω}.

é x ∈ V ∈ τ , d (6.1.1), {x} = ∩(E )x, u´ {V } ∪ {X −E : E ∈ (E )x} ´X

�mCX, Ïd�3 E ′ ∈ E <ω, ¦ x ∈ ∩E ′ ⊂ V . � C ´X ��ê4�.

dd, X ´���m, 2díØ 1.4.12, X ´;�Ýþ�m.

(6.2) 4 k �m X äk:�ê p-k � P. K P ´ p æÄ. ¯¢þ, e

K ∈ K (X), KP|K ´K �:�ê p æÄ, u´K ´�Ýþ�. díØ 2.3.5, X

´S��m. é x 6= y ∈ X, �3 x �4�� L ⊂ X −{y}. �·K 1.6.7 aq�y
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{, �3F ∈ P<ω, ¦ L ⊂ ∪F ⊂ X − {y}, Ïd x ∈ (∪F )◦ ⊂ ∪F ⊂ X − {y}.

�P ´ X � p æÄ, ¤±X ´;�Ýþ�m.

½n 3.1.7 �r Fréchet �m X äk:�ê k �. K X ´1��ê�

m[239]. XJ��X ´�K�m, K X äk:�êÄ [143].

y² �P ´r Fréchet �mX �:�ê k �.

(7.1) é x ∈W ∈ τ , kF ∈ P<ω, ¦ x ∈ (∪F )◦ ⊂ ∪F ⊂W .

-P ′ = {P ∈ P : P ⊂ W}. KP ′ ´W �:�ê k �. dÚn 2.7.13, k

F ∈ P ′<ω, ¦ x ∈ (∪F )◦ ⊂ ∪F ⊂W .

(7.2) � X ´�K�m. éF ∈ P<ω, �

H(F ) = {x ∈ X : F ´ {x}�4�SÜCX }.

PP = {Pα}α∈Λ. é α ∈ Λ, �

Bα = Pα ∪ (∪{H(F ) : Pα ∈ F ∈ P
<ω}).

e x ∈ H(F ), Ù¥ Pα ∈ F ∈ P<ω, @o x ∈ (∪F )◦ − (∪(F − {Pα}))
◦, u

´ x ∈ Pα. � Bα ⊂ Pα. 2� B = {Bα}α∈Λ. dÚn 2.7.15, é x ∈ X,

{F ∈ P<ω : x ∈ H(F )} ´�ê�, ¤± (B)x ´�ê�. e¡y²B ÷v·K

2.7.16 �^�. é x ∈ U ∈ τ , d X ��K5, �3W ∈ τ , ¦ x ∈ W ⊂ W ⊂ U .

2d (7.1), k F ∈ P<ω, ¦ x ∈ (∪F )◦ ⊂ ∪F ⊂ W . Ø�� x ∈ H(F ). �

R = {Bα : Pα ∈ F}. @o x ∈ ∩R � x ∈ (∪R)◦ ⊂ ∪F ⊂ U . � X äk:�ê

Ä.

(7.3) � X Ø´�K�m. é x0 ∈ X, 3 X þ½Â#ÿÀ τ∗ Xe: é

x 6= x0, {x} ∈ τ∗; x0 ���Ä��3 τ ¥���Ä. @o τ∗ ´�K�m.

� {An} ´ X ¥4~�8�� x ∈
⋂

n∈N
clτ∗(An). e x 6= x0, K x ∈

⋂
n∈N

An, � xn = x ∈ An. ù� {xn} 3 τ∗ ¥Âñu x. e x = x0, K x ∈
⋂

n∈N
clτ (An). u´�3 xn ∈ An, ¦ {xn} 3 τ ¥Âñu x, l
 {xn} 3 τ∗ ¥�

Âñu x. ¤± (X, τ∗) ´r Fréchet �m.

P P∗ = {{x} : x 6= x0} ∪ P. KP∗ ´:�ê�. � x ∈ W ∈ τ∗. e

x 6= x0, � F = {x} ∈ P∗. K x ∈ intτ∗(F ) = F ⊂ W . e x = x0, K�3 V ∈ τ ,

¦ x ∈ V ⊂ W . d (7.1), k F ∈ P<ω, ¦ x ∈ intτ (∪F ) ⊂ ∪F ⊂ V , ù�

x ∈ intτ∗(∪F ) ⊂ ∪F ⊂ W . l
P∗ 3 (X, τ∗) ¥÷v (7.1). d (7.2), (X, τ∗)

äk:�êÄ, u´ (X, τ) 3 x0 äk�êÛÜÄ.� X ´1��ê�m.

½n 3.1.8[143] eã^��d:

(1) X ´�Ýþ�m;

(2) X ´äk:�ê p æÄ�M �m;

(3) X ´äk:�ê p-k ���;M �m;
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(4) X ´äk:�ê p-k �� k �mÚM �m.

y² (1) ⇒ (2) ´w,�. dÚn 3.1.6 � (2) ⇒ (3). 2d·K 2.4.9 Ú

2.4.10 � (3) ⇒ (4). e¡y² (4) ⇒ (1). dÚn 3.1.6, äk:�ê p-k �� k �

mÚM �m´�;�m. d½n 2.2.12, �Ly

(8.1) äk:�ê p-k �Úî� p S��gæ;�mäkGδ é��.

� {Un} ´äk:�ê p-k ��gæ;�mX �î� p S�. é x ∈ X, -

Cx = ∩{st(x,Un) : n ∈ N}.

@o Cx ∈ K (X). dÚn 3.1.6, Cx ´;�Ýþf�m, 2dÚn 2.6.2, Cx 3 X

¥äk�ê	Ä, l
 x k�ê��Ä. � X ´1��ê�m. X½n 3.1.7 ¥

(7.1) ¤y, X äk:�ê p æÄ, u´X2 �äk:�ê p æÄ, ��P.

é i ∈ N, � {H (i, k)} ´ Ui � θ m\[S�, ¿�- H (i, j, k, l) =

H (i, k) × H (j, l). é X2 �é�� ∆ 9 H ∈ H (i, j, k, l), dÚn 2.7.15, P

��|¤�∆ ∩H �k�4�SÜCX��N´�êx,��H . P

H = {H (i, j, k, l,m) : m ∈ N},

H(i, j, k, l,m) = (∪H (i, j, k, l,m))◦,

W (i, j, k, l,m) = ∪{H ∩ (∪{H(i, j, k, l, n) : n 6 m}) : H ∈ H (i, j, k, l)}.

K ∆ ⊂ ∩{W (i, j, k, l,m) : i, j, k, l,m ∈ N}. ,��¡, du {Ui × Uj}i,j∈N ´X2

�î� p S�, é p = (x, y) ∈ X2 − ∆, PDp =
⋂

i,j∈N
st(p,Ui × Uj). KDp ∩ ∆

´X2 �;8,u´�3F ∈ P<ω, ¦Dp ∩∆ ⊂ (∪F )◦ ⊂ ∪F ⊂ X2 −{p}, l


�3 i, j ∈ N, ¦ Dp ⊂ st(p,Ui × Uj) ⊂ (∪F )◦ ∪ (X2 − ∆). ù��3 k, l, n ∈ N,

¦ (H (i, j, k, l))p = {Ht}t6n. é t 6 n, du ∆ ∩Ht ⊂ (∪F )◦, �3 mt ∈ N, ¦

H (i, j, k, l,mt) ´ ∆ ∩Ht �k�4�SÜCX.- m = max{mt : t 6 n}. @o

p /∈ W (i, j, k, l,m). � ∆ = ∩{W (i, j, k, l,m) : i, j, k, l,m ∈ N}. Ï
 X äk Gδ

é��.

d·K 3.1.2 Ú½n 3.1.8, keãíØ.

íØ 3.1.9[143] Ýþ�m�û s N�´�Ýþ�m��=�§´M �m.

~ 3.1.10 äk:�êCX��m.

(1) :�ê k �, :�ê p Ä; :�ê cs∗ �, X�m Sω1
(~ 1.8.7).

(2) :�ê cs �; :�ê p-k �, X;z βN.

(3) :�êÄ; :�ê4 k �, X R �:Ãn*ÜÿÀ�m (~ 2.7.14). ,,

Foged[114] �EØäk:�ê4 k ���K�m, äk:�êÄ.

(4) :�ê p æÄ; :�ê p Ä. 4 X ´8 ω1 + 1, Ù¥ X ���à: ω1

äkSÿÀe���.Ï�X Øäk:Gδ 5�,¤±X Øäk:�ê p Ä.½Â

P = {{α} : α 6 ω1} ∪ {(α, ω1) : α < ω1}.
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@oP ´X �:�ê p æÄ.

(5) :�ê4 k ���ê;�m; :�ê p æÄ, X~ 2.4.14(4) ¥� Froĺık

�m.

e�~`²: :�ê4 k �; :�ê cs �.

~ 3.1.11[143] �3ÛÜ;�Ýþ�m Z, ;CX�û;N� f : Z → X ±

9_;N� g : X → Y , äk5�:

(1) X äk:�ê4 k �;

(2) X Øäk:�ê cs � [247];

(3) Y Øäk:�ê cs∗ �.

é x ∈ I, � S(x) Ó�u S1. �

Z = I ⊕ (⊕{S(x) : x ∈ I}).

K Z ´ÛÜ;�Ýþ�m. 4 X ´òz� x ∈ I � S(x) �4�:bÜ¤�:�

��û�m, ^ f L«ù�ûN�. K f ´;N�. d½n 2.7.12, f ´;CXN

�� X äk:�ê4 k �. d½n 2.10.6, X ´ g 1��ê�m. ò X �;8 I

bÜ¤�:���û�mP� Y , ^ g L«ù�ûN�. K g ´_;N�, ¿� Y

¹4f�mÓ�u Sω1
. d~ 1.8.7, Y Øäk:�ê cs∗ �.

e X äk:�ê cs �, d·K 1.6.21, X äk:�êfÄ. �B ´ X �'

uk��µ4�:�êfÄ.é x ∈ X, 5¿�X − I �:´X ��á:,¿�X

�f�m I Ò´î¼f�m, u´�À� x ��êfÄBx = {Bxn}n∈N ⊂ B, ÷

v

(11.1) Bxn+1 ⊂ Bxn;

(11.2) é x ∈ X − I, Bxn = {x};

(11.3) é x ∈ I, �3 I ¥dknêà:�¤�¹ x �m«m|¤�8�

{Vxn}, ¦ Vxn ⊂ Bxn.

�

P = ∪{Bx : x ∈ X},P ′ = ∪{Bx : x ∈ I}.

KP ´ X �fÄ. ��¡, P − P ′ ´ X � σ lÑ8x. ,��¡, é�½�

Vxn, dB �:�ê5, {B ∈ P ′ : Vxn ⊂ B} ´�ê�, qduP ′ = {B ∈ P ′ :

�3 n ∈ N, x ∈ I, ¦ Vxn ⊂ B}, ¤±P ′ �´�ê�. l
 X äk σ lÑfÄ,

Ïd X ´ ℵ �m. � R ´ X � σ ÛÜk�4 k �. @o g(R) ´ Y � σ ÛÜ

k�4 k �, gñ. � X Øäk:�ê cs �.

�!1�Ü©, ?Ø:�êCX�N�5�.

·K 3.1.12[143] _;N��±eã5�:

(1) :�ê p æÄ;
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(2) :�ê p-k �.

y² =y² (1), (2) �y²´aq�. � f : X → Y ´_;N�, Ù¥P

´ X �:�ê p æÄ. ½Â

H(F ) = {y ∈ Y : F ´ f−1(y)�4�CX }, F ∈ P<ω;

H = {H(F ) : F ∈ P<ω}.

d Mǐsčenko Ún, H ´ Y �:�ê8x. é y 6= z ∈ Y , � x ∈ f−1(z), @o

f−1(y) ⊂ X − {x}, u´�3F ∈ P<ω, ¦ f−1(y) ⊂ (∪F )◦ ⊂ ∪F ⊂ X − {x}.

� R = {H(F ′) : F ′ ⊂ F}. @oR ∈ H <ω � ∪R = {p ∈ Y : f−1(p) ⊂ ∪F},

u´ y ∈ Y − f(X − (∪F )◦) ⊂ ∪R, l
 y ∈ (∪R)◦ ⊂ ∪R ⊂ Y − {z}. � Y ä

k:�ê p æÄ.

·K 3.1.13 �4N� f : X → Y 3 X �z�4f�mþ���´;CX

N�. eX äk:�ê k �, K Y �äk:�ê k �.

y² dÚn 3.1.6 9 f ´;CXN�, Y �z�;8´S��m. �P

´ X �:�ê k �. - D = {xy : y ∈ Y }, Ù¥�½ xy ∈ f−1(y). 2-

Q = {f(D ∩ P ) : P ∈ P}. @o Q ´ Y �:�êCX. � Y �S� {yn} Â

ñu y ∈ U ∈ τ(Y ). Ø��¤k yn ∈ U . q- Z = {xn : n ∈ N} ∪ f−1(y), Ù

¥ xn = xyn
. K Z ´ X �48, u´ f|Z : Z → {y} ∪ {yn : n ∈ N} ´;CX

N�. �3 Z �;8 L, ¦ f(L) = {y} ∪ {yn : n ∈ N}, l
 xn ∈ L ⊂ f−1(U ),

¤±�3 P ∈ P, ¦ P ¹Ã�� {xn} � P ⊂ f−1(U ). Ïd¹Ã�� {yn} �

f(D ∩ P ) ⊂ U . d·K 1.6.7 ��`², Q ´ Y �:�ê k �.

d·K 2.1.16, keãíØ.

íØ 3.1.14[143, 247] _;N�½äk�K½Â��4 L N��±:�ê k

��m5�.

e¡�ÑA�_;N�,4N�½m s N�Ø�±:�êCX�~.

Ún 3.1.15 (Tanaka, 2000) z����K�m´äk:�ê cs ����

�K�m�_;N�.

y² �X ´���K�m. 4D ´8ÜX D�lÑÿÀ��m, f : D →

X ´ðÓN�. � Tychonoff ;*Ü½n, f �3ëY*Ü h = βf : βD → βX.

K h ´_;N�. 4 E = {z ∈ βD : h(z) ∈ X}, g = h|E : E → X. K E ´���

K�m� g ´_;N�. du βD ¥Ø�3�²��ÂñS�, ¤± E ¥�Ø�

3�²��ÂñS�. -P = {{z} : z ∈ E}. KP ´ E �:�ê cs �. l
X

´äk:�ê cs �����K�m�_;N�.

~ 3.1.16 Arens �m S2 (~ 1.8.6).

(1) S2 ´�©Ýþ�m�ûk���N�.
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(2) S�÷ Sω ´ S2 �_;N�.

Arens �m X = ω ∪ (N × N). æ^~ 1.8.6 �PÒ, @o X 'uCX

H = {ω} ∪ {V (n, 1) : n ∈ N} äkfÿÀ. � f : ⊕H → X ´g,N�. @o

⊕H ´�©Ýþ�m� f ´ûk���N�.

éS�÷ Y = {0} ∪ (N × N) (~ 1.8.7), ½Â g : X → Y , ¦é x ∈ X, k

g(x) =

{
0, x ∈ ω,

x, x ∈ N × N,

K g ´_;N�.

~ 3.1.17 _;N�Ø�±eã:�êCX5�.

(1) Ýþ�m�û π N�, X~ 3.1.16, Ï� Sω Ø´ g 1��ê�m.

(2) Ýþ�m�û;N�,X~ 3.1.16, Ï� Sω Ø´ g 1��ê�m.

(3) Ýþ�m��m π N�, X~ 2.4.13, Ï�, d½n 2.9.15, R/�m´Ý

þ�m��m π N�.

(4) Ýþ�m�û s N�, X~ 3.1.11, Ï�, díØ 2.7.5, Y Ø´Ýþ�m�

û s N�.

(5) :�êfÄ, X~ 3.1.16.

(6) :�ê cs �, Xé÷�m Sω1
, |^Ún 3.1.15.

(7) :�ê4 k �, X~ 3.1.11.

(8) :�ê cs∗ �, X~ 3.1.11.

¯K 3.1.18[71] _;N�´Ä�±äk:�ê p Ä��m?

¯K 3.1.19[143] _;N�½�m s N�´Ä�±Ýþ�m��m s N�?

�m X �: x ¡�f P :, XJé X − {x} �z��ê8 C k x 6∈ C.

N∗ = βN − N ¥¹f P : [208].

~ 3.1.20[345] 4N�Ø�±äk:�ê k ���m.

� D ´?�Äê� ℵ1 �8Ü. D�D lÑÿÀ. 4

D∗ = βD −D,

E = {p ∈ D∗ : p´ D∗�f P : }.

- X = D ∪ E. DX � βD �f�mÿÀ. K E ´X �4f�m.

(20.1) E ´D∗ �È8.

� V ∈ τ(βD) � V ∩ D∗ ��. K�3 W ∈ τ(βD), ¦ clβD(W ) ⊂ V �

W ∩D∗ 6= ∅. Ï�D ´ βD �È8, ¤±W ∩D ¹�êÃ�8C. du clβD(C)

Ó�u βN,u´∅ 6= clβD(C)∩E ⊂ clβD(W )∩D∗ ⊂ V ∩D∗,l
E∩V ∩D∗ 6= ∅.

� E ´D∗ �È8.
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(20.2) e K ∈ K (X), K K ´k�8.

duz�:´f P :��m�?��ê8´4lÑf�m,u´z�:´f

P :�;�m´k�8,¤±K ∩E ´k�8. eK ´Ã�8, KK ∩D ´Ã�

8. �½ K ∩D ¥�²��S� {xn}. K�3 p ∈ (clβD{xn : n ∈ N}) ∩ E ⊂ K.

Ï� {xn} �?�f�Ñkà:�ùà:�U3K ∩D∗ ¥, 
 K ∩ E ´k�8,

¤±�3 {xn} �f�Âñu p, ù� βD ¥Ø�3�²��ÂñS��gñ.

4 Y = X/E, f : X → Y ´g,ûN�. K f ´4N�.

(20.3) Y Ó�uD ��:;z ωD (= Alexandroff �:;z).

P Y = D ∪ {e}, Ù¥ f(E) = {e}. � e ∈ U ⊂ Y . e Y − U ´k�8, K

U ∈ τ(Y ). e Y −U ´Ã�8,KE∩f−1(Y −U ) = ∅,�´E∩clX(f−1(Y −U )) =

E ∩ clβD(f−1(Y − U )) 6= ∅, ¤± f−1(Y − U ) 6∈ τ c(X), u´ U 6∈ τ(Y ). =,

U ∈ τ(Y ) ��=� Y − U ´k�8. � Y Ó�u ωD.

d (20.2), X äk:�ê k �. Ï�ü:8 ωD −D Ø´ ωD � Gδ 8, ¤±

ωD Ø´�Ýþ�m. 2dÚn 3.1.6, Y Øäk:�ê k �.

¯K 3.1.21[345] ?��m´Ä�L�äk:�ê k ��m�4N�?

Gruenhage, Michael Ú Tanaka[143] QJÑ¯K: Ýþ�m�û s N��m s

N��±Ä? ¯K�£�´Ä½�.

~ 3.1.22 (4A, �Æ) �3�Ýþ�m�û;N�X Úm;N� f : X →

Sω1
.

(22.1) R 'uî¼ÿÀäk ω1 �pØ���È8.

é r ∈ R, 4 r + Q = {r + q : q ∈ Q}. �½ p0 ∈ P. K p0 + Q ´ R �� Q Ø

���È8. é α < ω1, b�®À�
pØ���È8x {pβ + Q : β < α}. -

A = R−∪{pβ+Q : β < α},� pα ∈ A∩P. @oé β < αk (pα+Q)∩(pβ+Q) = ∅.

ÄK, �3 r1, r2 ∈ Q, ¦ pα + r1 = pβ + r2, u´ pα = pβ + r2 − r1 ∈ pβ + Q, g

ñ. l
, ��� R � ω1 �pØ���È8,P� {pα + Q : α < ω1}.

(22.2) �E�Ýþ�m�û;N�X.

é α < ω1, P (pα + Q) ∩ I = {pα + rn : n ∈ N}. e n, j ∈ N, - xj(pα, rn) =

(pα + rn, 1/j), x(pα, rn) = (pα + rn, 0). K3 R2 ¥ xj(pα, rn) → x(pα, rn). �

Mα = (
⋃

n∈N

({xj(pα, rn) : j ∈ N} ∪ {x(pα, rn)})) ∪ {xα(j) : α < ω1, j ∈ N},

Ù¥ xα(j) ∈ R2. 3 Mα þ½ÂeãÿÀ: xj(pα, rn) ´�á:; xα(j) ���

Ä�/X {xα(j)} ∪ {xj(pα, rn) : n > m}, m ∈ N; x(pα, rn) ���Ä�/X

{x(pα, rn)} ∪ {xj(pα, rn) : j > m}, m ∈ N. ´�y, Mα ´1��ê��ê�K
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�m, u´§´�Ýþ�m. 4 M =
⊕

α<ω1
Mα, X ´3 I ⊕M ¥dÊÜz�

x(pα, rn) Ú pα + rn ��:���û�m. KX ´�Ýþ�m�û;N�.

(22.3) �Em;N� f : X → Sω1
.

P Sω1
= {∞}∪ {xj(α) : j ∈ N, α < ω1}, Ù¥é α < ω1 k xj(α) → ∞. ½Â

f : X → Sω1
Xe: f(I) = {∞}, f({xj(pα, rn) : n ∈ N} ∪ {xα(j)}) = {xj(α)}. K

f ´m;N�. ù� f �´ s N�.

Ï� Sω1
Ø´Ýþ�m�û s N�, ¤±

(22.4) m s N��7�±Ýþ�m�û s N�.

(22.5) m;N��7�± g 1��ê�m.

�?�Ú�¯, û;N�´Ä�±äk:�ê k �� k �m [217]? 4A [255]

Ú Shibabov[347] Ñ�E
äkeã5��~fÄ½
ù¯Kµ�3Ýþ�m��

K�û;N�X, ¦X �m;N�Øäk:�ê k �.

�m X �f8xP ¡�;�ê�, eé K ∈ K (X), (P)K ´�ê�. w

,, ÛÜ�ê8x⇒ ;�ê8x⇒ :�ê8x. ´�y, �m�:�êÄ7´;

�êÄ.

¯K 3.1.23[261] äk:�ê k ���K Fréchet �m´Ääk;�ê k �?

3.2 Σ � m

3c 2 Ù¥®ÐÚ&?
r Σ �m�5�, cÙuy§3È�m�;5Ú

Ýþ�mN��¡�âÑ�^. �!�8�´�ì Nagami[309], Michael[282] Ú

Okuyama[324] �g�, XÚ/Øãd (modk) �¤(½��m�5�. AO/, r

Σ �m�duäk σ lÑ4 (modk)���m. �!�SNÌ�dnÜ©|¤. 1

�Ü©, �Ñ Σ �ma�½Â, 9�'��x. 1�Ü©, ïáù
�ma��p

'X, �) 2005 c$ûÈ[331] y²�äk:Gδ 5��r Σ∗ ´r Σ �m. 1n

Ü©, �ãA�N�½n,AO/, 'ur Σ �m�©)½n. ��, �E~f`²

�
Ø%º'X.

½Â 3.2.1 (1) �mX �8xP ¡�X �[ (modk) � [324], XJ�3X

��ê;�4CXH , ¦é C ∈ H , {P ∈ P : C ⊂ P} ´ C 3 X ¥��. ù�

¡P ´'uH �[ (modk) �.

(2) äk σ ÛÜk�4[ (modk)���m¡�Σ �m [309]; äk σ ¢D4�

�±4[ (modk) ���m¡� Σ∗ �m [324]; äk σ 4��±4[ (modk) ��

�m¡� Σ♯ �m [324].
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(3) äk σ ¢D4��±4 (modk) ���m¡�r Σ∗ �m [324]; äk σ 4

��±4 (modk) ���m¡�r Σ♯ �m [282].

(4) �ì½Â 1.5.3, �aq½Âé[ (modk) �!é (modk) ��Vg.

w,, Σ �m⇒ Σ∗ �m⇒ Σ♯ �m⇒ σ =G[ (modk) �. d·K 1.5.4, �

��m⇒ σ =G (modk) �. e X ©Oäkd4�ê;8 (;8) |¤� σ ÛÜ

k�CX, σ-HCP CX, σ 4��±CX,@oX �g´ Σ �m (r Σ �m), Σ∗

�m (r Σ∗ �m), Σ♯ �m (r Σ♯ �m). d½Â´�, eãÿÀ5�Ñ´�\5

Ú4¢D5: Σ (r Σ), Σ∗ (r Σ∗), Σ♯ (r Σ♯).

e¡0� Σ �ma��
�d^�.�Qã��Bå�,é�mX �: x 9

CXP, 3�!¥P C(P, x) = ∩(P)x.

·K 3.2.2[324] X ´ Σ �m��=�X kÛÜk��4CX� {Fn}, ÷

v: eX �: x 9S� {xn} k xn ∈ C(Fn, x), K {xn} kà:.

y² �
⋃

n∈N
Pn ´ Σ �m X �'u H �4[ (modk) �, Ù¥ Pn

´ÛÜk���Pn ⊂ Pn+1. ½Â Fn = Pn ∪ {X}. K Fn ´ X �ÛÜ

k�4CX. e�3 x ∈ X Ú X ¥Ãà:�S� {xn}, ¦ xn ∈ C(Fn, x), �

H ∈ (H )x, @o�3 m ∈ N, ¦ H ⊂ X − {xn : n > m}, u´�3 k ∈ N

Ú P ∈ Pk, ¦ H ⊂ P ⊂ X − {xn : n > m}. � j > max{m, k}. @o

xj ∈ C(Fj , x) ⊂ P ⊂ X − {xj}, gñ.

��, Ø�� Fn ⊂ Fn+1 � Fn 'uk��µ4. K C(Fn, x) ∈ Fn. �

H = {
⋂

n∈N
C(Fn, x) : x ∈ X}. dÂñÚn, H ´ X �d4�ê;8|¤�C

X, �
⋃

n∈N
Fn ´X �'uH �4[ (modk) �. �X ´ Σ �m.

·K 3.2.3[313] X ´ Σ♯ �m��=�X �3 Σ♯ ¼ê, = X �3 g ¼ê,

÷v

(1) é x, y ∈ X 9 n ∈ N, e x ∈ g(n, y), K g(n, x) ⊂ g(n, y);

(2) é x ∈ X 9 X �S� {xn}, e x ∈ g(n, xn), K {xn} kà:.

y² 7�5. �
⋃

n∈N
Pn ´ Σ♯ �m X �'uH �4[ (modk) �, Ù

¥Pn ´4��±�. ½Â g : N ×X → τ �

g(n, x) = X −∪{P ∈ Pi : i 6 n, x /∈ P}.

w,, g ´÷v^� (1) � g ¼ê. e�3 x ∈ X 9S� {xn}, ¦ x ∈ g(n, xn),

� {xn} Ãà:, K�3H ∈ (H )x,m, k ∈ NÚ P ∈ Pk, ¦ H ⊂ P ⊂ X − {xn :

n > m}. � j > max{m,k}. @o g(j, xj) ⊂ X − P ⊂ X − {x}, gñ. � g �÷

v^� (2).

¿©5. � g ´ X � Σ♯ ¼ê. é n ∈ N, -

Pn = {X − g(n,A) : A ⊂ X}.
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d (1), Pn ´4��±�48x, �é x ∈ X k C(Pn, x) ∈ Pn. é X �

: x 9S� {xn}, e xn ∈ C(Pn, x), K x ∈ g(n, xn), u´ {xn} kà:. �

H = {
⋂

n∈N
C(Pn, x) : x ∈ X}. dÂñÚn,

⋃
n∈N

Pn ´ X �'uH �4[

(modk) �. � X ´ Σ♯ �m.

¯K 3.2.4 äkeã5���mX ´Ä´ Σ♯ �m? X k4��±�4C

X� {Fn} ÷v: éX �: x 9S� {xn}, e xn ∈ C(Fn, x), K {xn} kà:.

·K 3.2.5 X äk σ =G[ (modk) ���=��3X �d�ê;48|

¤�CXH Ú g ¼ê,÷v: éH ∈ H 9X �S� {xn}, eH ∩ g(n, xn) 6= ∅,

K {xn} kà:3H ¥.

y² 7�5. �
⋃

n∈N
Pn ´ X �'uH � σ =G[ (modk) �, Ù¥

Pn ´=Gx. ½ÂX � g ¼ê g : N ×X → τ Xe:

g(n, x) = X −∪{P1 : (P1, P2) ∈ Pi, i 6 n, x /∈ P2}.

é H ∈ H 9 X �S� {xn}, e H ∩ g(n, xn) 6= ∅ � {xn} 3 H ¥Ãà:, K

�3 m ∈ N, ¦ H ∩ {xn : n > m} = ∅. eØ,, é k ∈ N, - Fk = {xn : n > k}.

K {H ∩ Fk} ´ H ���4~�48�, ¤±�3 h ∈
⋂

k∈N
(H ∩ Fk), @o h ´

{xn} 3 H �à:, gñ. l
�3m ∈ N, ¦ H ⊂ X − {xn : n > m}, u´�3

i ∈ N Ú (P1, P2) ∈ Pi, ¦ H ⊂ P1 ⊂ P2 ⊂ X − {xn : n > m}. � j > max{m, i}.

@o g(j, xj) ⊂ X − P1 ⊂ X −H, gñ.

¿©5. é n ∈ N, �

P (n,U ) = X − g(n,X − U ), U ∈ τ ;

Pn = {(P (n,U ), U ) : U ∈ τ}.

KPn ´ X �=Gx. e H ∈ H ,H ⊂ U ∈ τ , XJz� P (n,U ) 6⊃ H, K�3

X − U �S� {xn}, ¦ H ∩ g(n, xn) 6= ∅, u´ {xn} kà:3 H − U ¥, gñ.

ÏdX äk σ =G[ (modk) �.

dd, äk σ =G[ (modk) ���m´ β �m.

½n 3.2.6[189] eã^��d:

(1) X ´r Σ♯ �m;

(2) X ´gæ;� Σ♯ �m;

(3) X ´�;� Σ♯ �m.

y² |^ Junnila 'ugæ;5��x: z�½�mCXk σ 4��±�

4\[ (�N¹ A ½n 4.8), r Σ♯ �m´gæ;�m. Ù{¯¢´w,�.

¯K 3.2.7 äk σ =G (modk) ���m´Ä´gæ;�m?

T¯K�eã Junnila-Katuta ¯K [189, 199] �': z�½�mCXäk σ =

G\[��m´Ä´gæ;�m? e Junnila-Katuta ¯K�£�´�½�,K¯
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K 3.2.7 �£��´�½�.

ér Σ∗ �m, k�½n 3.2.6 �²1�(Ø.

Ún 3.2.8[63] XJ�mX �m8xU CXK ∈ K (X), K�3O ∈ τ , ¦

K ⊂ O �U|O 3 O ¥kk��4\[.

y² �3 U �k�8 {Ui}i6n CX K. é x ∈ K, �3 i(x) 6 n, ¦

x ∈ Ui(x). 4Fx = K−Ui(x). �3Vx,Wx ∈ τ ,¦ x ∈ Vx, Fx ⊂ Wx� Vx∩Wx = ∅.

-Gx = Wx∪Ui(x). @oK ⊂ Gx ∈ τ . �K �k�8 {xj}j6m,¦K ⊂
⋃

j6m Vxj
.

�

O = (
⋂

j6m

Gxj
) ∩ (

⋃

j6m

Vxj
) ∩ (

⋃

i6n

Ui),

K K ⊂ O ∈ τ . é j 6 m, � Pj = clO(Vxj
∩ O). @o Pj ´ O �48,

O =
⋃

j6m Pj , � Pj − Ui(xj) ⊂ (Gxj
− Ui(xj)) ∩ clX(Vxj

) ⊂ Wxj
∩ clX(Vxj

) = ∅,

Ï
 Pj ⊂ Ui(xj). u´ {Pj}j6m ´U|O 3 O ¥�4\[.

½n 3.2.9[63] eã^��d:

(1) X ´r Σ∗ �m;

(2) X ´g�;� Σ∗ �m;

(3) X ´�;� Σ∗ �m.

y² �Lyr Σ∗ �m´g�;�m. �P ´X �'uK � σ-HCP 4

(modk)�. XJU ´X �mCX,é x ∈ X, �½Kx ∈ (K )x. dÚn 3.2.8, �

3 Ox ∈ τ , ¦Kx ⊂ Ox � U|Ox
3 Ox ¥kk��4\[Fx, l
�3 Px ∈ P,

÷v Kx ⊂ Px ⊂ Ox. 4F = {Px ∩ F : x ∈ X,F ∈ Fx}. KF ´ U � σ 4�

�±\[. é x ∈ X Ú F ∈ Fx, XJ z ∈ X − (Px ∩ F ), �

Lz =

{
X − Px, z ∈ X − Px,

Ox − F, z ∈ Px − F,

@o z ∈ Lz ∈ τ � Lz ∩ Px ∩ F = ∅, u´ Px ∩ F ´ X �48. ¤±U k σ 4

��±�4\[,� X ´g�;�m.

eã½n¢y
�ÙmÞ�ã��".

½n 3.2.10[63, 192] eã^��d:

(1) X äk σ lÑ�4 (modk) �;

(2) X ´r Σ �m;

(3) X ´g�;� Σ �m;

(4) X ´�;� Σ �m.
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y² d½n 3.2.9, �Ly (2) ⇒ (1). 4
⋃

n∈N
Pn ´ X �'uK � σ Û

Ük��4 (modk) �, Ù¥Pn ´ÛÜk��. é n ∈ N, Ï� X ´g�;�

m, �3 X � σ lÑ�4CXFn, ¦ Fn �z��=�Pn �k���, @o

Pn ∧ Fn ´ σ lÑ�4�. �P = {∩F : F ∈ (
⋃

n∈N
Pn ∧ Fn)<ω}. KP

´ X � σ lÑ48x�'uk��µ4. é x ∈ K ∈ K , e K ⊂ U ∈ τ , K�

3 n ∈ N, P ∈ Pn Ú F ∈ Fn, ¦ x ∈ F � K ⊂ P ⊂ U , u´ P ∩ F ∈ P �

x ∈ P ∩ F ⊂ U , Ï
P ´X �A� (modk) �. dÚn 1.5.13, P ´X � σ l

Ñ�4 (modk) �.

¯K 3.2.11[372] Σ �m´Ääk σ lÑ�4[ (modk) �?

�!1�Ü©, ?Ø Σ �ma�m�'X.

íØ 2.11.8 ïá
äk�ê (modk) ��m��©Ýþ�m�_;_��

'X. e¡ò?�Ú&?§��d^�. Äk5¿�, éÚn 1.5.13, eòÙA�

(modk) ��¤¤¢�A�[ (modk) �, @o���X �d�ê;8|¤�4

CXH , ÷v�A^�,=keãÚn.

Ún 3.2.12 �P ´�m X �'uk��µ4�:�ê48x. eP ´

X �A�[ (modk) �, K�3X ��ê;�4CXH , ÷v

(1) P ´'uH �[ (modk) �;

(2) e x ∈ P ∈ P, @okH ∈ H , ¦ x ∈ H ⊂ P .

Ún 3.2.13[221] �P ´ ℵ1 ;�mX �f¢D4��±8x. �

E = {x ∈ X : |(P)x| > ℵ0}.

@o

(1) {P −E : P ∈ P} ´�êx;

(2) E ´ X ��ê4lÑf�m.

y² (1) e {P − E : P ∈ P} Ø�ê, K�3P �Ø�ê8 {Pα}α<ω1
Ú

X �f8 {xα : α < ω1}, ¦ xα ∈ Pα − E. dP �f¢D4��±59X � ℵ1

;5, Ø���3 x ∈ X −E, ¦z� xα = x, ù� E �½Â�gñ.

(2) é Z ⊂ E � |Z| 6 ℵ1, P Z = {xα : α ∈ Λ}. d E �½Â9ûS½n, A

^��8B{,�À�P �f8 {Pα}α∈Λ, ¦ Pα pØ�Ó� xα ∈ Pα, u´ Z ´

X ��ê4lÑf�m. l
 E ´ X ��ê4lÑf�m.

½n 3.2.14 X äk�ê4[ (modk) ���=�X ´ ℵ1 ;� Σ∗ �m.

y² 7�5 [383]. �P ´ X �'u H ��ê4[ (modk) �. e X

�3Ø�ê�4lÑf�m Z, Ø�P Z = {xα : α < ω1}. é α < ω1, �

Cα ∈ H , ¦ xα ∈ Cα. @o |Z ∩ Cα| < ℵ0. u´�3 β(α) < ω1, Pα ∈ P, ¦

Cα ⊂ Pα ⊂ X − {xβ : β(α) < β < ω1}. ­ü {Pα}α<ω1
� {Pn}n∈N. é n ∈ N, �
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3 βn < ω1, ¦ Pn ⊂ X − {xβ : βn < β < ω1}. � γ < ω1, ¦ γ > sup{βn : n ∈ N}.

@o xγ ∈
⋃

n∈N
Pn ⊂ X − {xγ}, gñ. � X ´ ℵ1 ;�m.

¿©5. �
⋃

n∈N
Pn ´ ℵ1 ;�mX �'uH �4[ (modk)�, Ù¥Pn

´ HCP . é n ∈ N, �

En = {x ∈ X : |(Pn)x| > ℵ0},

Rn = {P −En : P ∈ Pn} ∪ {{x} : x ∈ En}.

dÚn 3.2.13, |Rn| 6 ℵ0. -

F = {∩R : R ∈ (
⋃

n∈N

Rn)<ω}.

@o |F | 6 ℵ0, ¿� F ´'uk��µ4�48x. é x ∈ C ∈ H 9

C ⊂ U ∈ τ , �3 n ∈ N Ú P ∈ Pn, ¦ C ⊂ P ⊂ U . ½Â

F =

{
{x}, x ∈ En,

P −En, x ∈ X − En.

@o F ∈ F � x ∈ F ⊂ U . �F ´ X �A�[ (modk) �. dÚn 3.2.12, F

´ X �4[ (modk) �.

íØ 3.2.15[324] eã^��d:

(1) X äk�ê4 (modk) �;

(2) X ´ Lindelöf � Σ∗ �m;

(3) X ´ ℵ1 ;�r Σ∗ �m.

y² (1) ⇒ (2). �X äk�ê4 (modk) �P. éX �mCXU , P

{P ∈ P : �3 V ∈ U
<ω, ¦ P ⊂ ∪V } = {Pn}n∈N.

é n ∈ N, �½Un ∈ U <ω, ¦ Pn ⊂ ∪Un. @o
⋃

n∈N
Un ´ U ��êfCX. �

X ´ Lindelöf �m.

(2) ⇒ (3) ´w,�. d½n 3.2.14 Ú 3.2.6 � (3) ⇒ (1).

3�K�m¥, 1��ê�m�duäk: Gδ 5�� q �m. 3?ØN��

Σ∗ �m´ Σ �m�,e¡òy² q �m½äk:Gδ 5��rΣ∗ �m´ Σ �m.

Ún 3.2.16[226] �P ´ q �mX �¢D4��±�48x. �

D(P) = {x ∈ X : |(P)x| > ℵ0},

R(P) = {P −D(P) : P ∈ P} ∪ {{x} : x ∈ D(P)}.

KR(P) ´ X �ÛÜk�8x.

y² � g ´ X � q ¼ê. ky D(P) ´ X �4lÑf�m. ÄK, �3

A ⊂ D(P) Ú x ∈ A − A. À� A ¥�²��S� {xn}, ¦ xn ∈ g(n, x). 2À

�P ¥dØÓ�|¤�f8 {Pn}n∈N, ¦ xn ∈ Pn. K {xn : n ∈ N} ´ X �4
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lÑ8, gñ. �y R(P) ´ X �ÛÜk�8x, �Ly {P −D(P) : P ∈ P}

´ X �:k�8x. eØ,, K�3 y ∈ X ÚP ��ê8 {Pn}n∈N, ¦ y ∈
⋂

n∈N
Pn −D(P), l
 y ∈

⋂
n∈N

Pn − {y}, u´�À�X ¥�²��S� {yn},

¦ yn ∈ g(n, y) ∩ (Pn − {y}), gñ. �R(P) ´X �ÛÜk�8x.

·K 3.2.17 Σ∗ � q �m´ Σ �m.

y² �
⋃

n∈N
Pn ´ q �m X �'uH �4[ (modk) �, Ù¥Pn ´

HCP . æ^Ún 3.2.16 �PÒ,
⋃

n∈N
R(Pn) ´X � σ ÛÜk�48x. �

F = {∩R : R ∈ (
⋃

n∈N
R(Pn))<ω}.

@oF ´X �'uk��µ4� σ ÛÜk�48x. d½n 3.2.14 ¥¿©5�

y²�{, F ´X �A�[ (modk)�. 2dÚn 3.2.12, F ´X �4[ (modk)

�. �X ´ Σ �m.

Ún 3.2.18[330] äk: Gδ 5��gæ;�m�4lÑ8´Gδ 8.

y² � F ´äk: Gδ 5��gæ;�m X �4lÑ8. é x ∈ F , �

3 X �4~�m8� {Vxn}, ¦
⋂

n∈N
Vxn = {x} � F ∩ Vxn = {x}. é n ∈ N,

- Un = {Vxn : x ∈ F} ∪ {X − F}. K Un ´ X �mCX. �3 X �mCX�

{Unm} ÷v: � Vn = Un ∧ (
∧

i+j6n Uij), K {Unm} ´ Vn � θ m\[S�. é

n,m ∈ N, - Onm = ∪(Unm)F . K F ⊂ Onm ∈ τ .

� x ∈
⋂

n,m∈N
Onm. PFnm = {U ∈ Unm : x ∈ U 6⊂ X−F}. dUnm��E,

�3k�8� {Fnkmk
} ÷v: Fnk+1mk+1

Ü©\[Fnkmk
∧ Uk+1 � nk < nk+1.

d König Ún, �34~�8� {Uk}, ¦ Uk ∈ Fnkmk
. �½ y ∈ U1 ∩ F . K

Uk ∩ F = {y} � Uk ⊂ Vynk
. l
 x ∈

⋂
k∈N

Uk ⊂
⋂

k∈N
Vynk

= {y} ⊂ F . �,

F =
⋂

n,m∈N
Onm.

Ún 3.2.19[330] �P ´�m X �4��±�4CX. - F = {x ∈ X :

|C(P, x)| < ℵ0}. e X �4lÑ8´Gδ 8, K F ´X � σ 4lÑ8.

y² é n ∈ N, - Fn = {x ∈ X : |C(P, x)| 6 n}. �Ly Fn ´ σ 4lÑ

8.

(19.1) Fn ´X �48, F1 ´ X �lÑ8.

é y ∈ X, 4 Uy = X −∪{P ∈ P : y 6∈ P}. @o y ∈ Uy ∈ τ �e x ∈ Uy, K

C(P, y) ⊂ C(P, x). u´XJ y ∈ X − Fn, K Uy ∩ Fn = ∅, Ï
 Fn ´48. d

u Uy ∩ F1 ⊂ {y}, ¤± F1 �´X �lÑ8.

(19.2) Fn+1 − Fn ´ X �lÑ8.

� x ∈ Fn+1 −Fn. e y ∈ (Fn+1 −Fn)−C(P, x), K C(P, x) 6⊂ C(P, y), ¤

±�3 Py ∈ P, ¦ y ∈ Py ⊂ X − {x}. ½Â Vx = X − ∪{Py : y ∈ (Fn+1 − Fn) −
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C(P, x)}. K x ∈ Vx ∈ τ � Vx ∩ (Fn+1 − Fn) ⊂ C(P, x). � Fn+1 − Fn ´ X �

lÑ8.

(19.3) Fn ´ σ 4lÑ8.

Ï� F1 ´ X �4lÑ8, ¤± F1 ´ X � Gδ 8, u´�3 X �48�

{Hm}, ¦ F2 − F1 =
⋃

m∈N
Hm. du Hm ∩ (F2 − F1) = Hm ∩ F2 ´ X �4lÑ

8, l
 F2 − F1 ´ X � σ 4lÑ8. Ïd F2 ´X � σ 4lÑ8.

é m ∈ N, Hm ∩ F2 ´ X � Gδ 8, ¤±�3 X �48� {Hmk}, ¦

F3 − (Hm ∩ F2) =
⋃

k∈N
Hmk. duHmk ∩ (F3 − F2) = Hmk ∩ F3 ´ X �4lÑ

8, l
 F3 − F2 =
⋃

m,k∈N
Hmk ´ X � σ 4lÑ8. Ïd F3 ´ X � σ 4lÑ

8.

ÏL8B{, �y² Fn ´ σ 4lÑ8.

Ún 3.2.20[383] �P ´�mX �¢D4��±8x. é n ∈ N, �

Pn = {P1 ∩ P2 · · · ∩ Pn : Pi ∈ P, i 6 n}.

KPn ´ X �¢D4��±8x.

y² w,, n = 1 �(Ø¤á. �� n = k �(Ø¤á, é n = k + 1, P

P = {Pα : α ∈ Λ}, Pk = {Qβ : β ∈ Γ}.

@oPn = P ∧ Pk. éHαβ ⊂ Pα ∩Qβ ∈ Pn, k

∪{Hαβ : (α, β) ∈ Λ × Γ} = ∪{∪{Hαβ : β ∈ Γ} : α ∈ Λ}

= ∪{Hαβ : (α, β) ∈ Λ × Γ}.

�Pn ´ X �HCP 8x.

Ún 3.2.21[331] �X ´ Σ∗ �m. eX �4lÑ8´Gδ 8, KX ´ Σ �

m.

y² �P =
⋃

n∈N
Pn ´ X �'u H �4[ (modk) �, Ù¥Pn ´

HCP CX�Pn ⊂ Pn+1. d·K 3.2.2 7�5�y²,k

(21.1) e X �: x 9S� {xn} k xn ∈ C(Pn, x), K {xn} kà:.

é n ∈ N, -

Dn = {x ∈ X : |(Pn)x| > ℵ0}, D =
⋃

n∈N
Dn;

Gn = {x ∈ X : |C(Pn, x)| < ℵ0}, G =
⋃

n∈N
Gn;

C(x) =
⋂

n∈N
C(Pn, x), x ∈ X.

(21.2) G ´X � σ 4lÑ8�Dn ⊂ G.

dÚn 3.2.19, G ´ σ 4lÑ8. e x ∈ Dn − G, K (Pn)x ´Ã��, �é

m > n,C(Pm, x) ´Ã��. l
�8B/À� xm ∈ C(Pm, x) − {xi : n 6 i <

m} Ú Pm ∈ (Pn)x − {Pi : n 6 i < m}. K {xi : i > n} ´ X �4lÑ8, �

(21.1) �gñ. �Dn ⊂ G.



3.2 Σ �m · 119 ·

(21.3) Dn ´X � Gδ 8.

é x ∈ X, �3 X �4~�m8� {g(n, x)}, ¦
⋂

n∈N
g(n, x) = {x}. é

n,m, i, j ∈ N, �

Qnm = {
⋂

k6m Pk : Pk ∈ Pn, k 6 m},

Rnmij = {Q−
⋃

d∈Q∩Di
g(j, d) : Q ∈ Qnm}.

KQnm ÚRnmij Ñ´X �HCP 48x. é i ∈ N, k

Di ⊂
⋂

n,m,j∈N

(X − ∪{R ∈ Rnmij : R ∩Di = ∅}) ⊂ G.

¯¢þ, � x ∈ X − G. duPn 3 Dn �z�:ÑØ´:k��, ¤± Dn �

z��ê8´ X �4lÑ8, u´�3 n ∈ N, ¦ C(Pn, x) ∩Di ´k�8. �

m ∈ N, ¦ |(Pn)x| = m. @o C(Pn, x) ∈ Qnm. - F = C(Pn, x) ∩ Di. K

�3 j ∈ N, ¦ x 6∈
⋃

d∈F g(j, d), Ï
 x ∈ C(Pn, x) −
⋃

d∈F g(j, d) ∈ Rnmij �

(C(Pn, x) −
⋃

d∈F g(j, d)) ∩Di = ∅.

d (21.2), �3X �48� {Ak}, ¦ G−Di =
⋃

k∈N
Ak. Ïd

Di =
⋂

n,m,j∈N

(X − ∪{R ∈ Rnmij : R ∩Di = ∅}) ∩ (
⋂

k∈N

(X − Ak))

´ X � Gδ 8.

(21.4) X ´ Σ �m.

P D =
⋃

n∈N
D∗

n, Ù¥ D∗
n ´ X �4lÑ8, D∗

n ⊂ D∗
n+1. 2P Dn =

⋂
m∈N

Onm, Ù¥ Onm ´ X �m8. �Pnm = {P −Onm : P ∈ Pn} ∪ {X}. K

Pnm ´ÛÜk�4CX. ¯¢þ, é x ∈ X, Ø�� x ∈ X − Onm ⊂ X −Dn, K

Pnm 3 x ´ÛÜk��.

- Gn = {{x} : x ∈ D∗
n} ∪ {X}. K Gn ´ÛÜk�4CX.2-

P
∗ = (

⋃

n,m∈N

Pnm) ∪ (
⋃

n∈N

Gn) =
⋃

n∈N

Fn,

Ù¥Fn ´ÛÜk�4CX.

� X �: x 9S� {xi} ÷v xi ∈ C(Fi, x). e x ∈ D, K�3 n ∈ N, ¦

C(Gn, x) = {x}, u´ {xi} Âñu x. e x ∈ X − D, @o x 6∈
⋃

n∈N
Dn, ¤±é

n ∈ N, �3mn ∈ N, ¦ x 6∈ Onmn
, l
 C(Pnmn

, x) ⊂ C(Pn, x). d (21.1), {xi}

kà:. 2d·K 3.2.2, X ´ Σ �m.

d½n 3.2.10, Ún 3.2.18 Ú 3.2.21, k

½n 3.2.22[331] äk: Gδ 5��r Σ∗ �m´r Σ �m.

¯K 3.2.23[324] perfect � Σ♯ �m´Ä´ Σ �m?
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½Â 3.2.24[96] �m (X, τ) �����´¼ê φ : X → τ , ÷v x ∈

φ(x) (∀x ∈ X). X ¡� D �m, XJé X �z����� φ, �3 X �4

lÑ8D, ¦ {φ(d) : d ∈ D} CXX.

van Douwen Ú Pfeffer[97] JÑ
 D�m��
k�¯K,Ù¥�K� Lin-

delöf �m´Ä´D�mE´ÿ�)û�¯K.®uyØ��2ÂÝþ�m´D�

m [29].

½n 3.2.25[243] äk σ =G (modk) ���m´D �m.

y² �
⋃

n∈N
Pn ´�m X �'uK � σ =G (modk) �, Ù¥Pn ´

ûS�=Gx�Pn ⊂ Pn+1. 4 φ ´ X �?¿����. Äk, é n ∈ N, 8B

½ÂDn ⊂ X Xe.

� D0 = ∅. �é¤k 0 6 m < n, ®½Â
Dm ⊂ X.

�
½ÂDn, 2éSê α 8B½Âk�8Dn
α ⊂ X Xe.

� Dn
0 = ∅. �é¤k 0 6 β < α, ®½Â
Dn

β . 4

U = ∪{φ(d) : d ∈ (∪{Dn
β : β < α}) ∪Dn−1}.

P Rn
α �äó: �3K ∈ K , (P1, P2) ∈ Pn Ú {x1, · · · , xk} ⊂ K − U , ¦

K ⊂ P1 ⊂ P2 ⊂ U ∪ φ(x1) ∪ · · · ∪ φ(xk).

XJRn
α Ø¤á,'u α �8B�¤. ÄK,4 (P1, P2)´Pn ¥÷v^�Rn

α

�1���, �� Dn
α = {x1, · · · , xk}. 4 γn ´¦ Rn

α Ø¤á�1��Sê α. ½

Â Dn = (
⋃

α<γn
Dn

α) ∪Dn−1.

Ùg, -D =
⋃

n∈N
Dn. e¡y²'u8D, X ´ D �m.

(25.1) X =
⋃

d∈D φ(d).

ÄK, �3 K ∈ K , ¦ K −
⋃

d∈D φ(d) 6= ∅. � L = K −
⋃

d∈D φ(d). K L

´ X ���;8. Ï� φ ´ X �����, �3 L �k�8 {x1, · · · , xk}, ¦

L ⊂ φ(x1) ∪ · · · ∪ φ(xk). P M = K − (φ(x1) ∪ · · · ∪ φ(xk)). K M ⊂ K − L ⊂
⋃

d∈D φ(d). d M �;5, �3 j ∈ N, ¦ M ⊂
⋃

d∈Dj
φ(d), u´ K ⊂ φ(x1) ∪

· · · ∪ φ(xk) ∪ (
⋃

d∈Dj
φ(d)). Ï�P ´ X �'uK � (modk) �, �3 m ∈ N

Ú (P1, P2) ∈ Pm, ¦

K ⊂ P1 ⊂ P2 ⊂ φ(x1) ∪ · · · ∪ φ(xk) ∪ (
⋃

d∈Dj

φ(d)).

� n = max{j + 1,m}, U = ∪{φ(d) : d ∈ Dn−1}. K
⋃

d∈Dj
φ(d) ⊂ U, (P1, P2) ∈

Pn � {x1, · · · , xk} ⊂ K − U . u´äó Rn
1 ¤á, ¤± Dn

1 = {x1, · · · , xk}, �

K ⊂ P1 ⊂ P2 ⊂
⋃

d∈D φ(d), gñ.

(25.2) Dn ´X �4lÑ8.
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D0 ´ X �4lÑ8. b�Dn−1 ´X �4lÑ8. �
y²Dn ´X �4

lÑ8, �Ly
⋃

α<γn
Dn

α ´4lÑ�. é α < γn, 4 (Pn
1α̃, P

n
2α̃) ´Pn ¥÷vä

ó Rn
α �1���. � x ∈

⋃
α<γn

Dn
α. Ï�

⋃
α<γn

Dn
α ⊂

⋃
α<γn

Pn
1α̃, ¤±

x ∈
⋃

α<γn

Pn
2α̃ ⊂ ∪{φ(d) : d ∈ (∪{Dn

α : α < γn}) ∪Dn−1}.

qÏ� Dn
α ∩

⋃
d∈Dn−1

φ(d) = ∅, u´ x ∈ ∪{φ(d) : d ∈
⋃

α<γn
Dn

α}. 4 αx ´ γn

¥÷v x ∈ ∪{φ(d) : d ∈ Dn
α} ���� α. �

V = ∪{φ(d) : d ∈ Dn
αx
} − ∪{Pn

1α̃ : α < αx}.

K V ´ x �m��, � V ∩ (
⋃

α<γn
Dn

α) ⊂ Dn
αx
´k��. Ï
,

⋃
α<γn

Dn
α ´4

lÑ�.

(25.3) D ´ X �4lÑ8.

é x ∈ X, d (25.1), �3 n ∈ N, ¦ x ∈
⋃

d∈Dn
φ(d). Ï� Dn ´4lÑ�,

�3 x �m��W , ¦W ⊂
⋃

d∈Dn
φ(d) �W �õ¹Dn ¥���:. u´

W ∩D ⊂ ((
⋃

d∈Dn

φ(d)) ∩ (D −Dn)) ∪ (W ∩Dn).

é y ∈ D −Dn, �3m > n Ú α < γm, ¦ y ∈ Dm
α . -

U = ∪{φ(d) : d ∈ (∪{Dm
β : β < α}) ∪Dm−1}.

K
⋃

d∈Dn
φ(d) ⊂ U , � Dm

α ∩ U = ∅. u´ y 6∈
⋃

d∈Dn
φ(d). Ï
, (D − Dn) ∩

(
⋃

d∈Dn
φ(d)) = ∅. ùL²W ¹ D ¥�õ��:. �, D ´4lÑ�.

�!1nÜ©, 0� Σ �ma�N�½n. eã·K����y.

·K 3.2.26 �N� f : X → Y .

(1) eP ´ X �'u K � (modk) �, K f(P) ´ Y �'u f(K ) �

(modk) �.

(2) e f ´4N�, ¿�P ´ X �'uH �[ (modk) �, K f(P) ´ Y

�'u f(H ) �[ (modk) �.

du�ê;�m�ÛÜk�8x´k��, ¤±_�ê;N��±ÛÜk�

8x.

íØ 3.2.27 �N� f : X → Y .

(1) e f ´_�ê;N�,XJX ´ Σ �m, K Y ´ Σ �m.

(2) e f ´4N�, XJX ´ Σ∗ �m (r Σ∗ �m, Σ♯ �m, r Σ♯ �m), K

Y ´ Σ∗ �m (r Σ∗ �m, Σ♯ �m, r Σ♯ �m).

·K 3.2.28[63] � f : X → Y ´4 L N�. XJX ´r Σ �m, K Y ´r

Σ �m.

y² Ï� X ´r Σ �m, d½n 3.2.10, X ´g�;�m, ¤± Y ´g�

;�m (�N¹ A íØ 3.4). �
⋃

n∈N
Pn ´ X �'uK �4 (modk) �, Ù¥
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Pn ´lÑ�. é n ∈ N, �3 X �mCX Un, ¦ Un ¥z��=�Pn ��õ

���. é y ∈ Y , �3Un ��ê8Uny, ¦ f−1(y) ⊂ ∪Uny, @ok y �m��

Vny, ¦ f−1(Vny) ⊂ ∪Uny. - Vn = {Vny : y ∈ Y }. K Vn ´ Y �mCX, Ï
 Vn

k σ lÑ�4\[Fn. �Fn = {Fα : α ∈ Λn}. @oé α ∈ Λn, �3 yα ∈ Y , ¦

Fα ⊂ Vnyα
. 4

Bn = {f−1(Fα) ∩ U : α ∈ Λn, U ∈ Unyα
},

K Bn ´ X �CX. � Unyα
= {Uαj}j∈N. @o Bn =

⋃
j∈N

Bnj , Ù¥ Bnj =

{f−1(Fα) ∩ Uαj : α ∈ Λn}. � Cn = (Pn ∧ Bn)−. Ï� Pn ´ X �lÑ4

8x, ¤±Pn �z��´ Cn �,f8�¿8. 4Pn = {Pβ : β ∈ Γn}. @

o Cn =
⋃

j∈N
Cnj , Ù¥ Cnj = {Pβ ∩ f−1(Fα) ∩ Uαj : α ∈ Λn, β ∈ Γn}, l


f(Cnj) = {f(Pβ ∩ Uαj) ∩ Fα : α ∈ Λn, β ∈ Γn}. Ï� Uαj � Pn ��õ��

�, ¿� Fn ´ X � σ lÑ48x, ¤± f(Cnj) ´ Y � σ lÑ48x.  y
⋃

n,j∈N
f(Cnj) ´ Y �A� (modk) �. é y ∈ Y , �3 x ∈ K ∈ K , ¦ y = f(x).

é Y �m8W ⊃ f(K), �3 β ∈ Γn, ÷vK ⊂ Pβ ⊂ f−1(W ). Ï� Pβ ´ Cn �

,f8�¿8,�3α ∈ Λn Ú j ∈ N,¦ x ∈ Pβ ∩ f−1(Fα) ∩ Uαj ⊂ Pβ ⊂ f−1(W ),

u´ y ∈ f(Pβ ∩ Uαj) ∩ Fα ⊂ f(Pβ) ⊂ W . dÚn 1.5.13,
⋃

n,j∈N
f(Cnj) ´ Y �

A� (modk) �. � Y ´r Σ �m.

½n 3.2.29[383] � f : X → Y ´4N�. e X ´ Σ �m, K�3 Y � σ

4lÑf�m Z, ¦é y ∈ Y − Z, f−1(y) ´ X � ℵ1 ;f�m.

y² �
⋃

n∈N
Pn ´ Σ �m X �'uH �4[ (modk) �, Ù¥Pn ´

'uk��µ4�ÛÜk�8x�X ∈ Pn ⊂ Pn+1. é n ∈ N, ½Â

Zn = ∪{f(P ) ∩ f(Q) : P,Q ∈ Pn� |f(P ) ∩ f(Q)| < ℵ0},

Z =
⋃

n∈N
Zn.

dÚn 3.2.20, Z ´ Y � σ 4lÑf�m. � y ∈ Y − Z.

é n ∈ N, f−1(y) =�Pn ¥k�����. ¯¢þ, k�½ x ∈ f−1(y).

��3 {Pi}i∈N ⊂ Pn, ¦ Pi ∩ f
−1(y) 6= ∅. é m > n, - Qm = C(Pm, x). K

Qm ∈ Pm. Ï� y ∈ f(Pm)∩f(Qm)−Z,u´ f(Pm)∩f(Qm)´Ã�8. l
�3

Y ¥�²��S� {ym}m>n, ¦ ym ∈ f(Pm) ∩ f(Qm). �½ pm ∈ Pm ∩ f−1(ym),

qm ∈ Qm ∩ f−1(ym). @o {pm} 3 X ¥Ãà:, Ïd {ym} 3 Y ¥Ãà:, �

{qm} 3 X ¥Ãà:, ù�·K 3.2.2 �gñ.

dd, f−1(y) äk�ê4[ (modk) �. 2d½n 3.2.14, f−1(y) ´ X � ℵ1

;f�m.

|^íØ 3.2.15, keãíØ.
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íØ 3.2.30[383] � f : X → Y ´4N�. eX ´r Σ �m, K�3 Y � σ

4lÑf�m Z, ¦é y ∈ Y − Z, f−1(y) ´ X � Lindelöf f�m.

/X½n 3.2.29½íØ 3.2.30,räk,«2ÂÝþ5���m�4N�©)

� σ 4lÑf�m�z�:�n�äk�Ð5�f�m�¿. ùa.½n�ïÄ

å©u Lašnev[211], �5�� Arhangel’skǐı[24], Chaber[84], Yajima Ú Tanaka[383]

��?�ÚuÐ,òÙ¡�4N��©)½n½��©)½n.

½Â 3.2.31 � Φ,Ξ ´üÿÀ5�. ¡5� Φ ÷v Ξ .©)½n, eéä

k5� Φ ��m X 94N� f : X → Y , �3 Y � σ 4lÑf�m Z, ¦é

y ∈ Y − Z, f−1(y) ´X �äk5� Ξ �f�m.

Ï
, íØ 3.2.30 �{ã�r Σ 5�÷v Lindelöf .©)½n. ´�y: �

Φ,Ξ ´üÿÀ5�, Ù¥4N��±5� Ξ. e Φ ÷v Ξ .©)½n, K Φ �4

N��÷v Ξ .©)½n.

¯K 3.2.32 (1) r Σ∗ �m´Ä÷v Lindelöf .©)½n [332]?

(2) perfect �r Σ �m´Ä÷v;.©)½n [84]?

·K 1.5.10 y²
r Σ 5�´�ê�È5. ^Ó���{´�,r Σ♯ 5��

´�ê�È5 [140]. ��N�½n�A^, e¡�½nò`²r Σ∗ 5�$�Ø´

k��È5 (�~ 3.2.36(3)).

½n 3.2.33[324] é�;�mX, eã^��d:

(1) X ´ Σ �m;

(2) X × I ´ Σ �m;

(3) X × I ´ Σ∗ �m.

y² �Ly (3)⇒ (1). Ï� π1 : X×I → X ´_;N�,¤±X×I´�;

�m,�X×I´rΣ∗�m. �
⋃

n∈N
Pn´X×I�'uK �4 (modk)�,Ù¥

Pn ´X× I�HCP 8x�Pn ⊂ Pn+1. Äk,'u n ∈ N, 8B/�EX �m

8x {V (α1, · · · , αn) : αi ∈ Λi, i 6 n} Ú I �8x {I(α1, · · · , αn) : αi ∈ Λi, i 6 n},

÷v

(33.1) {V (α1, · · · , αn) : αi ∈ Λi, i 6 n} ´ X �ÛÜk�mCX.

(33.2) V (α1, · · · , αn+1) ⊂ V (α1, · · · , αn), I(α1, · · · , αn+1) ⊂ I(α1, · · · , αn).

(33.3) e V (α1, · · · , αn) 6= ∅, K I(α1, · · · , αn) ´ I ¥�²��4«m.

(33.4) V (α1, · · · , αn) × I(α1, · · · , αn) =�Pn �k�����.

- V (∅) = X, I(∅) = I. b�é n 6 k, ®�E÷vþã^��8x. �Ä

n = k+ 1, é i 6 k, �½ αi ∈ Λi, ¦ V (α1, · · · , αk) 6= ∅. é x ∈ V (α1, · · · , αk), d

Ún 2.5.4, �3X × I �k�8Kx, ¦Pk+1 3 {x}× I(α1, · · · , αk)−Kx ¥´Û
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Ük��, u´k I(α1, · · · , αk) ¥�²��4f«m Ix, ¦ ({x} × Ix) ∩Kx = ∅.

� x 3 V (α1, · · · , αk) ¥�m�� Ux, ÷v

Ux × Ix ⊂ X × I − ∪{P ∈ Pk+1 : P ∩ ({x} × Ix) = ∅}.

l
, �3 V (α1, · · · , αk) �ÛÜk�mCX {Vγ : γ ∈ Γ(α1, · · · , αk)} \[

{Ux : x ∈ V (α1, · · · , αk)}. 4 ϕ ´l Γ(α1, · · · , αk) � V (α1, · · · , αk) �¼ê, ¦�

γ ∈ Γ(α1, · · · , αk) �, Vγ ⊂ Uϕ(γ). �

Λk+1 = ∪{Γ(α1, · · · , αk) : αi ∈ Λi, i 6 k, V (α1, · · · , αk) 6= ∅};

V (α1, · · · , αk+1) =





V (α1, · · · , αk+1) ∩ Vαk+1
, V (α1, · · · , αk) 6= ∅�

αk+1 ∈ Γ(α1, · · · , αk),

∅, Ù§;

I(α1, · · · , αk+1) =

{
Iϕ(αk+1), V (α1, · · · , αk+1) 6= ∅,

∅, V (α1, · · · , αk+1) = ∅,

K8x {V (α1, · · · , αk+1) : αi ∈ Λi, i 6 k+1}, {I(α1, · · · , αk+1) : αi ∈ Λi, i 6 k+1}

÷v¤�¦��Ü^�.

½Â

Z =
⋂

n∈N

(∪{V (α1, · · · , αn) × I(α1, · · · , αn) : αi ∈ Λi, i 6 n}).

@o Z ´ X × I �48, ¿�
⋃

n∈N
Pn|Z ´ Z �'u K|Z � σ ÛÜk�4

(modk) �. l
 Z ´r Σ �m. � f = π1|Z . é x ∈ X, �3 (αn) ∈
∏

n∈N
Λn,

¦ x ∈ V (α1, · · · , αn). � y ∈
⋂

n∈N
I(α1, · · · , αn). @o (x, y) ∈ Z � f(x, y) = x,

¤± f : Z → X ´_;N�. �X ´r Σ �m.

¯K 3.2.34 (1) e X × I ´r Σ∗ �m, @oX ´Ä´r Σ �m?

(2) Σ �m5�´Ä´k��È5?

�!���ÏL�
~`²Σ �ma�Ø%º'X9N�5�. ky²��

Ún.

Ún 3.2.35 e Σ �mX �¤k�ê;�48´k�8,KX ´ σ 4lÑ

�m.

y² �P ´X �'uH � σ ÛÜk�4[ (modk) �. Ø��P 'u

k��µ4. PH = {Hα}α∈Λ. é α ∈ Λ, 2P {P ∈ P : Hα ⊂ P} = {Pαi}i∈N,

Gαn =
⋂

i6n Pαi, n ∈ N. K�3 k ∈ N, ¦ |Gαk| < ℵ0. ÄK, �3X �S� {xn},

¦ x1 ∈ Gα1, xn+1 ∈ Gαn+1 − {xi : i 6 n}. du {Gαn}n∈N ´ Hα 3 X ¥4~�

�, u´ Hα ∪ {xn : n ∈ N} ´ X ��ê;�48, gñ. ù`²�3 k(α) ∈ N,

¦ |Gαk(α)| < ℵ0, ¿� Gαk(α) ∈ P. l
X =
⋃

α∈ΛGαk(α) ´ σ 4lÑ�m.
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~ 3.2.36 Σ �ma.

(1) r Σ♯ ; g�;, X~ 1.8.10 ¥��mX.

(2) �K, Lindelöf, Σ♯ ; Σ∗, X Fortissimo �m Xp (~ 2.5.19). Xp ´�K,

Lindelöf �m. {{p, x} : x ∈ Xp − {p}} ´ Xp �4��±CX,¤±Xp ´ Σ♯ �

m. díØ 3.2.15 ÚÚn 3.2.35, Xp Ø´ Σ∗ �m.

(3) �;, Σ∗ ; Σ, X~ 2.11.9 ¥��mX. díØ 3.2.27, X ´ Σ∗ �m; q

d½n 3.2.33, X × I Ø´ Σ∗ �m. ¤±r Σ∗ 5�Ø´k��È5.

(4) r Σ ; : Gδ 5�, X ω1 + 1 äkSÿÀ.

(5) äk�ê[ (modk) ���K�m; Σ �m [372].

½Â X = [0, ω1] × R − {ω1} × P. K X ´�K�m. é r ∈ R, ½Â X ��

ê;�48 lr Xe: e r ∈ Q, lr = [0, ω1] × {r}; e r ∈ P, lr = [0, ω1) × {r}. �

B ´ R ¥±knê�à:�m«m�N.�

C = {lr : r ∈ R},

P = {lr : r ∈ Q} ∪ {[0, ω1) ×B : B ∈ B}.

KP ´ X �'u C ��ê[ (modk) �.

�F ´ X �'uH � σ ÛÜk�4[ (modk) �. äó: é r ∈ P, �3

H ∈ H , ¦ π1(lr ∩H) ´ [0, ω1)�Ø�ê8. ¯¢þ, lr =�F ¥�ê����,

¤± {F ∈ F : π1(lr ∩ F )´ [0, ω1)����ê8 } �´�ê�, l
�3 α < ω1

÷v: e F ∈ F � [α, ω1)∩π1(lr ∩F ) 6= ∅,K π1(lr ∩F )´Ø�ê�. �H ∈ H ,

¦ (α, r) ∈ H. XJ π1(lr ∩H) ´�ê�,�3 β < ω1, ¦ sup(π1(lr ∩H)) < β. -

U = X − {(γ, r) : γ > β}. K H ⊂ U ∈ τ , �´Ø�3 F ∈ F , ¦ H ⊂ F ⊂ U , g

ñ.

dd, é r ∈ P, �3 Hr ∈ H , ¦ π1(lr ∩Hr) ´ [0, ω1) �Ø�ê8, l
�

3 Br ∈ (B)r, ¦Hr ∩ ({ω1} × clR(Br)) = ∅. �F =
⋃

n∈N
Fn, Ù¥Fn ´ÛÜ

k��. �3 nr ∈ N Ú Fr ∈ Fnr
, ¦ Hr ⊂ Fr ⊂ X − ({ω1} ×Br).

d Baire �Æ½n, �3m ∈ N, B0 ∈ B Ú B0 ∩ P �S� {ri}, ¦ {ri} Âñ

u,� q ∈ Q ∩ clR(B0), �z� nri
= m,Bri

= B0. é i ∈ N, du (ω1, q) 6∈ Fri
,

�3 α < ω1 Ú q ∈ U ∈ τ(R), ¦ Fri
∩ ((α, ω1] × U ) = ∅. du4Ø�ê8

π1(lr ∩ Hr) ⊂ π1(lr ∩ Fr), ¤±�� r ∈ U ∩ P, Òk Fr ∩ ((α, ω1] × U ) 6= ∅, l


 Fr 6= Fri
. Ïd, �3 {ri} �f�, ¦éA� Fri

´pØ�Ó�, ù� Fm 3

(ω1, q) �ÛÜk�5�gñ. �X Ø´ Σ �m.

~ 3.2.37 Σ �ma�N�.

(1) 4N�Ø�± Σ 5�, r Σ 5�, X~ 2.11.9.
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(2) r Σ 5�Ø÷v;.©)½n [84]: �3�K, σ ;�m X ±94N�

f : X → I, ¦ f �z�n�Ø´X �;8.

� X = I × I. X D�XeÿÀ: é s ∈ I, {s} × (0, 1] �� X �mf�mä

kî¼ÿÀ; (s, 0) ∈ X ���Ä�/X V × I − ({s} × (0, 1]), Ù¥ V ´ s 3

I �î¼��. w,, X ´�K�m. é n ∈ N, I × ({0} ∪ [1/n, 1]) ´ X �;8,

u´ X ´ σ ;�m. 4 f = π1 : X → I. d·K 2.1.7, f ´4N�. é s ∈ I,

f−1(s) = {s} × I Ø´X �;8.

(3)rΣ♯ 5�Ø÷v Lindelöf.©)½n [84]: �3äkd;8|¤�4��

±CX��;�mX ±94N� f : X → I, ¦ f �z�n�Ø´X � Lindelöf

8.

� X = I × I. X D�XeÿÀ: I × (0, 1] �:´ X ��á:; é s ∈ I,

(s, 0) ∈ X ���Ä�/X V × I − ({s} × (0, 1]), Ù¥ V ´ s 3 I �î¼��.

w,, X ´�;�m. é t ∈ (0, 1], - Kt = I × {0, t}. @o Kt ´ X �;8, ¿

� {Kt : t ∈ (0, 1]} ´ X �4��±CX.- f = π1 : X → I. K f ´4N�. é

s ∈ I, f−1(s) Ø´X � Lindelöf f�m.

X ´1��ê�rΣ♯ �m, Ï
·K 3.2.17 Ú½n 3.2.22 ¥� Σ∗ �mØ�

~f� Σ♯ �m.

3.3 σ �m, ���m

σ �mÚ���mÑ´Ýþ�m�¤õ�í2, ùÌ�Ly3§�¤äk�

`{5�. ���m�A��äk σ =G���m. �!òy² σ �m�äk σ

lÑ�½äk σ 4��±���K�m�p�d. ù
;ä�(J�¤
��ÿ

ÀÆ�°u. �!ïÄù
�ma��x9N�5�,AO0�
� σ �m��

�'� (G) CX5�.

Äk, 0� σ �m�­��x.

½n 3.3.1 eã^��d:

(1) X äk σ lÑ4�;

(2) X äk σ ÛÜk�4�;

(3) X äk σ 4��±4�;

(4) X �3 σ ¼ê, =�3X � g ¼ê÷v:

(i) éX �: x, y 9 n ∈ N, e x ∈ g(n, y), @o g(n, x) ⊂ g(n, y);

(ii) é X �: x 9S� {xn}, e x ∈ g(n, xn), @o xn → x,

e��X ´�K�m, §���eã^��d:
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(5) X �3 g ¼ê÷v: é X �: x 9S� {xn}, {yn}, e x ∈ g(n, xn) �

xn ∈ g(n, yn), @o yn → x;

(6) X ´ σ �m.

y² w,, (1) ⇒ (2) ⇒ (3). 3�K�m¥, (2) ⇔ (6). d·K 1.5.16 9

1.5.4 �y², (3) ⇔ (4).

(3) ⇒ (1). �P =
⋃

n∈N
Pn ´X �4�, Ù¥Pn = {Pα : α ∈ Γn} ´4�

�±�. é n,m ∈ N, e α ∈ Γn, � Fαm = ∪{P ∈ Pm : P ∩ Pα = ∅}. K48

Pα, Fαm Ø��. PHnm =
∧
{{Pα, Fαm} : α ∈ Γn}. @oHnm ��/X

HΓ′ = (∩{Pα : α ∈ Γ′}) ∩ (∩{Fαm : α ∈ Γn − Γ′}), Ù¥ Γ′ ⊂ Γn.

(1.1) Hnm ´X �lÑ48x.

´�y, Hnm ´pØ���48x. e¡�y§´4��±�. é Γn �f8

x {Γ′
λ : λ ∈ Λ}, � x 6∈ ∪{HΓ′

λ
: λ ∈ Λ}. e λ ∈ Λ, K½ö x 6∈ ∩{Pα : α ∈ Γ′

λ},

½ö x 6∈ ∩{Fαm : α ∈ Γn − Γ′
λ}, l
½ö�3 αλ ∈ Γ′

λ, ¦ x 6∈ Pαλ
, ½ö�3

αλ ∈ Γn − Γ′
λ, ¦ x 6∈ Fαλm. �

Λ′ = {λ ∈ Λ : x 6∈ ∩{Pα : α ∈ Γ′
λ}},

Λ′′ = {λ ∈ Λ : x 6∈ ∩{Fαm : α ∈ Γn − Γ′
λ}},

F ′ = ∪λ∈Λ′Pαλ
, F ′′ = ∪λ∈Λ′′Fαλm.

K Λ = Λ′ ∪ Λ′′ � F ′, F ′′ ∈ τ c. - V = X − (F ′ ∪ F ′′). K x �m�� V �

∪{HΓ′

λ
: λ ∈ Λ} Ø��. ¤± ∪{HΓ′

λ
: λ ∈ Λ} ´48. �Hnm ´4��±�, l


§´lÑ�.

(1.2) H =
⋃

n,m∈N
Hnm ´ X ��.

é x ∈ U ∈ τ , �3 n ∈ N Ú β ∈ Γn, ¦ x ∈ Pβ ⊂ U . - Γ′ = {α ∈ Γn : x ∈

Pα}. K x ∈ ∩{Pα : α ∈ Γ′} ⊂ Pβ ⊂ U . du x 6∈ ∪{Pα : α ∈ Γn−Γ′},�3m ∈ N

Ú δ ∈ Γm,¦ x ∈ Pδ ⊂ X−∪{Pα : α ∈ Γn−Γ′}. l
Pδ∩(∪{Pα : α ∈ Γn−Γ′}) =

∅, @oé α ∈ Γn − Γ′, k Pδ ⊂ Fαm. Ïd x ∈ Pδ ⊂ ∩{Fαm : α ∈ Γn − Γ′}, ¤±

x ∈ HΓ′ ⊂ Pβ ⊂ U . �H ´ X ��.

(4) ⇒ (5). � g ´ X � σ ¼ê. eé X �: x 9S� {xn}, {yn}, k

x ∈ g(n, xn) � xn ∈ g(n, yn), @o x ∈ g(n, yn), ¤± yn → x.

(5) ⇒ (1). ��K�m X � g ¼ê÷v (5). 4 (X,<) ´ûS8. ½Â

H : N × N ×X → τ c �

H(i, n, x) = X − ((
⋃

y<x

g(i, y)) ∪ (
⋃

y/∈g(i,x)

g(n, y))).

@oH(i, n, x) ⊂ g(i, x). é i, n ∈ N, �

H (i, n) = {H(i, n, x) : x ∈ X}.
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KH (i, n) ´X �lÑ8x. ¯¢þ, � z ∈ X, - y = min{h ∈ X : z ∈ g(i, h)}.

@oe y < x, K g(i, y) ∩H(i, n, x) = ∅; e x < y, K g(n, z)∩H(i, n, x) = ∅. l


 g(i, y) ∩ g(n, z) ´ X ¥¹ z ��H (i, n) �õ����m8. é i, n,m ∈ N,

½Â

F (i, n,m) = {F (i, n,m, x) : x ∈ X},

Ù¥ F (i, n,m, x) = {y ∈ H(i, n, x) : x ∈ g(m, y)}. @oF (i, n,m) ´ X �lÑ

8x. é p ∈ U ∈ τ , e i ∈ N, -

xi = min{h ∈ X : p ∈ g(i, h)}.

K�3 ni ∈ N, ¦ p /∈ ∪{g(ni, y) : y /∈ g(i, xi)}, u´ p ∈ H(i, ni, xi) ⊂ g(i, xi),

l
 xi → p. Ïdé m ∈ N, �3 im > m, ¦ xim
∈ g(m,p). P Fm =

F (im, nim
,m, xim

). @o p ∈ Fm. XJ�3X �S� {ym}, ¦ ym ∈ Fm − U , @

o p ∈ g(im, xim
) ⊂ g(m,xim

) � xim
∈ g(m, ym), u´ ym → p, gñ. ¤±�3

m ∈ N, ¦ Fm ⊂ U . �
⋃

i,n,m∈N
F (i, n,m) ´ X � σ lÑ�.

½n 3.3.1 � (1) ⇔ (2) ⇔ (3) ¡� Nagata-Siwiec ½n [352], 'u g ¼ê��

dA�´ Heath Ú Hodel[158] �#�.

íØ 3.3.2 eã^��d:

(1) X äk σ ÛÜk�4�;

(2) X ´äk:�ê p-k ��r Σ �m [143];

(3) X ´äkGδ é��� Σ♯ �m [189];

(4) X ´ σ♯ �mÚ Σ♯ �m [348].

y² (1) ⇒ (2), (3) ´w,�. d½n 1.4.10, 3.2.6 Ú·K 1.5.18 � (3) ⇒

(4).

(2) ⇒ (4). �P ´ X �'uk��µ4� σ ÛÜk�4 (modk) �. Ï�

P ´X �A� (modk) �, dÚn 2.11.6, �3�Ýþ�mM , M� σ lÑÄB

Ú X ×M �f�m Z, ÷veã^�,Ù¥ f = π1|Z , g = π2|Z .

(2.1) P = fg−1(B);

(2.2) g : Z →M ´_;N�.

d (2.2), Z ´äk:�ê p-k ���;M �m. 2d½n 3.1.8, Z ´�Ýþ�m.

Ï�B ´M �Ä, g−1(B) ´ Z � (modk) �. qd (2.1) 9íØ 2.11.4, f ´ σ

ÛÜk�N�. 2díØ 2.11.5, X äk σ ÛÜk��.

�Q ´X � σ ÛÜk��. KQ ´X � σ ÛÜk�48x. é x 6= y ∈ X,

�3©O�¹ x, y �Ø���m8 U,V , u´k Q ∈ Q, ¦ x ∈ Q ⊂ U . du

U ∩ V = ∅, l
 x ∈ Q ⊂ X − {y}. �Q ´X � p �, ÏdX ´ σ♯ �m.

(4) ⇒ (1). � g, h ©O´X � σ♯ ¼ê, Σ♯ ¼ê. ½Â q : N ×X → τ �
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q(n, x) = g(n, x) ∩ h(n, x).

@o q ´ X � g ¼ê�é x, y ∈ X, n ∈ N, e x ∈ q(n, y), @o q(n, x) ⊂ q(n, y).

�éX �: x9S� {xn},k x ∈ q(n, xn). du h´X �Σ♯ ¼ê,u´ {xn}�

?Ûf�kà:,� p ´ {xn} �à:. XJ p 6= x, @o�3 n > k, ¦ x /∈ g(k, p)

� xn ∈ g(k, p), u´ x ∈ g(n, xn) ⊂ g(k, xn) ⊂ g(k, p), gñ. l
 x ´ {xn} �?

�f����à:, ¤± xn → x. � q ´ X � σ ¼ê. Ïd, X äk σ ÛÜk�

4�.

½Â 3.3.3 ¡�m X ÷v (G)[90], XJ�3 X �8x W = {Wx : x ∈ X}

ä5� (1) Ú (2):

(1) é x ∈ X, x ∈ ∩Wx � |Wx| 6 ℵ0;

(2) é x ∈ U ∈ τ , �3¹ x �m8 V (x, U), ¦� y ∈ V (x,U) �, kW ∈ Wy

÷v x ∈W ⊂ U ;

e��W ä5� (3), K¡X ÷v�� (G)[296].

(3) é x ∈ X, Wx �Ã�f8´ x ��.

3e¡Øã÷v (G) ��m¥, V (x, U) þ�5� (2) ¥��A8.

Ún 3.3.4[297] (1) ÷v (G) ��m´¢Dæ Lindelöf �m.

(2) ÷v�� (G) ��m´¢Dæ;�m.

y² du (G) (�� (G)) 5�´¢D�, ¤±�Ly÷v (G) (�� (G))

��m´æ Lindelöf �m (æ;�m). � X �8x W = {Wx : x ∈ X} ÷

v (G). e U ´ X �mCX, P U = {Uα}α<κ, Ù¥ κ ´Äê. é α < κ, 4

Pα = Uα −
⋃

β<αUβ , Oα = ∪{V (x, Uα) : x ∈ Pα}. K Oα ∈ τ � Pα ⊂ Oα ⊂ Uα.

- O = {Oα}α<κ. K O ´U �m\[.

(4.1) O ´:�ê�. eØ,, �3 z ∈ X Ú [0, κ) ¥î�4O�S�

{αγ}γ<ω1
, ¦ z ∈ Oαγ

� z 6∈ Pα0
. K�3 xγ ∈ Pαγ

, ¦ z ∈ V (xγ , Uαγ
), l
�3

Wγ ∈ Wz, ¦ xγ ∈ Wγ ⊂ Uαγ
. é γ < γ′ < ω1, du xγ′ 6∈ Uαγ

, ¤± xγ′ 6∈ Wγ, ù

� Wz ��ê5�gñ. �X ´æ Lindelöf �m.

(4.2) � W = {Wx : x ∈ X} ÷v�� (G), Kþã O ´:k��. eØ

,, X (4.1) Ó��y², �3 X �: z, S� {xn} 9 Wz �f8 {Wn}n∈N, ¦

xn ∈Wn �� n > m �, xn 6∈Wm. u´ {Wn}n∈N ´ z ��, ¤±�3 n ∈ N, ¦

Wn ⊂ W1 − {x1}, Ïd n > 1� xn ∈W1, gñ. �X ´æ;�m.

Ún 3.3.5[124] ÷v (G) ����mäk σ lÑ�.

y² ����m X �8x W = {Wx : x ∈ X} ÷v (G), Ù¥ Wx =

{W (n, x)}n∈N. 2� g ´ X ���¼ê. 4 (X,<) ´ûS8. é i, n, k ∈ N, ½Â
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H(i, n, x) = X − ((
⋃

y<x g(i, y)) ∪ (
⋃

y/∈g(i,x) g(n, y))), x ∈ X;

F (i, n, k, x) = H(i, n, x) ∩W (k, x), x ∈ X;

F (i, n, k) = {F (i, n, k, x) : x ∈ X}.

@o H(i, n, x) ⊂ g(i, x), �d½n 3.3.1 ¥�y², F (i, n, k) ´ X �lÑ8x.

é p ∈ U ∈ τ , e i ∈ N, -

xi = min{h ∈ X : p ∈ g(i, h)}.

K�3 ni ∈ N, ¦ p /∈ ∪{g(ni, y) : y /∈ g(i, xi)}, u´ p ∈ H(i, ni, xi) ⊂ g(i, xi),

l
 xi → p, ¤±�3 i0, k ∈ N, ¦ xi0 ∈ V (p, U ) � p ∈ W (k, xi0) ⊂ U . Ïd

p ∈ F (i0, ni0 , k, xi0) ⊂ U . �X äk σ lÑ�.

Ún 3.3.6[296] ÷v�� (G) Ú: Gδ 5���m´���m.

y² �äk:Gδ 5���mX �8xW = {Wx : x ∈ X} ÷v�� (G).

(6.1) �EX �:k�CX� {Hn}.

é x ∈ X, � X �4~m8� {G(n, x)} ��8´ {x}. 'u n ∈ N, 8B½

Â X �:k�mCXHn, ¼ê hn : Hn → X Ú x �m�� O(n, x) Xe. Äk,

-H0 = {X}. �½ z ∈ X ¿½Â h0 : H0 → X � h0(X) = z. �

O(1, x) =

{
G(1, x), x = z,

G(1, x) − {z}, x 6= z.

b�ém 6 n, x ∈ X, ®½Â
Hm−1, hm−1 Ú O(m,x). � (Hn−1,<)´ûS8.

é H ∈ Hn−1, dÚn 3.3.4, H �mCX {H ∩ V (x,O(n, x))}x∈H �3:k��

m\[Fn(H). ½Â

Hn(H) = Fn(H) −∪{Fn(H ′) : H ′ < H},H ∈ Hn−1;

Hn = ∪{Hn(H) : H ∈ Hn−1}.

K Hn ´ X �:k�mCX. é H ∈ Hn, �3�� H ′ ∈ Hn−1, ¦ H ∈

Hn(H ′) ⊂ Fn(H ′). À� xH ∈ H ′, ¦ H ⊂ H ′ ∩ V (xH , O(n, xH)), ¿½Â

hn(H) = xH . 2½Â

(6.1.1) O(n + 1, x) = G(n + 1, x) − {hm(H) : m 6 n,H ∈ (Hm)x� x 6=

hm(H)}.

K x ∈ O(n+ 1, x) ∈ τ .

(6.2) {Hn} ´ X � Gδ é��S�.

ÄK, �3 x 6= y ∈ X Ú8� {Hn}, ¦ x, y ∈ Hn ∈ Hn. é n ∈ N, �3��

�8x {Hm
n }m6n, ¦ Hn

n = Hn, H
m
n ∈ Hm�Hm

n ∈ Hm(Hm−1
n ) (∀m > 1). ù�

x ∈ Hn ⊂ Hm
n ⊂ Hm−1

n . dHn �:k�5, 'u n ∈ N, �8B½Â N �Ã�8

In Ú in ∈ N, ÷v
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(6.2.1) in = min In;

(6.2.2) In+1 ⊂ In − {in};

(6.2.3) m, k ∈ In ⇒ Hn
m = Hn

k .

- Kn = Hn
in
, qn = hn(Kn). K Kn = Hn

m (∀m ∈ In), �� n > m �, qn ∈

Km ⊃ Kn. Ï� x ∈ Kn ⊂ V (qn, O(n, qn)), ¤±d (G), �3 Wn ∈ Wx, ¦

qn ∈Wn ⊂ O(n, qn).

� X ¥©O¹ x, y �Ø��m8 Ux, Uy. Ø���3 N �Ã�8 J , ¦

� n ∈ J �, qn 6∈ Ux, l
 Wn 6⊂ Ux. d�� (G), {Wn : n ∈ J} ´k�

8. Ø��� n,m ∈ J �, Wn = Wm. @o qm ∈ O(in, qn), ¤±d (6.1.1), k

qn = qm, �Ù�½�� q. é n ∈ J , x ∈ V (q,O(n, q)) ⊂ O(n, q) ⊂ G(n, q). Ïd

x ∈
⋂

n∈J G(n, q) = {q}, � q ∈ Ux, gñ.

(6.3) X ´���m.

� {Un} ´ X � Gδ é��S�, Ù¥ Un+1 \[ Un. é n ∈ N, x ∈ X,

�½ U (n,x) ∈ (Un)x, ¿½Â g(n, x) = V (x, U(n, x)). e�3 X �: x 9S

� {xn}, ¦ x ∈ g(n, xn), xn 9 x, K�3 x �m�� U , ¦ {xn} Øªu U . Ï

� x ∈ V (xn, U (n,xn)) ⊂ U (n, xn), �3 Wn ∈ Wx, ¦ xn ∈ Wn ⊂ U (n, xn) ⊂

st(x,Un). - I = {n ∈ N : xn 6∈ U}. K I ´Ã�8, ¤± {Wn : n ∈ I}

´k�8. Ø��� n,m ∈ I �, Wn = Wm. @o xn ∈ st(x,Um), l


xn ∈
⋂

m∈I st(x,Um) = {x} ⊂ U , gñ. �X ´���m.

½n 3.3.7[124, 296] ÷v�� (G) Ú: Gδ 5���K�m´æ; σ �m.

¯K 3.3.8[296] æ; σ �m´Ääk�� (G)?

e¡0� σ �m�N�5�.

·K 3.3.9 _�ê;N��± σ♯ �m.

y² � f : X → Y ´_�ê;N�, Ù¥
⋃

n∈N
Fn ´ X �4 p �,

Fn ´'u?¿�µ4�4��±8x�Fn ⊂ Fn+1. ½Â g : N × X → τ

� g(n, x) = X − ∪{F ∈ Fn : x /∈ F}. K g ´ X � σ♯ ¼ê. é y ∈ Y ,

f−1(y) =
⋂

n∈N
g(n, f−1(y)). ÄK, �3 X �: x ÚS� {xn}, ¦ xn ∈ f−1(y)

� x ∈ g(n, xn) − f−1(y). � a ´ {xn} 3 f−1(y) �à:. K�3f� {xnk
}, ¦

xnk
∈ g(k, a), l
 x ∈

⋂
k∈N

g(nk, xnk
) ⊂

⋂
k∈N

g(k, a) = {a}, gñ.

é n ∈ N, -Pn = f(Fn). @oPn ´ Y �4��±48x. é y 6= z ∈ Y ,

� xz ∈ f−1(z), @o�3 m ∈ N, ¦ xz /∈ g(m, f−1(y)), l
�3 F ∈ Fm, ¦

xz ∈ F � F ∩ f−1(y) = ∅, u´ z ∈ f(F ) ⊂ Y − {y}. �
⋃

n∈N
Pn ´ Y � σ 4

��±�4 p �.

d½n 3.3.1 ÚíØ 3.3.2, keã σ �m�N�Ú_�½n.
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·K 3.3.10[352] 4N��±äk σ ÛÜk�4���m.

·K 3.3.11[36] � f : X → Y ´_;N�. e Y äk σ ÛÜk�4��X

äk Gδ é��, KX äk σ ÛÜk�4�.

½n 3.3.12[84] σ �m÷v;.©)½n.

y² �
⋃

n∈N
Pn ´ σ �mX �4�, Ù¥Pn ´'uk��µ4�ÛÜ

k�8x�X ∈ Pn ⊂ Pn+1. 4 f : X → Y ´4N�. é n ∈ N, y ∈ Y , ½Â

En = f(Pn), C(n, y) = ∩(En)y,

En = {y ∈ Y : |C(n, y)| < ℵ0},

Z =
⋃

n∈N
En.

dÚn 3.2.19, Z ´ Y � σ 4lÑf�m. é y ∈ Y − Z, C(n, y) ´Ã�8, �3

Y ¥�²��S� {yn}, ¦ yn ∈ C(n, y). l
é n > m, e P ∈ (Pm)f−1(y), K

P ∩ f−1(yn) 6= ∅. Ï�

∪{E ∩ E′ : �3 n ∈ N, ¦ E,E′ ∈ En � |E ∩ E′| < ℵ0} ⊂ Z,

d½n 3.2.29 �y², f−1(y) ´ X � Lindelöf f�m.

- A = f−1(y). e A Ø´ X �;8, K A Ø´ X ��ê;8, l
�3X

��êm8x V , ¦ V CX A, �´ V �?Ûk�8ØUCXA. é x ∈ A, �

3 Vx ∈ V ,Wx ∈ τ(X), ¦ x ∈ Wx ⊂ W x ⊂ Vx. @o A �CX {Wx}x∈A k�ê

fCX {Wi}i∈N, ù� {W i}i∈N �?Ûk�fxØUCXA. �½ x1 ∈ A ∩W1,

- U1 = W1. �3 x2 ∈ A − U1, n1 ∈ N, ¦ x2 ∈ Wn1
. - U2 =

⋃
i6n1

Wi. K

U1 ⊂ U2, x2 ∈ A ∩ (U2 − U 1). �daí, ��E X �4O�m8� {Uk} CX A

� A ∩ (Uk+1 − Uk) 6= ∅.

À� xk ∈ A ∩ Uk+1 − Uk. @o�3 Fk ∈ Pnk
, ¦ xk ∈ Fk ⊂ X − Uk �

nk+1 > nk, u´�3 zk ∈ Fk ∩ f−1(ynk
). Ï� yn → y, ¤± {zk} kà:. �

z ´§�à:. @o z ∈ A. ù��3 m ∈ N, ¦ z ∈ Um, l
k k > m, ¦

zk ∈ Um ∩Fk = ∅, gñ. � f−1(y)´X �;8. Ïd, σ �m÷v;.©)½n.

¯K 3.3.13[84] σ �m�_;_�´Ä÷v;.©)½n?

½n 3.3.14[367] �ê�; σ �m�_�ê;_�÷v�ê;.©)½n.

y² � g : X → Z ´_�ê;N�, Ù¥ Z ´�ê�;� σ �m. 4

f : X → Y ´4N�. �
⋃

n∈N
Fn ´ Z ��, Ù¥Fn ´'uk��µ4�ÛÜ

k�4CX�Fn ⊂ Fn+1. é n, i ∈ N, �

Bn = g−1(Fn),Pn = f(Bn),

Yni = ∪{Pn1 ∩ · · · ∩ Pni : é k 6 i, Pnk ∈ Pn� |Pn1 ∩ · · · ∩ Pni| < ℵ0}.

dÚn 3.2.20, Yni ´ Y �4lÑ8. - Y0 = Y −
⋃

n,i∈N
Yni.
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� y0 ∈ Y0. e f−1(y0) Ø´�ê;�, d g �_�ê;5, �3 f−1(y0) �

S� {xi}, ¦� g(xi) pØ�Ó� {g(xi) : i ∈ N} ´ Z �4lÑ8. d Z ��

ê�;5, �3 Z ¥ÛÜk��m8x {Vi}i∈N, ¦ g(xi) ∈ Vi. é i, n ∈ N, �

3 Fni ∈ Fn, ¦ g(xi) ∈ Fni � Fni = ∩(Fn)g(xi). ù�k ji ∈ N, ¦� n > ji

�, Fni ⊂ Vi. Ø�� ji < ji+1. P Bni = g−1(Fni). @o xi ∈ Bni ∈ Bn, u´

y0 ∈ f(Bjik), l

⋂

k6i f(Bjik) ´Ã�8, ¤±�3 Y ¥�²��S� {yi}, ¦

yi ∈
⋂

k6i f(Bjik) − {y0}, Ïd yi ∈ fg−1(Vi). � {yi : i ∈ N} ´ Y �4lÑ8.

,��¡, yi ∈ f(Bji1), u´�3 x′i ∈ f−1(yi) ∩Bji1. d {Fni} ��E, {Bji1} ´

�ê;8 g−1g(x1) 3X ¥��,l
 {x′i} kà: x0, @o {f(x′i)} kà: f(x0),

= {yi} kà:, gñ. Ïd, X ÷v�ê;.©)½n.

�!1nÜ©, ?Ø���m�N�5�.

·K 3.3.15 �N� f : X → Y .

(1) e f ´4N�, XJX ´ β �m, K Y ´ β �m [385];

(2) e f ´_�ê;N�,XJ Y ´ β �m, KX ´ β �m [36].

y² |^·K 1.7.2 � (1). � g ´ Y � β ¼ê. ½Â X � g ¼ê

h : N × X → τ(X) � h(n, x) = f−1(g(n, f(x))). é X �: x 9S� {xn}, e

x ∈ h(n, xn), @o f(x) ∈ g(n, f(xn)), u´ {f(xn)} 3 Y ¥kà:. Ï� f ´_

�ê;N�, ¤± {xn} 3X ¥kà:. � X ´ β �m.

·K 3.3.16 �N� f : X → Y .

(1) e f ´4N�, XJX ´���m, K Y ´���m [94];

(2) e f ´_;N�,XJ Y ´���m�X äk Gδ é��, K X ´��

�m[63].

y² d½Â 1.4.3, ���y� (1). é (2), du Y ´g�;�m, ¤± X

´g�;�m (�N¹ A ·K 3.2). d·K 1.5.18, 3.3.15 Ú½n 1.7.7, X ´��

�m.

Ún 3.3.17[361] �X ´�ê�;�m. e�3X �48B Ú48� {Bn},

÷v

(1) B ∩Bn = ∅, n ∈ N;

(2) e B ⊂ V ∈ τ , K�3m ∈ N, ¦� n > m � Bn ⊂ V .

K B ∩
⋃

n∈N
Bn ´X ��ê;8.

y² eØ,, �3 B ∩
⋃

n∈N
Bn �4lÑ8 {xk : k ∈ N}, u´�3 X

�ÛÜk��m8� {Uk}, ¦ xk ∈ Uk. Ï� xk ∈
⋃

n∈N
Bn, éÃ�� n, k

Uk ∩ Bn 6= ∅, l
�3S� {nk} ⊂ N Ú {yk} ⊂ X, ¦ yk ∈ Uk ∩ Bnk
. -

S = {yk : k ∈ N}. K S ´ X �48, �3m ∈ N, ¦� n > m �, Bn ⊂ X − S,
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Ïd ym ∈ Bnm
⊂ X − {ym}, gñ.

½n 3.3.18[361] �ê�;����m÷v;.©)½n.

y² � F : N × τ → τ c ´�ê�;�mX ���éA. 4 f : X → Y ´

4N�. é y ∈ Y, n ∈ N, -

Vy = X − f−1(y), U (n, y) = X − F (n, Vy),

K f−1(y) ⊂ U (n, y). ¤±�3 y �m��O(n, y), ¦ f−1(O(n, y)) ⊂ U (n, y). é

n ∈ N, �

Yn = {y ∈ Y : ∀y′ ∈ Y − {y}, y 6∈ O(n, y′)}.

@o Yn ∩O(n, y′) ⊂ {y′}. Ï
 Yn ´ Y �4lÑ8.

� y ∈ Y −
⋃

n∈N
Yn. é n ∈ N, �3 yn 6= y, ¦ y ∈ O(n, yn). ky² {yn} ÷

v (∗): é {n} �f� {nk}, f
−1(y) ⊂

⋃
k∈N

f−1(ynk
).

eØ,, K�3 x ∈ f−1(y) −
⋃

k∈N
f−1(ynk

). - U = X −
⋃

k∈N
f−1(ynk

). �

3 k ∈ N, ¦ x ∈ F (k, U), u´ U ⊂ X − f−1(ynk
) = Vynk

, ¤±

f−1(O(nk, ynk
)) ⊂ U (nk, ynk

) = X − F (nk, Vynk
) ⊂ X − F (nk, U ).

,��¡, y ∈ O(nk, ynk
) � f−1(y) ⊂ U (nk, ynk

), u´ x ∈ F (k, U) ∩ f−1(y) ⊂

F (nk, U ) ∩ U (nk, ynk
) = ∅, gñ.

� f−1(y) ⊂ V ∈ τ . �3 y �m�� Oy, ¦ f−1(Oy) ⊂ V . e�3 {n}

�f� {nk}, ¦ f−1(ynk
) 6⊂ f−1(Oy), K f−1(Oy) ∩ (

⋃
k∈N

f−1(ynk
)) = ∅, ¤±

f−1(y) ∩
⋃

k∈N
f−1(ynk

) = ∅, � (∗) gñ. l
�3 m ∈ N, ¦� n > m �,

f−1(yn) ⊂ f−1(Oy) ⊂ V . d (∗) 9Ún 3.3.17, f−1(y) = f−1(y) ∩
⋃

n∈N
f−1(yn)

´;8.

¯K 3.3.19 (1) �ê�;���m�_�ê;_�´Ä÷v�ê;.©)

½n[140]?

(2) �K���m´Ä÷v;.©)½n?

e¡0�����m�'��Ýþ�m�N�5�.

Ún 3.3.20[101] � f : X → Y ´_;N�, Y ´1��ê�m. ez�

f−1(y) ´X �1��êf8,KX ´1��ê�m.

y² é x ∈ X, P y = f(x). � {Ui}i∈N ´ y �4~�ÛÜÄ, {Vi}i∈N

´ X �m8�, ¦ {Vi ∩ f−1(y)}i∈N ´ x 3 f−1(y) ¥�ÛÜÄ. é i ∈ N, 4

Fi(x) = f−1(y) − Vi. K Fi(x) ∈ K (X), u´�3 X �Ø��m8Wi,Gi, ¦

x ∈ Wi � Fi(x) ⊂ Gi, @o f−1(y) ⊂ Vi ∪ Gi, u´�3 ki ∈ N, ¦ f−1(Uki
) ⊂

Vi ∪ Gi, l
 (X − Vi) ∩ f
−1(Uki

) ⊂ Gi. Ø��Wi ⊂ Vi � Wi+1 ⊂ Wi.  y

{Wi ∩ f
−1(Ui)}i∈N ´ x 3X ¥�ÛÜÄ.� xi ∈Wi ∩ f

−1(Ui). e x0 ´ {xi} �
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à:, du f(xi) ∈ Ui, u´ f(xi) → y, ¤± x0 ∈ f−1(y). XJ x0 6= x, K�3

n ∈ N, ¦ x0 ∈ X − Vn, u´ x0 ∈ Gn, l
kÃ�� xi ∈ Wn ∩ Gn = ∅, gñ.

Ï
, x0 = x, = {xi} �õ�U± x �à:. e xi 9 x, @o�3 X �lÑf�

{xin
}, du f−1(y) �;, Ø�� xin

6∈ f−1(y), u´ {f(xin
)} 3 Y ¥lÑ, gñ.

� X ´1��ê�m.

díØ 1.4.5, ���Ýþ�m�N�½n.

íØ 3.3.21 �N� f : X → Y .

(1) e f ´4N�, XJX ´�Ýþ�m, K Y ´�Ýþ�m��=� Y ´

1��ê�m [94].

(2) e f ´_;N�,XJ Y ´�Ýþ�m�X äk Gδ é��, K X ´�

Ýþ�m [63].

¯K 3.3.22[71, 94] Fréchet ����m´Ä�L��Ýþ�m�4N�?

¯K 3.3.23[379] � f : X → Y ´4N�. XJ X ´é¡Ýþ�m, Y ´ g

1��ê�m, @o Y ´Ä´é¡Ýþ�m?

~ 3.3.24 σ �ma.

(1) σ♯ ; äk σ ÛÜk�4 p �, X Isbell-Mrówka �m ψ(D), Ù¥ |D| > c

(~ 1.8.4).

(2) �Ýþ; Σ♯, X+(�m (~ 1.8.2).

(3) �;, Σ ; ���m�_;_�,X 3.2.37(2)¥��mX. díØ 3.2.27,

3.3.2 Ú½n 3.3.14, X Ø´���m�_;_�.

(4) σ♯ ; äk Gδ é��
[334].

P τ∗ ´ R �î¼ÿÀ. � X ´¢ê8 R. X D�eãÿÀ τ ('u P �

Michael��ÿÀ,�~ 1.8.5): G ∈ τ ��=��3U ∈ τ∗, A ⊂ P,¦G = U ∪A.

- X1 = R × {1}. ½Â f : X → X1 � f(x) = (x, 1). D� X1 ÿÀ, ¦ f ´Ó�

N�. - Z = X ⊕X1. é x ∈ Q, ò Z ¥�zü: x, f(x) b¤�:���û�m

P� Y . 4 g : Z → Y ´g,ûN�. K g ´k����4N�.

(24.1) Y ´ σ♯ �m. dMichael �� (~ 1.8.5) aq�y{, X ´äk σ p

Ø��Ä��;�m,u´ Z ´äk σ pØ��Ä��;�m. d·K 1.7.12 Ú

3.3.9, Y ´ σ♯ �m.

(24.2) Y Øäk Gδ é��. eØ,, � {Un} ´ Y � Gδ é��S�. é

n ∈ N, ½Â Pn = {x ∈ X − Q : gf(x) /∈ st(g(x),Un)}. K X − Q =
⋃

n∈N
Pn. d

τ∗ �1��Æ5, �3m ∈ N Ú R �m«m J , ¦ J ⊂ clτ∗(Pm). � q ∈ J ∩ Q.

�3 U ∈ Um, ¦ g(x) ∈ U . ù� gf(x) ∈ U , u´�3 V ∈ τ , ¦ x ∈ V ⊂ J

� g(V ∪ f(V )) ⊂ U . d τ �½Â, z ∈ V ∩ Pm, u´ {g(z), gf(z)} ⊂ U , l
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gf(z) ∈ st(g(z),Um), gñ. � Y Øäk Gδ é��.

(5) Gδ é��, g�;; G∗
δ é��

[365].

� Y = [0, ω1]. D� Y eãÿÀ: Y ���à: ω1 3 Y �����Sÿ

Àe���. K {ω1} Ø´ Y � Gδ 8. P S = [0, ω1), - X = Y ∪ (S × N).

D� X eãÿÀ: S × N ´ X �mlÑf�m; é β ∈ S, β ���Ä�/X

{β}∪{(β, k) : k > n}, n ∈ N; ω1 ���Ä�/XW (n,α) = {ω1}∪((α, ω1)×{k ∈

N : k > n}), n ∈ N � α ´�êSê. Ï�3 X ¥W (n, α) = (α, ω1] ∪W (n,α),

¤± X Ø´�K�m. du [0, ω1] 9 S × {n} ´ X �4lÑf�m, u´ X ´

σ 4lÑ�m, l
X ´äkGδ é���g�;�m.

XJ X äk G∗
δ é��, K X kmCX� {Gn}, ¦ {ω1} =

⋂
n∈N

st(ω1,Gn).

é n ∈ N, Ø���3 kn ∈ N Ú�êSê αn, ¦ ω1 ∈ W (kn, αn) ∈ Gn. l


ω1 ∈
⋂

n∈N
(αn, ω1] ⊂

⋂
n∈N

W (kn, αn) ⊂
⋂

n∈N
st(ω1,Gn) = {ω1}, Ïd {ω1} =

⋂
n∈N

(αn, ω1], gñ. �X ØäkG∗
δ é��.

(6) ÷v�� (G) ; : Gδ 5�
[44].

� D ´Äê� ℵ1 �8Ü. 4 ωD = {∞} ∪D ´lÑ�mD ��:;z. K

{∞} Ø´ ωD � Gδ 8. é x ∈ ωD, -

Wx =

{
{{∞}}, x = ∞,

{{x}, {x,∞}}, x 6= ∞.

@o8xW = {Wx : x ∈ ωD} ÷v�� (G) ^�.

~ 3.3.25 σ �ma�N�.

(1) 4N�Ø�± σ♯ �m5�.

� X ´~ 3.3.24(4) ¥��m X. K X �48 Q Ø´ X � Gδ 8. 4

h : X → X/Q ´g,ûN�. @o h ´4N�. duX/Q Øäk:Gδ 5�, u

´§Ø´ σ♯ �m.

(2) äk�ê4���mØ÷v;.©)½n [84].

� X = I × I. D� X ± I × I �î¼m89/XX − ({s} × (0, 1]), ∀s ∈ I,

�8Ü��fÄ)¤X �ÿÀ. KX Ø´�K�m. 3î¼ÿÀe, I × I ��ê

4��Ä9 I × {0} ��ê4��Ä�¿�¤
X ��ê4�, ¤±X ´���

m. 4 f = π1 : X → I. K f ´4N�, ¿�é s ∈ I, f−1(s) Ø´ X �;8, u´

X Ø÷v;.©)½n.
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3.4 k ���m

���ma� σ �ma�'X, ¯¢þ´ïÄ σ =G8x� σ 4��±8x

m'X��z. éùüa8x�&?�)
��ÿÀÆ¥�����. Michael[276]

é�;5��x, Junnila[189] 'ug�;�m�A�±9 Junnila-Katuta ¯K

(�¯K 3.2.7)Ñv±`²ù�ïÄ�(J5�­�5. �Au���/, ®²�

�dùü«8x5��x��m´Ø�d�. �!?Ø k ���/, = k ���

m�äk σ 4��± k ���m. �uÄ��/,§�´Í¶�M3 �m�M1 �

m��d5¯K,ù´ 3.5!?Ø�¥%ÆK.

éäk σ 4��± k ���m, k� k ���m�²1��x.

·K 3.4.1[194] é�K�mX, eã^��d:

(1) X äk σ 4��±�Ä;

(2) X äk σ 4��± cs∗ �;

(3) X �3 k ��¼ê g ÷v: é X �: x, y 9 n ∈ N, e y ∈ g(n, x), K

g(n, y) ⊂ g(n, x).

y² (1) ⇒ (2) ´w,�.

(2) ⇒ (3). �
⋃

n∈N
Pn ´ X �4 cs∗ �, Ù¥Pn ´4��±�. ½Â

g : N × X → τ � g(n, x) = X − ∪{P ∈ Pi : x /∈ P, i 6 n}. K g ´ X �

k ��¼ê (�·K 1.4.15), ¿�é X �: x, y 9 n ∈ N, e y ∈ g(n, x), K

g(n, y) ⊂ g(n, x).

(3)⇒ (1).� g´X þ÷v (3)� g¼ê. én ∈ N,½ÂPn = {X−g(n, A) :

A ⊂ X}. KPn ´ X �4��±48x. é X �;8 K ⊂ U ∈ τ , du g ´ k

��¼ê,�3m ∈ N,¦K∩g(m,X−U ) = ∅,@oK ⊂ X−g(m,X−U ) ⊂ U .

¤±
⋃

n∈N
Pn ´X � σ 4��±�Ä.

dd, äk σ 4��± k ���K�m⇒ k ���m⇒ σ �m.

¯K 3.4.2[121] k ���m´Ääk σ 4��± k �?

½n 3.4.3[125] Fréchet � k ���m´��m.

y² d½n 1.4.14, �Ly Fréchet � k ���mX ´üN�5�m. �

F =
⋃

n∈N
Fn ´ X �é�Ä, Ù¥Fn ´=Gx�Fn ⊂ Fn+1. XJ H,K ´

X �Ø��48,�

Un = ∪{F1 : (F1, F2) ∈ Fn, F2 ∩K = ∅}−

∪{F1 : (F1, F2) ∈ Fn, F2 ∩H = ∅}, n ∈ N;

D(H,K) = (
⋃

n∈N
Un)◦.

 yD ´ X �üN�5�f. ù�L�yH ⊂ D(H,K) ⊂ D(H,K) ⊂ X −K.
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XJ�3 x ∈ H −D(H,K) ⊂ (X −K) ∩ (X −
⋃

n∈N
Un), K�3X − (K ∪

(
⋃

n∈N
Un)) �S� {xn} Âñu x, u´�3 m ∈ N Ú (P1, P2) ∈ Fm, ¦ {x} ∪

{xn : n ∈ N} ⊂ P1 ⊂ P2 ⊂ X −K, l
 P2 ∩K = ∅. Ï� x ∈ H, ¤±

x ∈ X − ∪{F2 : (F1, F2) ∈ Fm, F2 ∩H = ∅}

⊂ X −∪{F1 : (F1, F2) ∈ Fm, F2 ∩H = ∅}.

Ï
�3 k ∈ N, ¦� n > k �, xn ∈ X −∪{F1 : (F1, F2) ∈ Fm, F2 ∩H = ∅}, u

´ xn ∈ P1 −∪{F1 : (F1, F2) ∈ Fm, F2 ∩H = ∅} ⊂ Um, gñ. � H ⊂ D(H,K).

XJ�3 x ∈ D(H,K) ∩ K ⊂ D(H,K) −H, K�3 D(H,K) − H �S�

{xn} Âñu x, u´�3m ∈ N Ú (P1, P2) ∈ Fm, ¦ {x} ∪ {xn : n ∈ N} ⊂ P1 ⊂

P2 ⊂ X −H, l
� n > m �, Un ⊂ X − P1, ¤± {xn : n ∈ N} ⊂
⋃

j6m Uj , @

o x ∈
⋃

j6m U j , �k j 6 m, ¦ x ∈ U j ⊂ ∪{F2 : (F1, F2) ∈ Fj , F2 ∩K = ∅} ⊂

X −K, gñ. ÏdD(H,K) ⊂ X −K.

íØ 3.4.4 ÷veã^���� k ���m´�Ýþ�m.

(1) äk p S� [160].

(2) :�êÄ.

y² �X ´ k ���m.

(1) eX äk p S�, d½n 2.2.18, X ´ w∆ �m. 2d½n 1.7.7 Ú 3.4.3,

X ´�Ð���m. d Bing ÝþzOK, X ´�Ýþ�m.

(2) e X äk:�êÄ, K X ´�Ýþ�m. d½n 1.2.11 Ú 3.4.3, X ´�

Ð���m, ¤±X ´�Ýþ�m.

k ��^�´é;.�ÝþzÏf. X, Nagata[317] y²
�m X´�Ý

þ�m��=� X äk k ��¼ê g, ÷v Nagata ^�: é Y ⊂ X, Y ⊂

∪{g2(n, y) : y ∈ Y }, Ù¥ g2(n, y) = ∪{g(n, x) : x ∈ g(n, y)}. T·K�A

«C�/ªE´�(�. X, r k ��¼ê\r��¼ê g, �÷vé Y ⊂ X,

Y ⊂ ∪{g2(n, y) : y ∈ Y }[129];½r k��¼ê g��: x ∈ g3(n, xn) ⇒ xn → x[407].

Lašnev �mk k ��¼ê g, ÷vé Y ⊂ X, Y ⊂ ∪{g2(n, y) : y ∈ Y }[129]. �g

¦ [407] �E~f`² k ��¼êØ���½n 3.3.1 ¥�x σ �m�^� (5):

x ∈ g2(n, xn) ⇒ xn → x.

¯K 3.4.5 äk:�êfÄ, ½ σ ÛÜ�êfÄ� k ���m´Ä´ g �

Ýþ�m?

X ¡� ortho ;�m, e X �?�mCXkSÜ�±�m\[. �¼ê

G : X → τ(X), é x ∈ X, P

G2(x) = ∪{G(y) : y ∈ G(x)},
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G3(x) = ∪{G(z) : z ∈ G2(x)}.

Ún 3.4.6[188] � G : X → τ(X) ´æ; (ortho ;) ���m X ����

�. K�3X �:k� (SÜ�±) �mCX V , ¦é x ∈ X, ∩(V )x ⊂ G3(x).

y² � g ´ X ���¼ê, ¿� g(1, x) ⊂ G(x). é k ∈ N, - Uk =

{g(k, x) : x ∈ X}, @oUk äk:k� (SÜ�±) �m\[Wk. �

Hk = {x ∈ X : x ∈ g(k, y) ⇒ y ∈ G(x)}.

K X =
⋃

k∈N
Hk. é x ∈ X, P k(x) = min{n ∈ N : x ∈ Hn}. ½Â

Qn(x) = ∩(
⋃

i6n Wi)x, n ∈ N;

V (x) = Qk(x)(x) −
⋃

i<k(x)H i;

V = {V (x) : x ∈ X}.

K V ´ X �:k� (SÜ�±) mCX. é x ∈ X, 4 m = k(x). @o x ∈ Hm,

u´�3 z ∈ Hm∩g(m,x)∩Qm(x),l
 z ∈ G(x)�é,� y ∈ X, z ∈ Qm(x) ⊂

g(m, y) ⊂ G(y), Ïd y ∈ G(z). � ∩(V )x ⊂ V (x) ⊂ Qm(x) ⊂ G(y) ⊂ G3(x).

·K 3.4.7[219] ortho ;� k ���mäk σ 4��± k �.

y² � g ´ ortho;�mX � k ��¼ê. ´�y, g3 E´X � k ��¼

ê. dÚn 3.4.6, é n ∈ N, �3 X �SÜ�±mCX Vn, ¦ ∩(Vn)x ⊂ g3(n, x).

½Â h : N × X → τ � h(n, x) = ∩(
⋃

i6n Vi)x. @o h ´ X � g ¼ê. du

h(n, x) ⊂ g3(n, x), h ´ X � k ��¼ê. qdu Vn ´SÜ�±8x,u´éX

�: x, y, 9 n ∈ N, e y ∈ h(n, x), K h(n, y) ⊂ h(n, x). d·K 3.4.1, X äk σ

4��± k �.

e¡?Ø k ���m�CX5�.

½n 3.4.8 k ���m�mCXäk:�ê�S�m\[.

y² � F : N × τ → τ c ´�mX � k ��éA.

(8.1) X �lÑ48xF = {Fα}α∈Λ k:�ê�S�m*Ü.

Ueã�ª8B½Â*Ü8x.

P ∗
α(∅) = Fα,

Pα(∅) = P ∗
α(∅) −

⋃
β∈Λ−{α} P

∗
β (∅),

P(∅) = {Pα(∅)}α∈Λ.

é δ ∈ N<ω, �P(δ) ®²½Â. e¡½ÂP(δn), n ∈ N. PP(δ) = {Pα(δ)}α∈Λ.

½Â

P ∗
α(δn) = F (n,X −

⋃
β∈Λ−{α} P

∗
β (δ)),

Pα(δn) = P ∗
α(δn) −

⋃
β∈Λ−{α} P

∗
β (δn),

P(δn) = {Pα(δn)}α∈Λ.

- Uα = ∪{Pα(δ) : δ ∈ N<ω}, U = {Uα}α∈Λ. KU ´¤¦�8x.
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w,, Fα = Pα(∅) ⊂ Uα. e¡y² Uα ´S�m8. �S� S → x ∈ Uα. �

3 δ ∈ N<ω, ¦ x ∈ Pα(δ). 4Mα =
⋃

β∈Λ−{α} P
∗
β (δ). K x 6∈ Mα, u´ S ªu,

F (m,X −Mα) = P ∗
α(δm). XJ

x ∈
⋃

β∈Λ−{α} P
∗
β (δm) =

⋃
β∈Λ−{α} F (m,X −Mβ)

⊂ F (m,
⋃

β∈Λ−{α}(X −Mβ)) ⊂
⋃

β∈Λ−{α}(X −Mβ),

K�3 β ∈ Λ − {α}, ¦ x ∈ X − Mβ ⊂ X − P ∗
α(δ) ⊂ X − Pα(δ), gñ. �

x ∈ X −
⋃

β∈Λ−{α} P
∗
β (δm), ¤± S ªu Pα(δm) ⊂ Uα.

eU Ø´:�ê�,@o�3 x ∈ X, δ ∈ N<ω,¦éØ�ê�αk x ∈ Pα(δ).

ù� {Pα(δ)}α∈Λ �pØ��5gñ.

(8.2) X ´æ Lindelöf �m.

é X �mCXW , dg�;5, W k4\[
⋃

i∈N
Fi, Ù¥Fi = {Fα}α∈Λi

´lÑ�. Fi k:�ê�S�m*ÜUi = {Uα}α∈Λi
. �Wα ∈ W , ¦ Fα ⊂ Wα.

K
⋃

i∈N,α∈Λi
Wα ∩ Uα ´ W �:�ê�S�m\[.

Ï� k ��� k �m5�´m¢D5�,d½n 3.4.8 k

íØ 3.4.9[242] k ��� k �m´¢Dæ Lindelöf �m.

Ún 3.4.10[242] k ���mX �3éAH : N × P(X) → τ c, ÷v

(1) H(n,W ) ⊂ H(n+ 1,W ) ⊂ W ;

(2) V ⊂W ⇒ H(n, V ) ⊂ H(n,W );

(3) eW ´ x �S���, KÂñu x �S�´ªu,H(m,W );

(4) e {Gα}α∈Λ ´X �pØ��x� n ∈ N, K {H(n,Gα)}α∈Λ ´lÑx.

y² � g ´ X � k ��¼ê. ½Â H : N × P(X) → τ c � H(n,W ) =

X − g(n,X −W ).

�W ´ x �S���� xn → x. e�3 xni
∈ X −H(i,W ) = g(i,X −W ),

K�3 yi ∈ X −W , ¦ xni
∈ g(i, yi), @o yi → x, gñ. l
 {xn} ´ªu,

H(m,W ).

� {Gα}α∈Λ ´X �pØ��x. é x ∈ X, 4

V = X −H(n,∪{Gα : α ∈ Λ, x 6∈ Gα}).

K x ∈ V ∈ τ . XJ x 6∈ Gα, @o V ∩H(n,Gα) = ∅. ùL² {H(n,Gα)}α∈Λ ´

lÑx.

½n 3.4.11[242] k ����5� k �m´¢D�;�m.

y² � k ���mX ´�5� k �m. du X ´ perfect �g�;�m,

�LyX ´8��5�m. �H ´÷vÚn 3.4.10�¦�éA.4F = {Fα}α∈Λ

´ X �lÑ48x.

(11.1) F kpØ���S���*Ü.
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- Lα =
⋃

β∈Λ−{α} Fβ , Gα =
⋃

n∈N
(H(n,X − Lα) − H(n,X − Fα)). K

{Gα}α∈Λ ´pØ��x. �S� S → x ∈ Fα. Ï� Lα ∩ Fα = ∅, S ªu,

H(m,X−Lα),� x 6∈ H(m,X−Fα),u´S ªuH(m,X−Lα)−H(m,X−Fα) ⊂

Gα.

(11.2) F klÑ�S���4*Ü.

duH(n,X − Fα) ∩ Fα = ∅, �3 Vα(n) ∈ τ , ¦

Fα ⊂ Vα(n) ⊂ Vα(n) ⊂ X −H(n,X − Fα).

4 Fα(n) = H(n,Gα)∩ Vα(n), Wα =
⋃

n∈N
Fα(n). KWα ´ Fα �S���.¯¢

þ, eS� S → x ∈ Fα, K S ªu,H(m,Gα) ∩ Vα(m) ⊂ Fα(m) ⊂Wα.

4 W = {Wα}α∈Λ. K W ´pØ���, e¡y²§´4��±�48

x. é Λ′ ⊂ Λ, eS� S → x 6∈
⋃

α∈Λ′ Wα, K x 6∈
⋃

α∈Λ′ Fα, u´ S ªu

, H(m,X −
⋃

α∈Λ′ Fα), �é α ∈ Λ′, n > m, k H(m,X − Fα) ∩ Fα(n) = ∅.

- E(m,Λ′) =
⋃

α∈Λ′,n<m Fα(n). dÚn 3.4.10, {Fα(n)}α∈Λ ´4lÑ�, u

´ E(m,Λ′) ´4�� x 6∈ E(m,Λ′), l
 S ªu X − E(m,Λ′), ¤± S ªu

X −
⋃

α∈Λ′ Wα, =
⋃

α∈Λ′ Wα ´ (S�) 4�.

(11.3) X ´8��5�m.

�H1 ´ X �lÑ48x. �3lÑ48x� {Hn}, ¦Hn+1 ´Hn �l

Ñ�S���4*Ü. PHn = {Hαn}α∈Λ, Hα =
⋃

n∈N
Hαn,H = {Hα}α∈Λ. �

S� S → x ∈ Hα. @o�3 i ∈ N, ¦ x ∈ Hαi, u´ S ªu Hαi+1 ⊂ Hα, ¤±

Hα ∈ τ . �H ´H1 �pØ��m*Ü.

e¡=\?Ø k ���m�N�5�.

½n 3.4.12[238] k ���mþ�4N�´;CXN�.

y² � f : X → Y ´4N�, Ù¥ g ´ X � k ��¼ê. é y ∈ K ∈

K (Y ), �½ xy ∈ f−1(y). - E = {xy : y ∈ K}. K f(E) = f(E) = K. ��¤½

n�y², �L�y E ´�ê;�. e {xn} ⊂ E, �3 zn ∈ E ∩ g(n, xn). eÃ�

� zn �Ó, Ø�� z ∈ g(n, xn), K {xn} kà:. e¤k� zn pØ�Ó, K f|E

´�é��� {f(zn)} kÂñf�, @o {zn} kà:, u´ {xn} kà:.

íØ 3.4.13[127] � f : X → Y ´4N�, Ù¥ X,Y Ñ´�K�m. e X

´ k ���m, K Y ´ k ���m.

·K 3.4.14[224] � f : X → Y ´�m;N�. eX ´ k ���m, K Y ´

���m.

y² �¼ê G : N × τ c(X) → τ(X) ÷v·K 1.4.15(3) �^�. ½Â¼ê

D : N×τ c(Y ) → τ(Y )�D(n,H) = int(f(G(n, f−1(H)))). KH ⊂ D(n,H),u´

H ⊂
⋂

n∈N
D(n,H). XJ y ∈ Y −H, @o f−1(y)∩ f−1(H) = ∅. Ï� f−1(y) ´
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X �;8,�3m ∈ N, ¦ f−1(y)∩G(m,f−1(H)) = ∅, = y 6∈ f(G(m, f−1(H))),

l
 y 6∈ D(m,H). Ïd, H =
⋂

n∈N
D(n,H). d·K 1.4.4, Y ´���m.

e¡?ØÚn 2.7.20 3 k ���mþ�í2. @^½n 3.4.11 �y², ke

ãÚn.

Ún 3.4.15 � X ´ k ���m. e D = {xα}α∈Λ ´ X �lÑf8, K�

3D �pØ��S���*Ü {Uα}α∈Λ ÷v: é Λ′ ⊂ Λ, {yα : α ∈ Λ′} ∪D ´X

�S�48, Ù¥ yα ∈ Uα.

y² �H ´ k ���mX �÷vÚn 3.4.10 �¦�éA. é α ∈ Λ, -

Lα = {xβ : α 6= β ∈ Λ},

Gα =
⋃

n∈N
(H(n,X − Lα) −H(n,X − {xα})),

Uα =
⋃

n∈N
(H(n,Gα) −H(n,X − {xα})).

K Uα ⊂ Gα � Uα ´ xα �S���. ¯¢þ, eS� S → xα, Ï� xα 6∈ Lα, S

ªu, H(m,X − Lα), u´ S ªu H(m,X − Lα) −H(m,X − {xα}) ⊂ Gα. d

Ún 3.4.10, S ªu,H(k,Gα) −H(k,X − {xα}) ⊂ Uα.

´�y, {Gα}α∈Λ ´pØ��x, l
 {Uα}α∈Λ ´pØ��x. e�3

Λ′ ⊂ Λ, ¦ {yα : α ∈ Λ′} ∪D Ø´X �S�48, K�3 {yα : α ∈ Λ′} −D ¥�

²��S� L Âñu,: x 6∈ D. Ø��, �3m ∈ N, ¦ L ⊂ H(m,X −D). @

oé α ∈ Λ, n > m, k L ⊂ H(n,X − {xα}), l
 L ⊂
⋃

α∈Λ,n<mH(n,Gα), Ïd

�3 L �Ã�f8 L′ Ú n < m, ¦ L′ ⊂
⋃

α∈ΛH(n,Gα). dÚn 3.4.10(4), L′ ´

X �lÑ48, gñ.

½n 3.4.16 � f : X → Y ´4N�, Ù¥ X ´ k ��� k �m. e Y Ø

¹4f�mÓ�u Sω (Sω1
), K f ´>�;N� (>� L N�).

y² é y ∈ Y ,�A = {x ∈ ∂f−1(y) : �3X−f−1(y)¥�S�Âñu x}.

(16.1) A = ∂f−1(y).

eØ,, - B = f−1(y) −A, C = ∂f−1(y) −A. @o ∅ 6= C ⊂ B. eX �S

�K Âñu,: x ∈ B, XJ x ∈ int(f−1(y)), KK ´ªu B �; XJ x ∈ C, @

o A∪ (X − f−1(y)) =¹K ¥�k��,KK �´ªuB �. l
B ´X �S

�m8, Ïd B ´X �m8, ¤± B ⊂ int(f−1(y)), � C = C ∩ int(f−1(y)) = ∅,

gñ.

(16.2) � Y Ø¹4f�mÓ�u Sω1
.

e A Ø´X � ℵ1 ;f8, Kf�m A ¹Ø�ê�lÑ48D = {xα : α <

ω1}. �3 D �pØ���S���*Ü {Uα}α<ω1
÷vÚn 3.4.15 ��¦. é

α < ω1 9 yα ∈ Uα − f−1(y), XJ {yα}α<ω1
¥¹S�Âñu,: x ∈ D, du D

´ A �48, u´ x ∈ D ∩ A = D, ¤±�3 β < ω1, ¦ x = xβ ∈ Uβ , @oÃ�
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� yα ∈ Uβ , gñ. dÚn 3.4.15, {yα}α<ω1
´ X �4lÑ8. é α < ω1, �3

X − f−1(y) �S� Lα Âñu xα. K {y} ∪ (∪{f(Lα) : α < ω1}) ´ Y �Ó�u

Sω1
�4f�m. gñ.

y3, � A ´X � ℵ1 ;f8, díØ 3.2.15 Ú·K 1.5.8, A ´�©�, u´

A = ∂f−1(y) ´�©�. díØ 3.4.9, ∂f−1(y) ´ Lindelöf �m.

(16.3) � Y Ø¹4f�mÓ�u Sω.

d (16.2) aq�y², A �?Û�êÃ�f83A ¥kà:, u´ A ´�ê

;�, l
 A ´;�. � ∂f−1(y) = A ´;�.

¯K 3.4.17 k ���m´Ä÷v_;_�Gδ é��½n?

~ 3.4.18 k ���ma.

(1) ÛÜ;, �;, �Ð; æ Lindelöf �m, X Isbell-Mrówka �m ψ(N) (~

1.8.4).

(2) k ��; æ Lindelöf �m [218].

� X = R ∪ (
⋃

n∈N
Q × {1/n}). X D�eãÿÀ:

(18.1) X − R �:´X ��á:;

(18.2) é x ∈ R, x ���Ä�/X

{x} ∪ (
⋃

n>m

([axn, x) ∩ Q) × {1/n}), Ù¥m ∈ N, axn < x.

K X ´�K�m.

du R 9 Q × {1/n} ´ X �4lÑf�m,¤±X ´ σ 4lÑ�m. e X

�3Ã�;8K, @oéÃ�� n k K ∩ (Q × {1/n}) 6= ∅. 2d K ´Ýþ�m,

�3 {n} �f� {ni} 9 xi ∈ K ∩ (Q × {1/ni}), ¦ xi → x0 ∈ R. é i ∈ N, P

xi = (ri, 1/ni). d x0 ����¤, Ø�� ri < x0. é n ∈ N, -

qn =

{
(ri + x0)/2, n = ni,

x0 − 1, n = ni, i ∈ N.

¿�½Â

U = {x0} ∪ (
⋃

n∈N

([qn, x0) ∩ Q) × {1/n}).

@o x0 ∈ U ∈ τ(X), ¿�¤k xi /∈ U , gñ. ÏdX �¤k;8´k�8. qd

u X ´ σ 4lÑ�m, ¤± X äk σ 4��± k �, � X ´ k ���m. |^

X ��©59 R �4lÑ5, X QØ´�5�m,�Ø´æ Lindelöf �m.

(3) Foged[113] ®�E~f: k ��� k �m�7´�5�m; 3 MA+¬CH

b�e, �3��;� k ����5�m.

~ 3.4.19 k ���ma�N�.
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(1) �34 L N� f : X → Y , Ù¥ X ´ ℵ0 �m, Y Ø¹4f�mÓ�u

Sω, � f Ø´>�;N�.

� X ´ βN �÷v N ⊂ X � |X − N| = ℵ0 �f�m. KX äk�ê cs �,

¤± X ´ ℵ0 �m. 4 C = X − N. ½Â f : X → X/C ´g,ûN�. K f ´4

L N�,u´ f ´;CXN�. Ï�X �;8Ñ´k�8,¤± f(X) �;8�´

k�8, u´û�mX/C Ø¹4f�mÓ�u Sω. du ∂f−1([C]) = C, ¤± f

Ø´>�;N�.

(2) �34N� f : X → S1, Ù¥ X ´ Moore �m, � f Ø´>� L N�.

X~ 2.6.6, ù� ∂f−1(0) = ψ(N) − N Ø´ Lindelöf �m.

(3) �34N� f : X → Y , Ù¥ X ´ ℵ �m, Y Ø¹4f�mÓ�u Sω,

� f Ø´>� L N� (4A, 2005).

é Arens �m S2 = {0}∪N∪ (N×N) (~ 1.8.6), 9 α < ω1, -Xα = S2 −N.

KXα ´�; ℵ �m. 4X =
⊕

α<ω1
Xα, 24 A ´X ��Nà:�8. K A ´

�; ℵ �m X �48. éû8 Y = X/A, 4 f : X → Y ´g,ûN�. K f ´

4N�, l
 f ´;CXN�. duX �;8Ñ´k�8,¤± Y Ø¹4f�m

Ó�u Sω. � ∂f−1([A]) = A Ø´ Lindelöf �m.

¯K 3.4.20 �5� k, σ �m´Ä´�;�m?

¯K 3.4.21 äk(�ê k ���K� k �m´Ä´ k ���m?

¯K 3.4.22 k ���m��K��m;N�´Ä´ σ �m?

3.5 Mi � m

Ceder[79] Ú?�Mi �m�m
2ÂÝþ�m�ïÄS4, 
 Ceder ¤JÑ

� “´ÄM3 �m´M2 �m” ±9 “´ÄM2 �m´M1 �m” ¯K�¤
��

ÿÀÆ¥�(J�²;5¯K�� [291, 329]. Gruenhage[139], Junnila[188] Õá/y

²
 “M3 �m´M2 �m”. ù�¤õ-y<�±���9��5u “´ÄM2 �

m´M1 �m” ¯K�ïÄ, ��
 20 ­V 70 c�"� 80 c�, Mi �mïÄ�

×�L�. ¦+ Ceder ¯Kvk�ª)û,�´<�éT¯K�&¢mM
eZ�

{, �Ñ
�X���d^�,¼�
­�?Ð. �!©üÜ©0�'uMi �m

ïÄ¥�­��¤J.1�Ü©, ?ØM2 �m�A5,A^ Junnila[188] ��{y

²M3 �m´M2 �m. 1�Ü©, ïÄM1 �m��d^�,Ì�æ^ Itō[179, 180]

�E|Ú0�Mizokami � [294, 295] �ó�, '5¢DM1 �maÚz�:äk4

��±ÛÜÄ�M3 �ma, |^N�ïá
 Ceder ¯K)û��O{K, �)


M1 �m�N�½n.
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�
Bu
)Mi �mïÄ�59�ó,Û� 1961 c Ceder[79] JÑ�Ì�¯

K.

¯K 3.5.1 Ceder ¯K.

(1) M2 �m´Ä´M1 �m?

(2) M3 �m´Ä´M2 �m?

(3) z�:, ½z�48äk4��±m��Ä�M3 �m´Ä´M1 �m?

(4) M1 �m�z�48´Ääk4��±m��Ä?

(5) M1 �m´Ääk4¢D5?

(6) 4N�½_;N�´Ä�±M1 �m?

(7) e A ´M1 �mX �4f�m, @oX/A ´Ä´M1 �m?

(8) 4N�´Ä�±M2 �m?

Äk, ïáM2 �m�A5.

·K 3.5.2[59, 79] X ´M2 �m��=�X ´�; σ �m, ¿� X �z�

483X ¥äk (σ) 4��±�[Ä.

y² 7�5. w,, M2 �m´�; σ �m. �
⋃

n∈N
Bn ´M2 �m X �

[Ä, Ù¥Bn ´4��±�48x. é F ∈ τ c, �3 X ¥4~�m8� {Gn},

¦ F ⊂ Gn � F =
⋂

n∈N
Gn. é n ∈ N, - Hn = Gn, Un = Bn|Hn

. K Un ´ X

�4��±�48x. du {Hn : n ∈ N} 3 X − F ´ÛÜk��, u´
⋃

n∈N
Un

3 X − F ´4��±�. ½Â

V = {∪U : U ⊂
⋃

n∈N
Un},

W = {V ∈ V : F ⊂ V ◦}.

@oV 3X−F ´4��±�,l
W ´X �4��±8x. � x ∈ F ⊂ G ∈ τ .

�3 nx ∈ N, Bx ∈ Bnx
, ¦ x ∈ B◦

nx
⊂ Bnx

⊂ G. 4 V =
⋃

x∈F (Bnx
∩Hnx

), @o

V ∈ W � F ⊂ V ◦ ⊂ V ⊂ G. ÏdW ´ F 3 X ¥�4��±[Ä.

¿©5. ��; σ �m X �z�483 X ¥äk σ 4��±�[Ä. 4
⋃

n∈N
Pn ´ X ��, Ù¥Pn ´lÑ48x. é n ∈ N, PPn = {Pα}α∈Λn

. K

�3lÑm8xHn = {Hα}α∈Λn
, ¦ Pα ⊂ Hα. é α ∈ Λn, 4

⋃
k∈N

Bαk ´ Pα

3 X ¥�[Ä, Ù¥Bαk ´ X �4��±8x� ∪Bαk ⊂ Hα. é n, k ∈ N, �

Bnk = ∪{Bαk : α ∈ Λn}.

@oBnk ´ X �4��±8x. é x ∈ U ∈ τ , �3 n ∈ N, α ∈ Λn, ¦ x ∈ Pα ⊂

U , u´�3 k ∈ N, B ∈ Bαk, ¦ Pα ⊂ B◦ ⊂ B ⊂ U , l
 x ∈ B◦ ⊂ B ⊂ U . �
⋃

n,k∈N
Bnk ´X � σ 4��±�[Ä,Ï
X ´M2 �m.

½n 3.5.3[139, 188] M3 �m´M2 �m.
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y² � g´M3�mX ��¼ê. @o g3�´X ��¼ê. ¯¢þ,e y ∈

X−H ∈ τ ,K�3m ∈ N,¦ y /∈ g(m,H),u´�3 n > m,¦ y /∈ g(n, g(m,H)),

l
�3 k > n, ¦ y /∈ g(k, g(n, g(m,H))) ⊃ g3(k,H). dÚn 3.4.6, é n ∈ N, �

3 X �:k�mCX Vn, ¦é x ∈ X k ∩(Vn)x ⊂ g3(n, x). ½Â h : N ×X → τ

� h(n, x) = ∩(
⋃

i6n Vi)x. @o h ´X � g ¼ê, h(n, x) ⊂ g3(n, x), ¿�éX �

: x, y 9 n ∈ N, e x ∈ h(n, y), K h(n, x) ⊂ h(n, y). d·K 1.3.12, X ´M2 �

m.

l
, M2 �ma = M3 �ma = ��ma.

·K 3.5.4[160] 4N��±üN�55�.

y² � f : X → Y ´4N�, Ù¥D1 ´ X �üN�5�f. é Y ¥Ø�

��48H,K, ½Â

D2(H,K) = Y − f(X −D1(f
−1(H), f−1(K))).

@o H ⊂ D2(H,K) ∈ τ(Y ). w,, e Y ¥Ø���48 H ′,K′ ÷v H ⊂

H ′,K ⊃ K′, KD2(H,K) ⊂ D2(H
′,K′). e y ∈ K, @o

y ∈ Y − f(D1(f−1(H), f−1(K))),


 D2(H,K) ⊂ f(D1(f
−1(H), f−1(K))), ¤± y /∈ D2(H,K), l
 D2(H,K) ⊂

Y −K. � D2 ´ Y �üN�5�f,Ïd Y ´üN�5�m.

½n 3.5.5[56] (1) 4N��±M3 �m5�.

(2) M3 �m5�÷v_;_�Gδ é��½n.

y² d·K 3.5.4, 3.3.16Ú½n 1.4.14� (1). díØ 2.2.11Ú 2.1.9� (2).

�!1�Ü©,?ØM1 �ma�5�. Äk, 0�M1 �ma��
fa,§

�´� Ceder ¯KEE�'�. �
BuQãå�, �!¥P L«z�:äk4

��±ÛÜÄ�M3 �ma. 1��ê�M3 �m¡� Nagata �m [79].

½n 3.5.6[179] ¢DM1 �ma ⊂ P a.

y² � X ´¢DM1 �m. é x ∈ X, äó: �3 X ��K48H1, H2,

÷v

(6.1) X = H1 ∪H2;

(6.2) é i = 1, 2, e x ∈ Hi, K�3f�mHi �m48� {Hin}, ¦ {x} =
⋂

n∈N
Hin.

¯¢þ, À� X ��Km8� {Gn}, ¦ {x} =
⋂

n∈N
Gn � Gn+1 ⊂ Gn ⊂

G1 = X. -

H1 =
⋃

n∈N
G2n−1 −G2n,
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H2 =
⋃

n∈N
G2n −G2n+1.

K X = H1 ∪H2. Ï� Gn ´ X ��Km8, ¤± Gn −Gn+1 = Gn −Gn+1 ´�

K48, l
H1, H2 ´ X ��K48. -

H1n = H1 ∩G2n−1, H2n = H2 ∩G2n.

@o H1n = H1 ∩ G2n−2, H2n = H2 ∩ G2n−1. u´ {Hin} ´f�m Hi �m48

�, ¿�e x ∈ Hi, @o {x} =
⋂

n∈N
Hin.

é i = 1, 2,e x /∈ Hi,�Bi = ∅. e x ∈ Hi,Ï�Hi´M1�m,�
⋃

n∈N
Un

´ x 3Hi �ÛÜÄ, Ù¥Un ´Hi �4��±8x,@o Vi =
⋃

n∈N
(Un|Gn

) ´

x 3 Hi �4��±ÛÜÄ.-Bi = V
−

i . KBi ´ x 3 Hi �4��±��K4

[Ä, ù�Bi �´X ��K48x. ½Â

B = {B1 ∪B2 : Bi ∈ Bi, i = 1, 2}.

d (6.1), B ´ x 3 X �4��±��K4[Ä,l
B◦ ´ x 3 X �4��±

�ÛÜÄ.

Ún 3.5.7[371] �X ´ σ �m. eF ´X �4��±�48x,K�3X

� σ 4lÑ�È8D, ÷vé F ∈ F , F ∩D ´ F �È8.

y² �¼êG : N × τ c → τ ÷v·K 1.4.4(3) ��¦. -

Q(F ′) = ∩F
′ − ∪(F − F

′),F ′ ⊂ F ;

Ù¥ Q(∅) = X − ∪F . @o {Q(F ′) : F ′ ⊂ F} ´ X �CX. é n ∈ N, �

Qn(F ′) = ∩F
′ −G(n,∪(F − F

′)),F ′ ⊂ F ;

Ù¥ Qn(∅) = X − G(n,∪F ). @o Q(F ′) =
⋃

n∈N
Qn(F ′) � {Qn(F ′) : F ′ ⊂

F} ´X �lÑ48x. ¯¢þ, é x ∈ X, ½Â

U = G(n, {x}) −∪(F − (F )x).

K x ∈ U ∈ τ . é (F )x 6= F ′ ⊂ F , XJ�3 F ∈ F ′ − (F )x, KQn(F ′) ⊂ F �

U ⊂ X−∪(F −(F )x) ⊂ X−F ,u´Qn(F ′)∩U = ∅;XJ�3F ∈ (F )x−F ′,

@o Qn(F ′) ⊂ X − G(n,∪(F − F ′)) ⊂ X − G(n, F ) ⊂ X − G(n, {x}), l


Qn(F ′) ∩ U = ∅.

-

Q = {Qn(F ′) : F
′ ⊂ F , n ∈ N}.

K Q ´ {Q(F ′) : F ′ ⊂ F} � σ lÑ4\[. �H ´ X � σ lÑ4�. é

H ∈ H , Q ∈ Q, eH ∩Q 6= ∅, �½ x(H,Q) ∈ H ∩Q. ½Â

D = {x(H,Q) : H ∈ H , Q ∈ Q, H ∩Q 6= ∅}.

K D ÷vÚn��¦. w,, D ´ X � σ 4lÑ8. é F ∈ F , 9 F ���m

8W , �3 V ∈ τ , ¦ V ∩ F = W . �½ y ∈ W . @o�3H ∈ H , Q ∈ Q, ¦

y ∈ H ∩Q ⊂ H ⊂ V . PQ = Qn(F ′), Ù¥ n ∈ N, F ′ ⊂ F . duQ∩F 6= ∅, u
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´ F ∈ F ′, l
 Q ⊂ F , Ïd x(H,Q) ∈ H ∩Q ⊂ V ∩ F = W , � F ∩D ´ F �

È8. Ón�y, D ´X �È8.

½n 3.5.8[180] e X ∈ P a, K X �z�483 X ¥äk4��±�m

��Ä.

y² � F ∈ τ c. d·K 3.5.2, F 3 X ¥äk4��±�4[ÄU . d

Ún 3.5.7, X �3f8 D =
⋃

n∈N
Dn, Ù¥ Dn ´ X �4lÑf�m, ÷vé

U ∈ U , U ∩D 3 U ¥È. é n ∈ N, X klÑm8x {Gx}x∈Dn
, ¦ x ∈ Gx. é

x ∈ D,4 Vx ´ x�4��±�ÛÜÄ.Ø��,é x ∈ Dn,k∪Vx ⊂ Gx∩g(n, x),

Ù¥ g ´ X ��¼ê.

¡ ϕ´ U ∩D þ�ÀJ¼ê,XJ¼êϕ : U ∩D →
⋃

x∈D Vx ÷v ϕ(x) ∈ Vx.

é U ∈ U 9 U ∩D þ�ÀJ¼ê ϕ, ½Â

B(U,ϕ) = ∪{ϕ(x) : x ∈ U ∩D}.

�

B = {B(U,ϕ) : U ∈ U , ϕ´ U ∩Dþ�ÀJ¼ê }.

 yB ´ F 3X �4��±��K4[Ä.

(8.1) B ´ F 3X ��K4[Ä.

w,, B ´ X ��K48x. é B(U, ϕ) ∈ B, du U ∩D ´ U �È8, ¤

± F ⊂ U ◦ ⊂ U = U ∩D ⊂ B(U,ϕ). � F ⊂ W ∈ τ . �W ′ ∈ τ , ¦ F ⊂ W ′ ⊂

W ′ ⊂ W . �3 U ∈ U , ¦ F ⊂ U ◦ ⊂ U ⊂ W ′. é x ∈ U ∩D, �3 φ(x) ∈ Vx, ¦

x ∈ φ(x) ⊂W ′. @o φ ´ U ∩D þ�ÀJ¼ê,� B(U, φ) ⊂ W ′ ⊂W .

(8.2) B ´X �4��±8x.

éB′ ⊂ B, p ∈ X −∪B′, �

U
′ = {U ∈ U : �3 U ∩Dþ�ÀJ¼ê ϕ, ¦ B(U,ϕ) ∈ B

′}.

du U ⊂ B(U, ϕ), ¤± p ∈ X − ∪U ′ ∈ τ , u´�3 k ∈ N, ¦ p /∈ g(k,∪U ′).

� H = X − g(k,∪U ′). @o p ∈ H ∈ τ . é U ∈ U ′, n > k 9 x ∈ U ∩Dn, k

ϕ(x) ⊂ ∪Vx ⊂ g(n, x) ⊂ g(k,∪U ′) ⊂ X −H, l
é B(U, ϕ) ∈ B′, k

B(U, ϕ) ∩H = ∪{ϕ(x) : x ∈ U ∩ (∪{Dn : n < k})} ∩H.

Ï� {Gx : x ∈
⋃

n<k Dn}, Vx ©O´ÛÜk�8xÚ4��±8x,�∪Vx ⊂ Gx,

¤±

V = ∪{Vx : x ∈ Dn, n < k}

´4��±8x, u´ {ϕ(x) : x ∈ U ∩ (
⋃

n<k Dn), B(U,ϕ) ∈ B′} ´4��±�,

Ïd p /∈ ∪B′. � ∪B′ ´X �48.

d (8.1) Ú (8.2), B◦ ´ F 3X ¥4��±�m��Ä.
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�·K 3.5.2 �q, keã½n.

½n 3.5.9[294] X ´M1 �m��=�X ´�; σ �m, ¿�X �z�4

83X ¥äk (σ) 4��±�m��Ä.

ù�½n¿©5�y²aq·K 3.5.2, 7�5�y²��(J, ´ 2004 c

Mizokami[294] �­�(J. k,��Öö��ÖMizokami ��©.

íØ 3.5.10[180] Nagata �m´¢DM1 �m.

�d, Nagata �ma ⊂ ¢D M1 �ma ⊂ P a = M1 �ma. 2000 c

Mizokami Ú Shimane[295] y²
'íØ 3.5.10�kå�(J: M3 � k �m´M1

�m. ù
�ma�Ú\Ú&?åÏuCeder �M1 �m¯K. ¦��m�?�Ú

'X±9 Ceder ¯K��ª)ûòÏLN���xù.

½n 3.5.11[159] (Heath-Junnila ½n) �X ´M3 �m.

(1) �3M1 �m Z, ¦ X Ó�u Z �4f�m.

(2) �3M1 �m Y , ¦ X ´ Y �_;N�.

y² � Z = X × S1. 8Ü Z D�eãÿÀ: X × (S1 − {0}) �:�� Z �

�á:; X × {0} ¥:���Ä��X × S1 ¥�A:3ÈÿÀe���Ä.w,,

Z ´�K�m, ¿�X Ó�u Z �4f�mX × {0}. é B ⊂ X, ½Â

B[0] = B × {0};

B[n] = B × ({0} ∪ {1/k : k > n}), n ∈ N.

e B ´X �48, @o B[n] = B[n] −B[0], u´ B[n] ´ Z ��K48.

(11.1) Z ´M1 �m.

d½n 3.5.3, X äk4[ÄB =
⋃

n∈N
Bn, Ù¥Bn ´4��±�. �

Unm = {B[m] : B ∈ Bn}, n,m ∈ N;

Vn = {{(x, 1/n)} : x ∈ X}.

K Unm ´ Z �4��±��K48x, Vn ´ Z �lÑm48x, l


(
⋃

n,m∈N
Unm) ∪ (

⋃
n∈N

Vn) ´ Z � σ 4��±��K4[Ä. d·K 1.3.11,

Z ´M1 �m.

dÚn 3.5.7, X �3È8D =
⋃

n∈N
Dn, Ù¥ Dn ´ X �4lÑf�m�

Dn ⊂ Dn+1, ÷vé B ∈ B, B ∩D ´ B �È8. ½Â

Y = X[0] ∪ (∪{Dn × {1/n} : n ∈ N}).

(11.2) Y ´M1 �m.

ky²: é B ∈ B, clY ((B[n] −B[0]) ∩ Y ) = B[n] ∩ Y . ¯¢þ, w,,

clY ((B[n] −B[0]) ∩ Y ) ⊂ B[n] −B[0] ∩ Y = B[n] ∩ Y.

e x ∈ B, �W ´ x 3 X ���, é k > n, du B ∩D Èu B, �3m > k Ú

x′ ∈ B ∩W ∩Dm, @o (x′, 1/m) ∈W [k] ∩ ((B[n] −B[0]) ∩ Y ), Ï
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B[n] ∩ Y ⊂ clY ((B[n] −B[0]) ∩ Y ).

ùL² B[n] ∩ Y ´ Y ��K48, l
 (
⋃

n,m∈N
Unm|Y ) ∪ (

⋃
n∈N

Vn|Y ) ´ Y �

σ 4��±��K4[Ä.� Y ´M1 �m.

(11.3) X ´ Y �_;N�.

� f = π1|Y : Y → X. w,, f ´;N�. é Y �48 F , e x ∈ X − f(F ),

@o (x, 0) /∈ F , u´�3 x �m�� V Ú m ∈ N, ¦ V [m] ∩ F = ∅. é

n < m, du x /∈ f(F ∩ (X × {1/n})) ⊂ Dn, ¤±�3 x �m�� Vn, ¦

Vn ∩ f(F ∩ (X × {1/n})) = ∅. - U = V ∩ (
⋂

n<m Vn). @o x ∈ U ∈ τ(X) �

U ∩ f(F ) = ∅, l
 f(F ) ∈ τ c(X). � f ´4N�, Ïd f ´_;N�.

3Mizokami �vky²½n 3.5.9 �c, Itō[180] y²
½n 3.5.11 ¥��m

Z Ú Y ÑáuaP.

íØ 3.5.12[159] eã^��d:

(1) M3 �ma =M1 �ma;

(2) M1 �mäk4¢D5�;

(3) M1 �m'u4N�µ4;

(4) M1 �m'u_;N�µ4.

dd, Ceder ¯K8(�M1 �m�N�5�. e¡0�M1 �m�N�½n.

½Â 3.5.13 �N� f : X → Y .

(1) f ¡�Ø��N� [101], eéX �ý4f8 F , f(F ) 6= Y .

(2) f ¡�[mN�,eéX ���m8 U , f(U )◦ 6= ∅.

w,, mN�´[mN�.

·K 3.5.14[195] Ø����mN�´[mN�.

y² � f : X → Y ´Ø����mN�. é U ∈ τ(X) − {∅}, du f �Ø

��5,�3 y ∈ Y − f(X−U ),= f−1(y) ⊂ U ,u´ y ∈ f(U )◦, ¤± f(U )◦ 6= ∅.

� f ´[mN�.

Ún 3.5.15[195] � f : X → Y ´[m�4N�. eB ´ X �4��±�

m8x, K f(B)◦ ´ Y �4��±8x.

y² é B′ ⊂ B, e y ∈ ∪f(B′)◦, @o y ∈ f(∪B′), u´�3 B ∈ B′,

¦ f−1(y) ∩ B 6= ∅. e y ∈ V ∈ τ(Y ), @o f−1(V ) ∩ B 6= ∅, u´ ∅ 6=

f(f−1(V )∩B)◦ = V ∩ f(B)◦, ¤± y ∈ f(B)◦. Ïd f(B)◦ ´ Y �4��±8x.

½n 3.5.16 [m�4N��±M1 �m.

y² � f : X → Y ´[m�4N�,Ù¥ X ´M1 �m. d½n 3.5.5, Y

´M3 �m. é y ∈ Y , d½n 3.5.9, f−1(y) 3X ¥äk4��±�m��ÄB,
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qdÚn 3.5.15, f(B)◦ ´ y �4��±ÛÜÄ.2d½n 3.5.8 Ú 3.5.9, Y ´M1

�m.

d·K 3.5.14, keãíØ, §£�
��²;¯K [321, 322].

íØ 3.5.17 Ø���4N��±M1 �m.

·K 3.5.18 e A ´M1 �mX �4f�m, KX/A ´M1 �m.

y² 4 q : X → X/A ´g,ûN�. K q ´4N�,u´X/A ´M3 �m.

d½n 3.5.9, X/A �z�:äk4��±�ÛÜÄ,l
X/A ´M1 �m.

�d, 3.5.1¥�¯K (2) – (4)Ú (7), (8)�£�´�½�,¯K (1), (5)Ú (6)

´�p�d�. 'uM1 �mN�5��­�¤J´eã Itō[179] �½n. �u�

Ì, Ø3ùpQã¦�y².

½n 3.5.19[179] 4N��±¢DM1 �m.

íØ 3.5.20[353] Lašnev �m´¢DM1 �m.

¯K 3.5.21[254] � X ´ Fréchet ���m. eX äk:�ê k �, X ´Ä

´ Lašnev �m?

~ 3.5.22 Mi �ma.

(1) ¢DM1 �m; k �m, XMichael �m (~ 1.8.8).

(2) Nagata �m; Lašnev �m, XR/�m (~ 1.8.3).

(3) üN�5�m; M3 �m, X Sorgenfrey �� (~ 1.8.9).

3.6 � Ð � m

dÝþz½n�CX�/ªÚÑ
�Ð�m, |^CX��±½Â½�x�

�a�2ÂÝþ�m,XM �m, w∆ �m, p �m, î� p �m�. 31 2 Ù®²

w�§�éïÄÝþ�m��^. �!�8�´�Ñ��Ð�mk'��
2Â

Ýþ�m��xÚN�½n. AO/, �[Øy
ôÅr [185] ½n: î� p �m´

gæ;�m. ù�½n)û
��ÿÀÆ¶[�Ï�U£��²;JK.

½n 3.6.1[185] (ôÅr½n) äkî� p S���m´gæ;�m.

y² � {Un} ´�m X �î� p S�, Ù¥ Un+1 \[ Un. 2� U =

{Uα}α<γ ´X �ûSmCX,Ù¥� α < β < γ �, Uα ⊂ Uβ . é x ∈ X, ½Â

Cx =
⋂

n∈N
st(x,Un),

α(x) = min{α < γ : x ∈ Uα},

β(x) = min{β < γ : Cx ⊂ Uβ},

n(x) = min{n ∈ N : st(x,Un) ⊂ Uβ(x)}.

é n ∈ N, �½Unx ∈ (Un)<ω
x , ¦ Cx ⊂ ∪Unx. P
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Unx = (∩Unx) ∩ Uα(x).

y3, 'um ∈ N, 8B�EX �mCX��êxRm, ¦
⋃

m∈N
Rm ´ U

� θ m\[S�. �{'å�, �½:

(i) e f ´l N �f8� N S�¼ê, é n ∈ N − {1}, f|n = f|{1,2,···,n−1}.

(ii) eP ´ X �f8x, é n ∈ N,Pn = {P ′ ⊂ P : |P ′| = n}.

-R1 = {U }. b�é�½�m ∈ N,Rm ´X �mCX��êx. é n ∈ N,

-

F1 = ∅;

Fn = {f : f ´ {1, 2, · · · , n− 1}� NS�¼ê }, n > 1;

F =
⋃

n∈N
Fn.

�½H ∈ Rm. e¡é f ∈ F , 8B½ÂX �m8xU (H , f).

Äk,�U (H ,∅) = ∅. � f ∈ Fn+1,¿�®½Â
X �m8xU (H , f|n).

é V ∈ H n+1, �

U (V , f) = ∪{Uf(n)y : V = (H )y, y /∈ ∪U (H , f|n)},

U (H , f) = U (H , f|n) ∪ {U (V , f) : V ∈ H n+1}.

2�

Am = {A ⊂ Rm × F : |A| < ℵ0},

Bm = Am × N × N.

éA ∈ Am,-H (A) = ∪{U (H , f) : (H , f) ∈ A}. éB ∈ Bm,PB = (A, i, j),

-

H (B) = {H(B, β)}β<γ,

Ù¥

H(B, β) = ∪{Ujy : y /∈ ∪H (A), n(y) 6 i, β(y) = β}.

é E ∈ (Am ∪ Bm)<ω, k ∈ N, -

H (E ) = ∪{H (E) : E ∈ E },

Hk(E ) = H (E ) ∪ {Uα ∩ U : α < γ,U ∈ Uk � U 6⊂ ∪H (E )}.

,�, ½Â

Rm+1 = Rm ∪ {Hk(E ) : k ∈ N,E ∈ (Am ∪ Bm)<ω}.

K

(1.1) �êxRm+1 �z��´U �m\[.

d Hk(E ) �½Â, Rm+1 �z��´ X �mCX. é H ∈ Rm, � n ∈

N, f ∈ Fn+1 � V ∈ H n+1. K�3 α < γ, ¦ ∩V ⊂ Uα, u´ U (V , f) ⊂ Uα. é

B ∈ Bm, β < γ, kH(B, β) ⊂ Uβ. Ï
Hk(E ) \[U .
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-R =
⋃

m∈N
Rm.

(1.2) é x ∈ X,H ∈ R, �3¼ê f : N → N, ÷vé n ∈ N, x =áu

U (H , f|n) ¥k���.

^8B{½Â f . � f|1 = ∅. é n ∈ N, e®½Â
 f|n ÷v�¦. é i ∈ N,

� fi ∈ Fn+1, ¦ fi|n = f|n � fi(n) = i. XJ�3 H n+1 �dpØ�Ó�|

¤�f8 {Vi}i∈N, ¦ x ∈ U (Vi, fi), d ∆ XÚn [209], �3 N �Ã�8 J 9

∆ ⊂ H , ¦é i 6= j ∈ J , k Vi

⋂
Vj = ∆. é i ∈ J , �3 xi /∈ ∪U (H , f|n), ÷

vVi = (H )xi
� xi ∈ Uixi

. u´ xi ∈ st(x,Ui), l
S� {xi} kà: p ∈ X, @

o p ∈ Cx. - V = (H )p. e |V | > n+ 2, 4 V ′ ´ V �¹ n+ 2 ���f8,@

ok i ∈ J , ¦ xi ∈ ∩V ′, l
 V ′ ⊂ Vi, gñ. Ïd, |V | 6 n+ 1. � i 6= j ∈ J , ÷

v xi, xj ∈ ∩V . K V ⊂ Vi ∩Vj, u´ |V | 6 n, Ï
 p ∈ ∪U (H , f|n), �k k ∈ J ,

¦ xk ∈ ∪U (H , f|n), gñ.

é x ∈ X, i ∈ N, ½Â

Sx = {y ∈ X : α(x) 6 α(y) 6 β(y) < β(x)},

Xi = {y ∈ X : n(y) 6 i}.

K

(1.3) Sx ∩Xi ⊂ Sx.

� z ∈ Sx ∩Xi. @oé y ∈ Sx, k α(y) > α(x), Ïd α(z) > α(x). X

J β(z) > β(x), � y ∈ Uiz ∩ Sx ∩ Xi, @o β(y) < β(x) � n(y) 6 i, l


st(y,Ui) ⊂ Uβ(x). d Cz �;5, À� p ∈ Cz, ¦ α(p) = β(z). �½ U ∈ Uiz, K

p ∈ U ⊂ st(y,Ui) ⊂ Uβ(y), Ï
 α(p) 6 β(y) < β(x) 6 β(z) = α(p), gñ. �

β(z) < β(x), ¤± z ∈ Sx.

e¡=\y²R ´ X � θ S�. eØ,, ½Â

Y = {y ∈ X : �3H ∈ R ¦ |(H )y| < ℵ0}.

K X − Y 6= ∅, u´�3 x ∈ X − Y , ¦ β(x) = min{β(z) : z ∈ X − Y }. d

d, é y ∈ Sx, 7�3 n ∈ N,H ∈ R, ¦ |(H )y| = n. éù� x 9 H , �3

÷v (1.2) �¼ê f . ù� y ∈ ∪U (H , f|n), � x =áu U (H , f|n) ¥k��

�. é i ∈ N, X �;8 Cx ∩ Sx ∩Xi ⊂ Sx, dþ¤ã, �3 mi, hi ∈ N ±9

{Hk : k 6 hi} ⊂ Rmi
, {fk : k 6 hi} ⊂ F , ¦

⋃
k6hi

U (Hk, fk) CX Cx ∩ Sx ∩Xi

�=k���¹ x. - Ai = {(Hk, fk) : k 6 hi}. @o

(1.4) �3 ji ∈ N, ¦H (Bi) ¥=k���¹ x, Ù¥ Bi = (Ai, i, ji).

ÄK, é j ∈ N, �3 βj < γ, xj /∈ ∪H (Ai), ÷v βj < βj+1, β(xj) = βj , x ∈

Ujxj
� n(xj) 6 i. l
 xj ∈ st(x,Uj), Ïd {xj} 3 Cx ¥kà: z. ��¡,

x ∈ Ujxj
⊂ Uα(xj), ¤± α(xj) > α(x). ,��¡, XJ β(xj) > β(x), À�
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m > j+n(x),@o β(xm) > β(xj) > β(x),u´�3U ∈ Umxm
,¦ U 6⊂ Uβ(x). ,


 n(x) < m� x ∈ U ∈ Um, Ïd U ⊂ st(x,Um) ⊂ Uβ(x), gñ. � β(xj) < β(x).

dd, xj ∈ Sx ∩ Xi. l
 z ∈ Cx ∩ Sx ∩Xi ⊂ ∪H (Ai), ¤±�3 k ∈ N, ¦

xk ∈ ∪H (Ai), gñ.

5¿�, e y ∈ Cx � i > n(y), K y ∈ ∪(H (Ai)∪H (Bi)). d Cx �;5,�

3 I ∈ N<ω, ¦
⋃

i∈I(H (Ai) ∪ H (Bi)) CX Cx �=k���¹ x. -

m = max{mi : i ∈ I},

E = {Ai : i ∈ I} ∪ {Bi : i ∈ I}.

K H (E ) CX Cx �=k���¹ x. � k ∈ N, ¦ st(x,Uk) ⊂ ∪H (E ). K

Hk(E ) ∈ Rm+1 � |(Hk(E ))x| < ℵ0, gñ. �R ´ X � θ S�.

nþ¤ã, X �?�ûSmCX�3 θ m\[S�, � X ´gæ;�m (�

N¹ A ½n 4.8).

|^þã½n�y²E|, Kemoto Ú Yajima[201] y²
 β �m´gæ;�

m��=�§�?�ûSmCXk σ 4��±�4\[; Ó��E~f`²�3

�gæ;��5 ortho ;�m, ¦Ù?�ûSmCXk4��±�4\[. ùp�

93CX5�nØïÄ¥� Junnila-Katuta ¯K [189, 199].

íØ 3.6.2 eã^��d:

(1) X ´�Ð�m;

(2) X ´äkî� p S�Ú:�ê p-k ���m [376];

(3) X ´äkî� p S�Ú Gδ é����m
[207].

y² díØ 3.1.4 � (1) ⇒ (2). d½n 3.1.8 � (8.1) Ú½n 3.6.1 � (2) ⇒

(3). 2d½n 3.6.1, ·K 1.5.18 Ú½n 1.7.7 � (3) ⇒ (1).

íØ 3.6.3 é�K�mX, eã^��d:

(1) X äkî� p S�;

(2) X ´r Σ♯ � w∆ �m [189];

(3) X ´gæ;� w∆ �m;

(4) X ´äk p S��gæ;�m.

y² d½n 3.2.6 Ú 2.2.18, �Ly (1) ⇒ (2). � {Un} ´ X �î� p S

�. é n ∈ N, dX �gæ;5, X �3 σ 4��±�4CXFn, ¦é x ∈ X, k

F ∈ Fn ÷v x ∈ F ⊂ st(x,Un) (�N¹ A ½n 4.8). -

F = {∩F ′ : F ′ ∈ (
⋃

n∈N
Fn)<ω}.

KF ´X � σ 4��±48x. é x ∈ X, �

Kx = ∩(F )x,
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Cx =
⋂

n∈N
st(x,Un).

@o x ∈ Kx ⊂ Cx, u´ Kx ∈ K (X). e Kx ⊂ U ∈ τ , @o {U} ∪ {X − F :

F ∈ (F )x} ´ X �mCX, u´�3F ′ ∈ (F )<ω
x , ¦ Cx ⊂ U ∪ (X − ∩F ′), l


�3 n ∈ N, ¦ st(x,Un) ⊂ U ∪ (X − ∩F ′). � F ∈ Fn, ¦ x ∈ F ⊂ st(x,Un).

- F ′′ = F ′ ∪ {F}. @o ∩F ′′ ∈ F � Kx ⊂ ∩F ′′ ⊂ U . Ïd F ´ X �'u

{Kx : x ∈ X} � (modk) �. �X ´r Σ♯ �m.

é�®3 1.5 !^u�x���m, e¡^é�?�Ú£ã�Ð�m. �
B

u¦^é��Vg,�½: �P ´ X �8éx, é P ∈ P, P ′, P ′′ ©OL«Sé

P �1��©þÚ1��©þ. P

P ′ = {P ′ : P ∈ P};

P ′′ = {P ′′ : P ∈ P};

st(x,P) = ∪{P ′′ : P ∈ P, x ∈ P ′}, x ∈ X;

st(A,P) = ∪{P ′′ : P ∈ P, A ∩ P ′ 6= ∅}, A ⊂ X.

éP �f8R1, · · · ,Rn, P

R1 ∧ · · · ∧ Rn = {(
⋂

i6n P
′
i ,

⋂
i6n P

′′
i ) : Pi ∈ Ri, i 6 n}.

½n 3.6.4[70] eã^��d:

(1) X ´�Ð�m

(2) X �3é�
⋃

n∈N
Pn, ÷v

(i) P ′
n ´ X �ÛÜk�48x, P ′′

n ´X �m8x;

(ii) e X �;8K ⊂ U ∈ τ , K�3m ∈ N, ¦ K ⊂ st(K,Pm) ⊂ U .

(3) X �3é�
⋃

n∈N
Pn, ÷v

(i) P ′
n ´ X �ÛÜk�48x;

(ii) e x ∈ U ∈ τ , K�3m ∈ N, ¦ x ∈ st(x,Pm)◦ ⊂ U .

y² (1) ⇒ (2). � {Un} ´�mX �Ðm, ¿�Un+1 \[ Un. é n ∈ N,

P Un = {Uα}α∈Λn
. d X �g�;5, Un �34\[Fn =

⋃
k∈N

Fnk, Ù¥

Fnk = {Fαk}α∈Λn
´ X �lÑ8x� Fαk ⊂ Uα. -

Pnk = {(Fαk, Uα)}α∈Λn
.

@o
⋃

n,k∈N
Pnk ´X �é�. é N �k�S� {k1, · · · , kn}, ½Â

H (k1, · · · , kn) = ∧{Piki
: i 6 n}.

éX �;8K ⊂ U ∈ τ , e x ∈ K, � N �S� {ki}, ¦ x ∈ ∪Fiki
. é n ∈ N, ½

Â

An = ∪{H ′ : H ∈ H (k1, · · · , kn), H ′ ∩K 6= ∅, H ′′ 6⊂ U}.

K {An} ´ X �4~�48�, u´�3 m ∈ N, ¦ Am = ∅. ÄK, �3

y ∈ K ∩ (
⋂

n∈N
An) ±9 j ∈ N, ¦ st(y,Uj) ⊂ U , l




· 156 · 1nÙ 2ÂÝþ�ma

st(y,H (k1, · · · , kj)) ⊂ st(y,Uj) ⊂ U.

ù� Aj �½Âgñ. Ïd x ∈ st(K,H (k1, · · · , km)) ⊂ U . d K �;5,

∪{H (k1, · · · , kn) : ki ∈ N, i 6 n ∈ N} ÷v (2) ��¦.

(2) ⇒ (3) ´w,�. e¡y² (3) ⇒ (1). �X �é�
⋃

n∈N
Pn ÷v (3) �

�¦. é n, k ∈ N, -

φnk = {F ⊂ P
′
n : |F | = k}.

éF ∈ φnk, -

U (F ) = int(∪{P ′′ : P ∈ Pn, P
′ ∈ F}) −∪(P ′

n − F ),

Unk = {U (F ) : F ∈ φnk}.

K {Unk}´X �[Ðm. ¯¢þ,é x ∈ U ∈ τ ,�3m ∈ N,¦ x ∈ st(x,Pm)◦ ⊂

U . �

F = {P ′ : P ∈ Pm, x ∈ P ′}, k = |F |.

@o F ∈ φmk, u´ x ∈ U (F ) ⊂ st(x,Pm)◦ ⊂ U . XJ E ∈ φmk − {F}, K

x ∈ ∪(P ′
m − E ), l
 x /∈ U (E ). ù`² U (F ) ´ Umk ¥��¹ x ��, Ïd

x ∈ st(x,Umk) ⊂ U . � X ´[�Ð�m. 

⋃

n∈N
P ′

n ´ X � σ ÛÜk�4�,

¤±X ´ perfect �m. d½n 1.2.10, X ´�Ð�m.

íØ 3.6.5[246] X ´�Ð�m��=�X �3é�
⋃

n∈N
Pn, ÷v

(i) P ′
n ´ X �¢D4��±48x;

(ii) e x ∈ U ∈ τ , K�3m ∈ N, ¦ x ∈ st(x,Pm)◦ ⊂ U .

y² �Ly¿©5. � X �é�
⋃

n∈N
Pn ÷v^� (i) Ú (ii). d (ii), X

´1��ê�m. é n ∈ N, -

Rn = {(P ′ −Dn, P
′′) : P ∈ Pn} ∪ {({x}, st(x,Pn)) : x ∈ Dn},

Ù¥ Dn = {x ∈ X : |(P ′
n)x| > ℵ0}. dÚn 3.2.16, R′

n ´ X �ÛÜk�48x,

¿�é x ∈ X, st(x,Rn) = st(x,Pn), u´X �é�
⋃

n∈N
Rn ÷v½n 3.6.4(3),

� X ´�Ð�m.

¯K 3.6.6[293] ^ σ ¢D4��±�é��x�Ð�m�4N�.

e¡?Ø3 §2.10 ¥0��æ;�Ð�m��\�5�. e½Â 3.3.3 �÷v

(G) Ú�� (G) �xW ´X �m8x, K W ©O¡�m (G) Úm�� (G).

½n 3.6.7[297] æ Lindelöf ��Ð�m�du÷vm (G) ����m.

y² � X ´æ Lindelöf ��Ð�m. �3 X �:�êÐm {Vn}, ¦ Vn+1

\[ Vn. -

Wx =
⋃

n∈N
(Vn)x, x ∈ X;



3.6 �Ð�m · 157 ·

W = {Wx : x ∈ X}.

K W ÷vm (G). ¯¢þ, � x ∈ U ∈ τ . K�3 n ∈ N, ¦ st(x,Vn) ⊂ U . �½

V ∈ (Vn)x. e y ∈ V , K V ∈ Wy � x ∈ V ⊂ U .

��,�W = {Wx : x ∈ X}´���mX �m (G),Ù¥Wx = {W (n, x)}n∈N.

dÚn 3.3.4, X ´æ Lindelöf �m. 4 g ´ X ���¼ê. é n ∈ N, X �m

CX {g(n, x) : x ∈ X} �3:�ê�m\[ Un. é U ∈ Un, �3 xU ∈ X, ¦

U ⊂ g(n, xU). �

Bnm = {U ∩W (m,xU ) : U ∈ Un},m ∈ N;

B =
⋃

n,m∈N
Bnm.

K B ´ X �:�êm8x. é x ∈ O ∈ τ , �½ Un ∈ (Un)x (∀n ∈ N), P

xn = xUn
. K x ∈ g(n, xn), u´S� xn → x, ¤±�3 i,m ∈ N, ¦ xi ∈

V (x,O), x ∈ W (m,xi), l
 x ∈ Ui ∩W (m,xi) ⊂ O. �B ´ X �:�êÄ. d

íØ 1.4.5 Ú½n 1.2.11, X ´�Ð�m.

¯K 3.6.8[91] ÷vm (G) ��m´Ääk:�êÄ?

�m�� (G) �'�´��Ä�Vg.

½Â 3.6.9[2] �mX �ÄB ¡����, e x ∈ X, XJB′ ´ (B)x ��

êÃ�f8, KB′ ´ x 3X ¥�ÛÜÄ.

½n 3.6.10 eã^��d:

(1) X ´æ;�Ð�m;

(2) X äk��Ä [151];

(3) X ÷vm�� (G)[297].

y² (1) ⇒ (2). � X ´æ;�Ð�m. �3 X �:k�Ðm {Bn}, ¦

Bn+1 \[ Bn. - B =
⋃

n∈N
Bn. K B ´ X �Ä. e x ∈ U ∈ τ � B′ ´

(B)x ��êÃ�8, �3m ∈ N, ¦ st(x,Bm) ⊂ U . d:k�5, �3 n > m Ú

B ∈ B′ ∧ Bn, K B ⊂ st(x,Bm) ⊂ O. �X äk��Ä.

(2) ⇒ (3). � B ´ X ���Ä. e B ´:�ê�, ´�y, W = {(B)x :

x ∈ X} ´ X �m�� (G). e�3, (B)x ´Ø�ê�, XJ z ∈ X − {x}, K

{B ∈ (B)x : z ∈ B} ´k�8, ¤±�3 (B)x �Ã�8 {Bn}n∈N, xn ∈ Bn − {x}

Ú k ∈ N, ¦ xn Táu (B)x � k ��. K xn → x. Ï� B ´ X �Ä, �3

(B)x �f� {B′
i} Ú {xn} �f� {xni

}, ¦� i ∈ N �, {xnj
: j > i} ⊂ B′

i ⊂

X − {xnj
: j < i}, K xni

��áu (B)x � i ��, gñ.

(3) ⇒ (1). dÚn 3.3.6, ½n 3.6.7 ÚÚn 3.3.4, ÷vm�� (G) ��m´æ

;�Ð�m.

íØ 3.6.11 äk��Ä5�´�\5,¢D5Ú�ê�È5.
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�!1�Ü©, ?Ø w∆ �m, �Ð�m±9��Ä�m�N�5�.

½n 3.6.12[397] � f : X → Y ´4N�,Ù¥X ´�Ð�m (äk��Ä).

eeã^���¤á,K Y ´�Ð�m (äk��Ä).

(1) f ´;N�.

(2) X ´�K�m, Y ´1��ê�m.

y² (1) f ´_;N�. �
⋃

n∈N
Pn ´ X �÷v½n 3.6.4(2) �é�. é

n ∈ N, -

Rn = {(f(P ′), f(P ′′)) : P ∈ Pn}.

@o
⋃

n∈N
Rn ´ Y �÷v½n 3.6.4(3) �é�, Ï
 Y ´�Ð�m.

(2) d½n 3.3.12, �3 Y � σ 4lÑf�m Z, ¦� y ∈ Y − Z �, f−1(y)

´ X �;8. P Z =
⋃

n∈N
Zn, Ù¥ Zn ´ Y �4lÑf�m. é y ∈ Z, � y 3

Y ��êÛÜÄ� {U (y, n)}n∈N. 4
⋃

n∈N
Pn ´ X �÷v½n 3.6.4(2) �é�.

é n, j ∈ N, �

Rn = {(f(P ′), f(P ′′)) : P ∈ Pn},Hnj = {({y}, U (y, j)) : y ∈ Zn}.

@o (
⋃

n∈N
Rn)∪(

⋃
n,j∈N

Hnj)´ Y �÷víØ 3.6.5(i)�é�. � y ∈ U ∈ τ(Y ).

XJ y ∈ Z, @o�3 n, j ∈ N, ¦ y ∈ Zn � U (y, j) ⊂ U , u´ y ∈ st(y,Hnj)
◦ ⊂

U (y, j) ⊂ U . XJ y ∈ Y − Z, @o f−1(y) ´ X �;8, u´�3 m ∈ N, ¦

f−1(y) ⊂ st(f−1(y),Pm) ⊂ f−1(U ), l
 y ∈ st(y,Rm)◦ ⊂ st(y,Rm) ⊂ U . Ïd

(
⋃

n∈N
Rn) ∪ (

⋃
n,j∈N

Hnj) ÷víØ 3.6.5(ii). � Y ´�Ð�m.

d½n 3.6.10, é��Ä��/,(ØE,�(.

¯K 3.6.13[71] _;N�´Ä�±w∆ �m?

·K 3.6.14[71] w∆ �m�_�ê;_�´w∆ �m.

y² � f : X → Y ´_�ê;N�, Ù¥ Y ´ w∆ �m. 4 {Un}

´ Y � w∆ S�. é X �: x 9S� {xn}, e xn ∈ st(x, f−1(Un)), @o

f(xn) ∈ st(f(x),Un), u´S� {f(xn)} kà:. Ï� f ´_�ê;N�, ¤±

{xn} kà:. � {f−1(Un)} ´ X � w∆ S�, ÏdX ´ w∆ �m.

d·K 3.6.14, 3.3.16, ½n 1.7.7 Ú 3.6.10 �eãíØ.

íØ 3.6.15[36, 267] � f : X → Y ´_;N�, Ù¥ X äk Gδ é��. e

Y ´�Ð�m (äk��Ä), K X ´�Ð�m (äk��Ä).

¦+Moore �m÷v;.©)½n, �éî� p �m, §´Ä÷v;.©)

½n�´��ÿ�)û�¯K.

¯K 3.6.16[84] Moore �m�_;_�´Ä÷v;.©)½n?

~ 3.6.17 �Ð�ma.
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(1) î� p 5� 6⇒ g�;5, X~ 1.8.10 ¥��mX.

(2) ÛÜ;, [�Ð5 6⇒ β �m5�, X~ 1.8.4(6) ¥��m ψ(D).

(3) Burke[68] �E~f: ÛÜ;, äk Gδ é�� 6⇒ w∆�m.

(4) Alster, Burke Ú Davis[11] 3 CH e�E~f: ÛÜ;, äk Gδ é��,

w∆ �m 6⇒ î� p �m.

(5) Good, Knight ÚMohamad[138]�E~f: ���K, �;, äk sharp Ä

6⇒ G∗
δ é��, Ù¥�m X �ÄB ¡� sharp, XJé x ∈ X 9 (B)x �pØ�

Ó�|¤�S� {Bn}, {
⋂

i6nBi}n∈N ´ x �ÛÜÄ. ��Ä⇒ sharp Ä⇒ ä Gδ

é��Ú:�êÄ.

~ 3.6.18 �Ð�ma�N�.

(1) �3ÛÜ;, �Ð�mX Ú4N� f : X → Y , ¦ Y ´1��ê�m, �

f Ø´>�;N�.

é~ 2.6.6 ½Â�4N� f : ψ(N) → S1. ∂f
−1(0) = ψ(N) − N Ø´ ψ(N) �

;8. ù`²½n 3.6.12(2) Ø��Ýþ�m��/ÏL>�;N���.

(2) _;N�Ø�±�Ð�m�_;_� [83]: �3ÛÜ;, �Ð�m S ±9

_;N� g : X → S Ú f : X → Y , ¦ Y Ø´?Ûäk:Gδ 5� (Ï
�Ð�

m) �_;_�.

� S ´ Isbell-Mrówka �m ψ(N) (~ 1.8.4). ù� N ´ S �È8, A ´ S �

Ø�êlÑ8. � A �Äê� ℵ1 �f�m, P� ω1. 4 Z = ω1 ∪ {z} ´lÑ�

m ω1 ��:;z. � X = S × Z. - g = π1 : X → S. @o g ´_;N�. é

α ∈ ω1, òX �zü: (α, α) � (α+ 1, z) b¤�:, ���û�mP� Y . 24

f : X → Y ´g,ûN�. K f ´_;N�.

b��3_;N� h : Y → T , Ù¥ T äk: Gδ 5�. é n ∈ N, P

fn = h ◦ f|{n}×Z : {n} × Z → h({n} × Z), t(n, z) = h(n, z). du {t(n, z)} ´

T � Gδ 8, u´ {n} × Z − f−1
n (t(n, z)) ´�ê8, l
�3 βn ∈ ω1, ¦�

βn 6 α < ω1 �, fn(n,α) = t(n, z). Ïd, �3 β ∈ ω1, ¦� β 6 α < ω1, n ∈ N

�, fn(n,α) = t(n, z), = h(n, α) = h(n, z). é k ∈ N, - yk = f(β + k, z). é

α = β + k, �3 N �S� {ni}, ¦ ni → α, @o3 X ¥ (ni, α) → (α, α), l
3

T ¥ h(ni, α) → hf(α, α) = hf(α + 1, z) = yk+1. ,��¡, h(ni, α) = h(ni, z),

¤± h(ni, α) → hf(α, z) = yk, Ï
 h−1h(y1) ¹Ã�4lÑ8 {yk : k ∈ N}, ù�

h �_;5�gñ. � Y Ø´?Ûäk:Gδ 5��_;_�.

(3) �3[�Ð� p �mX Ø÷v;.©)½n [82].

� Y ´ Isbell-Mrówka�m ψ(D), Ù¥ |D| > ℵ1 (~ 1.8.4). �X = Y ×S1−

(D × {0}). 4 f = π1|X : X → Y . K f ´4N�. é y ∈ D, f−1(y) Ø´X �;
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8, ¿� D Ø´ Y � σ 4lÑf�m (Y �¹uD S�48´k�8),� X Ø

÷v;.©)½n.

Ï� Y � S1 Ñ´[�Ð�m, ¤± X ´[�Ð. æ^~ 1.8.4 �PÒ, é

n ∈ N, -

Un = {{Aα} ∪ {x(α,m) : m > n} : α ∈ Λ} ∪ {{x} : x ∈ En},

Ù¥

En = D − {x(α,m) : α ∈ Λ,m > n}.

K {Un} ´ Y � p S�. 2-

Vn = {X ∩ (U × ({0} ∪ {1/m : m > n})) : U ∈ Un}

∪(
⋃

m∈N
{U × {1/m} : U ∈ Un}).

K {Vn} ´ X � p S�. �X ´ p �m

(4) _;N�Ø�± p �m5� [82].

UY (3) ¥��E. é z ∈ Y − D, ò X �f8 {z} × S1 b¤�:/¤�û

�mP�H. 4 f : X → H ´g,ûN�. K f ´_;N�. e H ´ p �m, �

{Wn}´H � pS�. é z ∈ Y −D, n ∈ N,�3 U (n, z) ∈ τ(Y )ÚW (n, z) ∈ Wn,

¦ {z} × S1 ⊂ X ∩ (U (n, z) × S1) ⊂ f−1(W (n, z)). Ï� Y − D Ø´ Y � Gδ

8, u´�3 d ∈ D ∩ (
⋂

n∈N
(
⋃

z∈Y −D U (n, z))), l
�3 Y −D �S� {zn}, ¦

d ∈
⋂

n∈N
U (n, zn). Ïd {d}× (S1 −{0}) ⊂

⋂
n∈N

W (n, zn), ¤± {d}× (S1 −{0})

´ H �;8, gñ. �H Ø´ p �m.

k�����mN��7�±�Ð�m [382]. eã¯Kÿ�)û.

¯K 3.6.19[382] Moore �m�k�����mN�´Ä´�Ð�m?

3.7 M � m

�!lü^å»?ØM �m½�;M �m�5�. Ù�, ��Ýþ�m�

_;_���;M �m´ÄkaquNagata-Smirnov Ýþz½n�A�? 0�

Michael[282] Ú?� (modk) Ä�Vg9Michael-Lutzer �½n, ?Ø
T½n�

A«í2, ��
� Burke-Engelking-Lutzer Ýþz½n�²1��;M �m�

�x. Ù�, �AuM �m¥� w∆ ^�, &?äk÷v w∆ ^��ÛÜk�,½

4��±4CX���m,�ÑMorita-Rishel �½n: M �m�_;N�TÐ´

M∗ �m.

½Â 3.7.1[282] �mX �8xP ¡�X � (modk) Ä ([ (modk) Ä), X

JP ´ X �m (modk) � (m[ (modk) �). äk σ ÛÜk� (modk) Ä ([

(modk) Ä) ��K�m¡� (modk) �Ýþ�m ([ (modk) �Ýþ�m).
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½n 3.7.2[282] (Michael-Lutzer½n) X ´�; M �m��=� X ´

(modk) �Ýþ�m.

y² 7�55gNagata-Smirnov Ýþz½nÚíØ 2.2.7.

¿©5. �P ´X �'uK � σ ÛÜk� (modk) Ä.

(1) X ´�;�m.

P K = {Kα}α∈Λ. � U ´ X �mCX. é α ∈ Λ, �3 Uα ∈ U <ω, ¦

Kα ⊂ ∪Uα, u´�3 Pα ∈ P, ¦ Kα ⊂ Pα ⊂ ∪Uα. l

⋃

α∈Λ{Pα} ∧ Uα ´ U

� σ ÛÜk�m\[. d�K5, X ´�;�m.

(2) X ´ w∆ �m.

P P =
⋃

n∈N
Pn, Ù¥ Pn ´ÛÜk��, ¿�Ø�� X ∈ Pn. é

n ∈ N, P ∈ P, - Fn(P ) = ∪{Q ⊂ P : Q ∈ Pn}. K Fn(P ) ´ X �48�

Fn(P ) ⊂ P . é n, k ∈ N, 2-

Fnk = {Fn(P ) : P ∈ Pk},

Rnk = {Rnk(x) : x ∈ X},

Ù¥

Rnk(x) = ∩{P ∈ Pk : x ∈ Fn(P )} − ∪{Fn(P ) : P ∈ Pk, x /∈ Fn(P )}.

Ï� Fnk ´ X �4��±48x, � Pk ´ X �:k�m8x, ¤± x ∈

Rnk(x) ∈ τ . l
 Rnk ´ X �mCX. 5¿�, é P ∈ Pk, e x ∈ Fn(P ), K

st(x,Rnk) ⊂ P . ¯¢þ, e x ∈ Rnk(y), @o y ∈ Fn(P ), u´ Rnk(y) ⊂ P , ¤±

st(x,Rnk) ⊂ P . é i ∈ N, -

Ui = ∧{Rnk : n, k 6 i}.

 y {Ui} ´ X � w∆ S�. é X �: x 9S� {xi}, e xi ∈ st(x,Ui) � {xi}

Ãà:,� α ∈ Λ,¦ x ∈ Kα,K�3m,k ∈ NÚ P ∈ Pk,¦Kα ⊂ P ⊂ X−{xi :

i > m}. 2À� n ∈ N, Q ∈ Pn, ¦ Kα ⊂ Q ⊂ Q ⊂ P . @o x ∈ Kα ⊂ Fn(P ). �

j > max{k,m, n}. K xj ∈ st(x,Uj) ⊂ st(x,Rnk) ⊂ P ⊂ X − {xj}, gñ. � X

´ w∆ �m.

díØ 2.2.19, X ´�;M �m.

e¡=\?Ø¢D4��±8x��/.

Ún 3.7.3[234] �P ´ q �m X �¢D4��±m8x. e x ∈ Xd, K

P 3 x ´ÛÜk��.

y² -

V = X −∪{P : x /∈ P , P ∈ P}.
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K x ∈ V ∈ τ , ¿�e P ∈ (P)V , @o x ∈ P . XJ P 3 x Ø´ÛÜk

��, K�3 P �Ã�8 {Pn}n∈N, ¦ x ∈
⋂

n∈N
P n. du x ∈ Xd, u´

x ∈
⋂

n∈N
Pn − {x}. � g ´ X � q ¼ê. @o�3 X ¥�²��S� {xn}, ¦

xn ∈ (Pn − {x}) ∩ g(n, x), ù�P 9 q �5��gñ. �P 3 x ´ÛÜk�8

x.

Ún 3.7.4[234] äk σ ¢D4��±[ (modk) Ä��mäk σ ÛÜk�[

(modk) Ä.

y² �P ´�m X �'uH � σ-HCP [ (modk) Ä. ky² X ´ q

�m. é x ∈ X, � H ∈ (H )x. Ø��H /∈ τ . �P ′ = {P ∈ P : H ⊂ P}. K

P ′ ´ H 3 X ���Ä. � f : X → X/H ´g,ûN�. @o f ´_�ê;N

�, u´ f(P ′) ´ f(H) 3 X/H � σ-HCP ÛÜÄ. díØ 2.5.14, f(P ′) ´�

ê�, l
P ′ ´�ê�. PP ′ = {Pi}i∈N. @oéX �S� {xi}, e xi ∈ Pi, K

{xi} kà:. � X ´ q �m.

y3, PP =
⋃

n∈N
Pn, Ù¥Pn ´HCP �Pn ⊂ Pn+1. é n ∈ N, �

Ln = {x ∈ X : Pn3 x´ÛÜk�� }.

@o Ln+1 ⊂ Ln ∈ τ . dÚn 3.7.3, Xd ⊂ Ln, l
X − Ln ´ X �m4lÑf�

m. ½Â

Fn = Pn|Ln
∪ {{x} : x ∈ X − Ln}, n ∈ N.

@o
⋃

n∈N
Fn ´ X � σ ÛÜk�m8x. 2½Â

Z =
⋂

n∈N
Ln,

H ′ = H|Z ∪ {{x} : x ∈ X − Z}.

 y
⋃

n∈N
Fn ´ X �'uH ′ �[ (modk) Ä. ¯¢þ, é H ′ ⊂ U ∈ τ , Ù¥

H ′ ∈ H ′, Ø���3H ∈ H , ¦ H ′ = H ∩ Z, @oH ⊂ U ∪ (
⋃

n∈N
(X − Ln)),

u´�3 m ∈ N, ¦ H ⊂ U ∪ (X − Lm), l
�3 i > m Ú P ∈ Pi, ¦

H ⊂ P ⊂ U ∪ (X − Lm). ÏdH ′ ⊂ P ∩ Li ⊂ U � P ∩ Li ∈ Fi. �X äk σ Û

Ük�[ (modk) Ä.

½n 3.7.5[234] é�K�mX, eã^��d:

(1) X ´ (modk) �Ýþ�m;

(2) X äk σ lÑ (modk) Ä;

(3) X äk σ ¢D4��± (modk) Ä;

(4) X äk σ ;k� (modk) Ä.

y² d½n 3.7.2, 1.3.2 Ú·K 3.7.4, �Ly (4) ⇒ (1). �P ´ X 'u

K � σ ;k� (modk) Ä. PP =
⋃

n∈N
Pn, Ù¥Pn ´;k��. |^íØ
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1.3.4 aq��{, Pn ´ X �ÛÜk�8x. l
P ´ σ ÛÜk�� (modk)

Ä. � X ´ (modk) �Ýþ�m.

du�3Ø�Ýþ�M1 �m (�~ 1.8.8), ¤±äk σ 4��± (modk) Ä

��K�m�7´ (modk) �Ýþ�m.

�!1�Ü©, &?äk÷v w∆ ^��4CX��m�5�.

½Â 3.7.6 X ¡�M∗ �m [174] (M♯ �m [352]), e�3X �ÛÜk� (4

��±) 4CX� {Fn}, ÷v w∆ ^�. ù� {Fn} ¡� X � M∗ S� (M♯ S

�).

·K 3.7.7 eã%º'X¤á:

(1) M �m5�⇒ M∗ �m5�⇒ M♯ �m5�⇒ wM �m5� [175];

(2) M∗ �m5�⇒ Σ �m5�;

(3) M♯ �m5�⇒ Σ♯ �m5�.

y² (7.1)�X ´M�m. K�3Ýþ�m Y Ú_�ê;N� f : X → Y .

d Y ��Ð5Ú�;5, Y �3ÛÜk��4CX� {Pn} ÷v: é Y �: y 9

S� {yn}, e yn ∈ st(y,Pn), K yn → y. d f �_�ê;5, {f−1(Pn)} ´ X

�M∗ S�. l
X ´M∗ �m.

(7.2) d½Â 3.7.6, M∗ �m´M♯ �m.

(7.3) � X ´M♯ �m. 4 {Fn} ´ X �M♯ S�, Ù¥Fn+1 \[Fn. ä

ó: é k ∈ N, XJ X �: x 9S� {xn} ÷v xn ∈ stk(x,Fn), @o {xn} kà

:. é k ?18B. k = 1 ´M♯ S��^�. b½é�½� k ∈ N ·K¤á. é

X �: x 9S� {xn}, XJ xn ∈ stk+1(x,Fn), K�3X �48� {Fn} ÚS�

{yn}, ¦ xn ∈ Fn ∈ Fn � yn ∈ Fn ∩ stk(x,Fn). d8Bb�, {yn} kà: y. Ï

� {Fn} ´ X �4��±�4CX�, ¤±eP Vn = X − ∪{F ∈ Fn : y /∈ F},

@o y ∈ Vn ∈ τ . u´�3f� {yni
}, ¦ yni

∈ Vi. ù��3X �48� {Pi}, ¦

Fni
⊂ Pi ∈ Fi. du Vi ∩ Pi 6= ∅, ¤± y ∈ Pi, u´ xni

∈ st(y,Fi), l
 {xni
}

kà:. �äó¤á.

�

Un = {st(x,Fn)◦ : x ∈ X}, n ∈ N.

K {Un} ´ X �mCX�. Ï� st2(x,Un) ⊂ st4(x,Fn), däó, {Un} ´ X �

wM S�. � X ´ wM �m.

(7.4)� {Fn}´X �÷vw∆^��4CX�. ½ÂPn =
∧

i6n Fi, n ∈ N.

K {Pn} E´ X �÷v w∆ ^��4CX�. é x ∈ X, ?� X �8� {Pn},

¦ x ∈ Pn+1 ⊂ Pn ∈ Pn. - Cx =
⋂

n∈N
Pn. dÂñÚn,

⋃
n∈N

Pn ´ X �'u

{Cx : x ∈ X} �4[ (modk) �. �M∗ �m´ Σ �m, M♯ �m´ Σ♯ �m.
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¯K 3.7.8 (1) M♯ �m´Ä´M∗ �m [306]?

(2) �5 wM �m´Ä´M �m [175]?

(3) wM �m´Ä´M♯ �m?

e¡0�¯K 3.7.8 �Ü©(J.

·K 3.7.9[226] äk÷v w∆ ^��¢D4��±4CX���m´M∗ �

m.

y² � {Fn} ´X �÷v w∆ ^��HCP 4CX�. d·K 3.7.7, X ´

q �m. æ^Ún 3.2.16 �PÒ, K {R(Fn)} ´ X �ÛÜk�4CX�. du

R(Fn) \[Fn, ¤± {R(Fn)} ´ X �M∗ S�. � X ´M∗ �m.

½n 3.7.10[191, 348] eã^��d:

(1) X ´�;M �m;

(2) X ´�;M♯ �m;

(3) X ´gæ; wM �m.

y² du wM �m´ w∆ �m, �Ly÷v (2) ½ (3) ��m´�;�

m. Ï��)ä�gæ;�m´�;�m (�N¹ A ½n 4.10), dÚn 1.7.5,

÷v (3) ��m´�;�m. y3� X ´�; M♯ �m. 4 {Fn} ´ X �÷

v w∆ ^��4��±4CX�, ¿� Fn+1 \[Fn. 4 U ´ X �½�mC

X. é x ∈ X, - Kx =
⋂

n∈N
st(x,Fn). dÂñÚn, Kx ´ X �;8, u´�3

Ux ∈ U Ú nx ∈ N, ¦ Kx ⊂ st(x,Fnx
) ⊂ Ux. �P = {st(x,Fnx

) : x ∈ X}. d

u x ∈ st(x,Fnx
)◦, ¤±P ´U � σ 4��±4\[�P◦ CXX, �X ´�

;�m (�N¹ A ½n 1.9).

d½n 2.2.12, keãíØ.

íØ 3.7.11 äk Gδ é���M♯ �m´�Ýþ�m.

e¡, �g?ØM �m, M∗ �m, M♯ �mÚ wM �m�N�½n.

½n 3.7.12[306, 313] Y ´M∗ �m��=� Y ´M �m�_;N�.

y² ¿©5. �Ly_�ê;N��±M∗ �m. � f : X → Y ´_�ê

;N�, Ù¥X ´M∗ �m. 4 {Fn} ´ X �M∗ S�, Ù¥Fn+1 \[Fn.  

y Y �ÛÜk�4CX� {f(Fn)} ´ Y �M∗ S�. é Y �: y 9S� {yn},

� yn ∈ st(y, f(Fn)). @o�3X �S� {xn}, ¦ xn ∈ st(f−1(y),Fn)∩f−1(yn).

À� an ∈ f−1(y), ¦ xn ∈ st(an,Fn). � a ´ {an} 3 X �à:, @o�3f�

{ani
}, ¦ ani

∈ st(a,Fi), l
 xni
∈ st2(a,Fi), ¤± {xni

} 3 X ¥kà: (�·

K 3.7.7(7.3) �y²), Ï
 {yn} 3 Y ¥kà:. � {f(Fn)} ´ Y � M∗ S�.

Ïd Y ´M∗ �m.
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7�5. � {Fn} ´ Y � M∗ S�, Ù¥ Fn ´ Y 'uk��µ4�4

CX. é i ∈ N, -Pi =
∧

n6i Fn. @o {Pi} E´ Y � M∗ S�. é i ∈ N,

P Pi = {Pα : α ∈ Λi}, ¿�D� Λi lÑÿÀ. é α = (αi) ∈
∏

i∈N
Λi, -

Kα =
⋂

i∈N
Pαi

. Ke {Pαi
} ´4~�8��Kα 6= ∅, @o {Pαi

}i∈N ´ Kα 3 Y

��. ½Â

M = {α = (αi) ∈
∏

i∈N

Λi : {Pαi
}´4~�8��Kα 6= ∅}.

KM ´�Ýþ�m. -

X = {(y, α) ∈ Y ×M : y ∈ Kα},

¿�4 f = π1|X , g = π2|X . d·K 2.4.7, f : X → Y ´N�, g : X → M ´_�

ê;N�. u´X ´M �m.  y f ´_;N�. é y ∈ Y, f−1(y) = {y} × {α ∈

M : y ∈ Kα}. dPi �:k�5, f−1(y) ´ X �;8, ¤± f ´;N�. é

n ∈ N Ú αi ∈ Λi(i 6 n), �

B(α1, · · · , αn) = {α ∈M : πi(α) = αi, i 6 n}.

éX �48A,� y ∈ f(A). duM = ∪{B(α1) : α1 ∈ Λ1},u´A = ∪{A∩(Y ×

B(α1)) : α1 ∈ Λ1}, ¤± f(A) = ∪{f(A ∩ (Y ×B(α1))) : α1 ∈ Λ1}. qdu f(A ∩

(Y ×B(α1))) ⊂ Pα1
,¿�P1´ÛÜk��,u´ f(A) = ∪{f(A ∩ (Y ×B(α1))) :

α1 ∈ Λ1}, l
�3 β1 ∈ Λ1, ¦ y ∈ f(A ∩ (Y ×B(β1))). ±daí, �3 βi ∈ Λi,

¦ y ∈ f(A ∩ (Y ×B(β1, · · · , βn))) ⊂ Pβi
. - β = (βi). @o β ∈ M � y ∈ Kβ .

e¡y² (y, β) ∈ A. (y, β) 3 X ���Ä�/X (V (y) × B(β1, · · · , βn)) ∩ X,

Ù¥ V (y) ´ y 3 Y ���. du V (y) ∩ f(A ∩ (Y × B(β1, · · · , βn))) 6= ∅, ¤±

A ∩ (V (y) × B(β1, · · · , βn)) 6= ∅. l
 (y, β) ∈ A = A, Ïd y = f(y, β) ∈ f(A),

¤± f(A) ´ Y �48. � f ´4N�.

·K 3.7.13[103, 174, 176] _�ê;N��±�;M �m, M∗ �m, M♯ �m

±9 wM �m.

y² ½n 3.7.12 �¿©5®y²
_�ê;N��±M∗ �m, Ùy²Ó

�·^uM♯ �m. 2d½n 3.7.10, _�ê;N��±�;M �m. e¡y²,

e f : X → Y ´_�ê;N�,Ù¥X ´ wM �m, K Y ´ wM �m. � {Un}

´ X � wM S�, Ù¥Un+1 \[Un. é n ∈ N, y ∈ Y , �

V (n, y) = Y − f(X − st(f−1(y),Un)).

@o y ∈ V (n+ 1, y) ⊂ V (n, y) ∈ τ(Y ). ½Â

Vn = {V (n, y) : y ∈ Y }.

 y {Vn} ´ Y � wM S�. Äk, d {Un} ´ X � wM S�, é X �S�

{an}, {bn}, e an ∈ st(bn,Un), @o {an} kà:��=� {bn} kà:. y3,
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é Y �: y 9S� {yn}, XJ yn ∈ st2(y,Vn), @o�3 Y �S� {y1n}, {y2n}

Ú {y3n}, ¦ {y1n, y} ⊂ V (n, y2n), {yn, y1n} ⊂ V (n, y3n). du f−1(V (n, y)) ⊂

st(f−1(y),Un), u´

f−1(y2n) ∩ st(f−1(y),Un) 6= ∅, f−1(y1n) ∩ st(f−1(y2n),Un) 6= ∅,

f−1(y3n) ∩ st(f−1(y1n),Un) 6= ∅, f−1(yn) ∩ st(f−1(y3n),Un) 6= ∅.


 f ´_�ê;N�,l
 {yn} kà:. ¤± Y ´ wM �m.

dÚn 2.1.14, 2.1.15 Ú 1.7.5, keãíØ.

íØ 3.7.14 4 Φ L«ÿÀ5�: M∗ �m, M♯ �m, wM �m. � f : X →

Y ´4N�, Ù¥X äk5� Φ, @o Y äk5� Φ ��=� Y ´ q �m.

·K 3.7.15[315] wM �m÷v�ê;.©)½n.

y² � f : X → Y ´4N�, Ù¥ {Un} ´ X � wM S�, Ø�� Un+1

\[Un. é n ∈ N, 4

Yn = {y ∈ Y : e S ´ Y ¥�²��S�,K�3 x ∈ f−1(y) Ú S �f� S′,

¦ st(x,Un) ∩ f−1(S′) = ∅}.

K Yn ´ Y �4lÑf�m. ÄK, d f ´4N�,u´ {f−1(y) : y ∈ Yn} Ø´X

�ÛÜk�8x,¤±�3 x ∈ X, ¦ st(x,Ui)(∀i ∈ N) �Ã�� f−1(y) (y ∈ Yn)

��,l
�3 Yn ¥�²��S� {yi}, ¦ st(x,Ui)∩f
−1(yi) 6= ∅. Ï� yi ∈ Yn,

d8B{,�3f� {yik
}Ú xk ∈ f−1(yik

),¦ st(xk,Un)∩∪{f−1(yim
) : m > k} =

∅. e c ´ {xk} �à:, @oé k ∈ N, k c ∈
⋃

{f−1(yim
) : m > k} ��3

xk0
∈ st(c,Un), u´ c ∈ st(xk0

,Un), l
 c 6∈
⋃
{f−1(yim

) : m > k}, gñ. Ï

d, {xk : k ∈ N} ´ X �4lÑ8, 
 f ´4N�, ¤± {yik
: k ∈ N} ´ Y �

4lÑ8. � ck ∈ st(x,Uk) ∩ f
−1(yik

). @o {ck : k ∈ N} ´ X �4lÑ8, �

ck ∈ st(x,Uk), gñ.

- Z =
⋃

n∈N
Yn. e y ∈ Y − Z, K f−1(y) ´ X ��ê;8. ÄK, �

3 f−1(y) �4lÑ8 {xn : n ∈ N}. é n ∈ N, du y 6∈ Yn, �3 Y ¥�

²��S� Sn = {yn
i }i, ¦e x ∈ f−1(y) � S′

n ´ Sn �f�, K st(x,Un) ∩

f−1(S′
n) 6= ∅. u´�3 jn ∈ N, ¦� j > jn �, st(xn,Un) ∩ f−1(yn

j ) 6= ∅

� st(x1,Un) ∩ f−1(yn
jn

) 6= ∅. Ø�� {yn
jn
} ´�²��S�� jn < jn+1. 4

an ∈ st(xn,Un) ∩ f−1(yn
jn

), bn ∈ st(x1,Un) ∩ f−1(yn
jn

). du {xn : n ∈ N} ´4l

Ñ�, dÚn 1.7.5(5.1) ¤y, {st(xn,Un)}n∈N ´ÛÜk��, l
 {{an}}n∈N ´

ÛÜk��, Ïd {f−1(yn
jn

)}n∈N ´lÑ�, u´ {{bn}}n∈N ´lÑ�, gñ. �

f−1(y) ´X ��ê;8.

~ 3.7.16 M �ma�N�.

(1) _;N�Ø�±M �m [302].
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� H = (ω1 + 1) × (ω1 + 1) − {(ω1, ω1)}. K H ´ÛÜ;��ê;�m. -

P = ω1 × {ω1}, S = {ω1} × ω1.

K P, S Ñ´ H �4f�m. é n ∈ N, �½Ó�N� hn : H → Hn. Ø���

n 6= m �, Hn ∩ Hm = ∅. ½Â X =
⊕

n∈N
Hn. K X ´ÛÜ;� M �m. ½

Â X �û�m Y Xe: é p ∈ P , bÜ: h2n−1(p) � h2n(p); é s ∈ S, bÜ:

h2n(s) � h2n+1(s). � f : X → Y ´g,ûN�.

(16.1) f ´_;N�.

w,, f ´;N�. � f−1(y) ⊂ U ∈ τ(X). e |f−1(y)| = 1, 4 V =

f(U −
⊕

n∈N
hn(P ∪ S)), K y ∈ V ∈ τ(Y ) � f−1(V ) ⊂ U . e |f−1(y)| > 1, Ø�

��3 m ∈ N, p ∈ P , ¦ f−1(y) = {h2m−1(p), h2m(p)}, u´�3W ∈ τ(H), ¦

p ∈W,W ∩S = ∅,� h2m−1(W )⊕h2m(W ) ⊂ U . 4 V = f(h2m−1(W )⊕h2m(W )).

K f−1(V ) = h2m−1(W )⊕h2m(W ), l
 y ∈ V ∈ τ(Y ) � f−1(V ) ⊂ U . � f ´4

N�.

(16.2) Y Ø´M �m.

eØ,, �3Ýþ�m Z Ú_�ê;N� g : Y → Z. é n ∈ N, �

gn = g ◦ f ◦ hn : H → Z. @o gn(H) ´;Ýþ�m, l
 gn(H) �i\ Hilbert

�N Iℵ0 . Ï� P, S þÓ�u ω1, u´�3 αn < ω1, ¦ gn 3 ((αn, ω1) × {ω1}) ∪

({ω1} × (αn, ω1)) þ�~� zn. ,
, � p ∈ P �, g2n−1(p) = g2n(p), � s ∈ S �,

g2n(s) = g2n+1(s), u´¤k zn = z1, l
 g−1(z1) ∩ f(Hn) ´Ã�8, ��3 Y

�Ã�8 {yn : n ∈ N}, ¦ yn ∈ g−1(z1) ∩ f(Hn). Ï� {Hn}n∈N ´X �ÛÜk�

8x, ¤± {f(Hn)}n∈N ´ Y �HCP 8x, Ï
 {yn : n ∈ N} ´ Y �lÑ8. ù

� g−1(z1) ��ê;5�gñ.

(2) 4N�Ø�±�;M �m, X~ 2.11.9.

(3) �;M �m�4N�ØL� Lašnev�m�_;_�,X~ 2.11.9 ¥��

m X. ´�y, Lašnev �m�_;_�´Σ �m.

~ 3.7.17 M �ma.

(1) �ê[ (modk) Ä; wM �m [214].

4 X = [0, ω] × [0, ω1] − {(ω, ω1)}. K X ´ÛÜ;�m. é α 6 ω, -

Cα = {α}× [0, ω1]− {(ω, ω1)}. @o {Cα}α6ω ´X ��ê;�4CX.é n < ω,

� Un = [n, ω] × [0, ω1). K Un ∈ τ(X). e Cω ⊂ V ∈ τ(X), K�3 m < ω, ¦

Um ⊂ V . ÄK, �S� {xn} ÷v xn ∈ Un − V , ¿P xn = (an, bn). Ø�� bn →

b < ω1. K xn → (ω, b) ∈ Cω ⊂ V , gñ. ùL², {Un : n < ω} ∪ {Cα : α < ω} ´

X �'u {Cα}α6ω ��ê[ (modk) Ä.
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 y X Ø´�ê�;�m. ÄK, du {(n,ω1) : n < ω} ´ X �4lÑ

8, �3 X �ÛÜk��m8x {Vn : n < ω}, ¦ (n, ω1) ∈ Vn. é n < ω, �3

βn < ω1, ¦ {(n, y) ∈ X : y > βn} ⊂ Vn. � β < ω1, ¦ β > sup{βn : n < ω}. K

{Vn} 3: (ω, β) Ø´ÛÜk��,gñ.

(2) M∗ �m; M �m, X~ 3.7.16(1) ¥��m Y .

(3) ��Ä; wM �m, X~ 1.8.1 � V �m.

3.8 ℵ � m

�!�åu ℵ �m5��ïÄ,Ì��7�Ä, cs �, k �ù�|Vg� σ l

Ñ8x, σ ÛÜk�8x, σ ¢D4��±8xù�|Vg�(Ü�)�2ÂÝþ

�m��d5. ²L Foged[110], Junnila Ú�g¦ [193] ��ó�, ù
�ma�m

�'X®²é²K.l ℵ �mÚ<\���x,�NÑ��ÿÀÆó�öJ¦�8

I. �!©oÜ©0� ℵ �ma. Äk, ïÄäk σ-HCP �Ä��K�m; Ùg,

&?äk σ lÑ k ���m� ℵ �m, cs-σ �m��d5; 2g, Øãäk σ ¢

D4��± cs ���m� ℵ �m��d5;��, �« ℵ �ma�N�½n.

½n 3.8.1[221] �K�m X äk σ ¢D4��±�Ä��=�½öX ´

ℵ0 �m, ½öX ´¤k;8´k�8� σ 4lÑ�m.

y² 7�5. �X äk σ-HCP �ÄP. eX �¤k;8´k�8,dÚ

n 3.2.35, X ´ σ 4lÑ�m. � X �3Ã�;8K. K X ´ ℵ1 ;�m. ÄK,

X �3lÑ48 A, ¦ |A| = ℵ1. Ø�� A ∩K = ∅, P A = {xα : α < ω1}. é

α < ω1, - Vα = X − (A− {xα}). @o X �;8 K ∪ {xα} ⊂ Vα ∈ τ , u´�3

Pα ∈ P, ¦ K ∪ {xα} ⊂ Pα ⊂ Vα. d Vα ��E, {Pα}α<ω1
´P �dpØ�Ó

�|¤�f8, Ø�@�§´ HCP . Ï� K ⊂
⋂

α<ω1
Pα, ¤± K �?Û�ê8

´ X �lÑ48, ù�K �;5�gñ. �X ´ ℵ1 ;�m.

y3, PP =
⋃

n∈N
Pn, Ù¥Pn ´HCP . é n ∈ N, �

En = {x ∈ X : |(Pn)x| > ℵ0},

Fn = {P −En : P ∈ Pn} ∪ {{x} : x ∈ En}.

dÚn 3.2.13, En ´ X ��ê4lÑf�m, Fn ´�ê8x.  y
⋃

n∈N
Fn ´

X � k�. éX �;8K ⊂ U ∈ τ ,�3m ∈ NÚP ∈ Pm,¦K ⊂ P ⊂ U ,u´

{P−Em}∪{{x} : x ∈ K∩Em}´Fm �k�8�K ⊂ (P−Em)∪(K∩Em) ⊂ U .

Ï
X äk�ê k �, �X ´ ℵ0 �m.

¿©5. �Ly¤k;8´k�� σ 4lÑ�m X äk σ-HCP �Ä. P

X =
⋃

n∈N
Xn, Ù¥Xn ´X �4lÑ8�Xn ⊂ Xn+1. é n ∈ N, -
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Pn = {A ⊂ Xn : |A| 6 n}.

@o
⋃

n∈N
Pn ´X � σ-HCP �Ä.

dd, äk σ-HCP �Ä��K�m´ ℵ �m; ℵ �m´äk σ-HCP �Ä�

�m��=�§½ö´ Lindelöf �m, ½ö´¤k;8�k�8��m.

�!1�Ü©, 0� ℵ �m, cs-σ �m±9äk σ lÑ k � (½ cs �) ��

m�m��d5¯K.

Ún 3.8.2[110] �P ´�m X �'uk��µ4�:�ê4 k �. e X

�S� {xn} Âñu x �W ´ x �S���,K�3P ′ ∈ (P)<ω
x , ¦ {xn} ªu

∪P ′ ⊂W .

y² P

{P ′ ∈ (P)<ω
x : {xn}ªu ∪ P

′} = {Pi}i∈N.

eÚn(ØØ¤á,K�3X �S� {yn},¦ yn ∈
⋂

i6n(∪Pi)−W ,l
 yn → x.

ù�W ´ x �S����gñ.

Ún 3.8.3[319] �P ´�mX � σ ¢D4��±8x. eP ´ X � cs∗

�, KP ´ X � k �.

y² PP =
⋃

n∈N
Pn, Ù¥Pn ´ HCP . � X �;8 K ⊂ U ∈ τ . é

n ∈ N,-Fn = ∪{P ∈ Pn : P ⊂ U}. e�3S� {xn},¦ xn ∈ K−
⋃

i6n Fi,K�

3f� {xni
} Âñu x ∈ X,m ∈ N Ú P ∈ Pm, ¦ {x} ∪ {xni

: i ∈ N} ⊂ P ⊂ U ,

u´ xnm
∈ Fm, gñ. Ï
�3 k ∈ N, ¦ K ⊂

⋃
i6k Fi. dÚn 2.5.4, �3

F ∈ (
⋃

i6k Pi)
<ω, ¦K ⊂ ∪F ⊂ U . �P ´X � k �.

e¡0�`{� Foged ½n.

½n 3.8.4[110] (Foged ½n) é�K�mX, eã^��d:

(1) X äk σ lÑ cs �;

(2) X äk σ lÑ k �;

(3) X ´ cs-σ �m;

(4) X äk σ ÛÜk� cs∗ �;

(5) X ´ ℵ �m.

y² dÚn 3.8.3, �Ly (5) ⇒ (1). �P =
⋃

m∈N
Pm ´ X � k �, Ù

¥Pm ´'uk��µ4�ÛÜk�48x�Pm ⊂ Pm+1. PP = {Pα}α∈Λ.

é m ∈ N, �3 X �mCX Um, ¦ Um �z��=�Pm �k���. �
⋃

n∈N
{Fβ : β ∈ Γmn}´Um �\[, Ù¥ {Fβ : β ∈ Γmn}´X �lÑ48x. u

´, e β ∈
⋃

n∈N
Γmn, K Fβ =�Pm �k�����. é (m,n) ∈ N × N, d½

n 3.4.11(11.1), �3pØ��8x {Wβ : β ∈ Γmn}, ¦Wβ ´ Fβ �S���. -
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Amn = {(α, β) : Pα ∈ Pm, β ∈ Γmn� Pα ∩ Fβ 6= ∅}.

K {Pα ∩Wβ : (α, β) ∈ Amn} ´(k�8x. ¯¢þ, XJé (α, β), (γ, δ) ∈ Amn,

k (Pα ∩Wβ)∩ (Pγ ∩Wδ) 6= ∅, @o β = δ, l
 (γ, β) ∈ Amn, ¤± Pγ ∩Fβ 6= ∅.

Ïd=ék�é (γ, δ) ∈ Amn, k (Pα ∩Wβ) ∩ (Pγ ∩Wδ) 6= ∅.

�½ (m,n) ∈ N × N, é (α, β) ∈ Amn, i ∈ N, �

H(α, β, i) = ∪{Pα ∩ Pγ : Pγ ∈ Pi, Pγ ⊂Wβ},

H (m,n, i) = {H(α, β, i) : (α, β) ∈ Amn}.

@o H(α, β, i) ⊂ Pα ∩ Wβ, ¤± H (m,n, i) ´(k�8x. dÚn 2.8.5,

H (m,n, i) ´ σ pØ��8x. dPm ∧ Pi �ÛÜk�5, H (m,n, i) ´4

��±8x, ÏdH (m,n, i) ´ σ lÑ8x. ½Â

H = ∪{H (m,n, i) : m,n, i ∈ N}.

K H ´ σ lÑ48x, u´P H =
⋃

k∈N
Hk, Ù¥ Hk ´lÑ48x�é

i, j ∈ N, e i 6= j, @oHi ∩ Hj = ∅. -

R = {F ∈ H
<ω : ∩F 6= ∅}.

é I ∈ N<ω, -

R(I) = {F ∈ R : {k ∈ N : F ∩ Hk 6= ∅} = I}.

K {∩F : F ∈ R(I)} =
∧

k∈I Hk ´ÛÜk��. e F1 6= F2 ∈ R(I), K�

3 k ∈ N Ú H1 6= H2 ∈ Hk, ¦ F1 ∩ Hk = {H1} � F2 ∩ Hk = {H2}, u´

H1 ∩H2 = ∅, l
 (∩F1) ∩ (∩F2) = ∅. Ïd {∩F : F ∈ R(I)} ´lÑ48x.

2d½n 3.4.11(11.1), �3pØ��8x {V (F ) : F ∈ R(I)}, ¦ V (F ) ´ ∩F

�S���. é j ∈ N,F ∈ R(I), ½Â

V (F , j) = ∪{H ∩ Pδ : H ∈ F , Pδ ∈ Pj � Pδ ⊂ V (F )},

V (I, j) = {V (F , j) : F ∈ R(I)}.

@o V (F , j) ⊂ V (F ). du (
⋃

k∈I Hk) ∧ Pj ´ÛÜk�8x, ¤± V (I, j) ´

lÑ8x. �

V = ∪{V (I, j) : I ∈ N<ω, j ∈ N}.

@o V ´X � σ lÑ8x.  y V ´ X � cs �.

� X �S� {xn} Âñu x ∈ U ∈ τ . K�3m ∈ N ÚF1 ∈ P<ω
m , ¦ {xn}

ªu ∪F1 ⊂ U . Ø�� x ∈ ∩F1. À� n ∈ N Ú β ∈ Γmn, ¦ x ∈ Fβ . 
Wβ ´

Fβ �S���,dÚn 3.8.2, �3 i ∈ N ÚF2 ∈ P
<ω
i , ¦ {xn}ªu ∪F2 ⊂Wβ .

du x ∈ ∪F2, ¤± x ∈ ∩{H(α, β, i) : Pα ∈ F1}. XJ Pα ∈ F1 � Pγ ∈ F2, @

o Pα ∩ Pγ ⊂ H(α, β, i), Ïd (∪F1) ∩ (∪F2) ⊂ ∪{H(α, β, i) : Pα ∈ F1}. -

F = {H(α, β, i) : Pα ∈ F1}.



3.8 ℵ �m · 171 ·

@o x ∈ ∩F � {xn} ªu ∪F , ¤± F ∈ R. 2dÚn 3.8.2, �3 j ∈ N Ú

F3 ∈ P
<ω
j , ¦ {xn} ªu ∪F3 ⊂ V (F ). Ï� (∪F ) ∩ (∪F3) ⊂ V (F , j), ¤±

{xn} ªu V (F , j) ⊂ ∪F ⊂ ∪F1 ⊂ U . � V ´ X � cs �.

�!1nÜ©, ?Øäk σ ¢D4��± k ���m, äk σ ¢D4��±

cs ���m� ℵ �m�°('X.

·K 3.8.5[232, 409] Sω1
Øäk σ ¢D4��± cs �.

y² eØ,, P Sω1
= {(α, 1/n) : α < ω1, n ∈ N} ∪ {∞}, Ù¥S�

{(α, 1/n)} Âñu∞. �P ´ Sω1
� σ ¢D4��± cs �.

é α < ω1, - S(α) = {(α, 1/n) : n ∈ N}. |^��8B{y², P �f8

{P ∈ P : |S(0) ∩ P | = ℵ0} ´Ø�ê�. ù�Ún 2.5.4 �gñ.

Ï�P ´ cs �, �3 P0 ∈ P, ¦ S(0) ´ªu P0 �. � p0 ∈ S(0) ∩ P0. �

0 < α < ω1, ¿é β < α ®�½ Pβ ∈ P, pβ ∈ S(β) ∩ Pβ , ¦ |S(0) ∩ Pβ | = ℵ0. r

S(0) ∪S(α) ���S�,¦ÙÛf�Úóf�©O´S(0) Ú S(α), K�3 Pα ∈ P,

¦ S(0)∪S(α) ´ªu Pα ⊂ Sω1
−{pβ : β < α}. ù�, |S(0)∩Pα| = ℵ0,� Pβ 6= Pα.

l
 {P ∈ P : |S(0) ∩ P | = ℵ0} ´Ø�ê�.

Ún 3.8.6[193] ��mX Ø¹4f�mÓ�u Sω1
. eF ´X �¢D4�

�±8x, Ké x ∈ X, {F ∈ F : F − {x}¹S�Âñu x} ´�ê�.

y² e�3 y ∈ X 9 F �Ø�ê8 {Fα}α<ω1
÷v: Fα − {y} ¹f8

Yα = {yαn : n ∈ N}, ¦ yαn → y. dÚn 2.5.4, Ø��F 3 yαn ´:k��, u

´ {F ∈ F : F ∩ Yα 6= ∅} ´�ê�, ¤± {Yα}α<ω1
´(�êx. dÚn 2.8.5,

{Yα}α<ω1
´ σ pØ��x,Ø��§´pØ��x. dF �HCP 5, X �4f

�m {y} ∪ (
⋃

α<ω1
Yα) Ó�u Sω1

, gñ.

Ún 3.8.7[193] �äk σ ¢D4��± k ���K�mX Ø¹4f�mÓ

�u Sω1
. e D ´X �4lÑf�m,K�3X � σ lÑ48xH , ¦éX �

;8K 9 d ∈ K ∩D, {H ∈ H : d ∈ intK(K ∩H)} ´ d 3X ��.

y² Äk5¿�, X ´ σ �m, u´ X �;8�Ýþ. � F =
⋃

n∈N
Fn

´ X � k �, Ù¥Fn ´HCP 48x�Fn ⊂ Fn+1. é x ∈ X, 4

Fx = {F ∈ F : F �3;8K, ¦ x ∈ K − {x}}.

dÚn 3.8.6, |Fx| 6 ℵ0, u´P {∪F ′ : F ′ ∈ F<ω
x } ∪ {{x}} = {Fkx}k∈N. é

n ∈ N, d ∈ D, � d �4�� Gnd ⊂ X − ∪{F ∈ Fn : d /∈ F}. - Pnd = ∪{F ∈

Fn : F ∩D = {d}}. @o {Gnd ∩ Pnd : d ∈ D} ´X �lÑ48x. ½Â

Hkn = {Fkd ∩Gnd ∩ Pnd : d ∈ D}, k, n ∈ N;

H =
⋃

k,n∈N
Hkn.

K H ´ X � σ lÑ48x.  y H ÷vÚn��¦. é X �;8 K 9
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d ∈ K ∩ D, 4 U ´ d ���. À� d �4�� V ⊂ U − (D − {d}). u´

k n ∈ N Ú F ′ ∈ F<ω
n , ¦ K ∩ V ⊂ ∪F ′ ⊂ U − (D − {d}). À� k ∈ N,

¦ Fkd = ∪(F ′ ∩ Fd) ∪ {d}. K d ∈ Fkd ∩ Gnd ∩ Pnd ⊂ U . e¡�y d ∈

intK(K ∩ Fkd ∩ Gnd ∩ Pnd). du d ∈ intK(K ∩ V ) ⊂ intK(K ∩ (∪F ′)), u´

d ∈ intK(K∩(∪(F ′)d)) ⊂ intK(K∩Pnd). qdu d ∈ G◦
nd,¤± d ∈ intK(K∩Gnd).

é F ∈ F ′, 4

W (F ) = X − F ∩K − {d},

W = ∩{W (F ) : F ∈ F ′ � d ∈W (F )}.

@o d ∈W ∈ τ � {F ∈ F ′ : F ∩K∩W 6= ∅} ⊂ F ′∩Fd,l
K∩(∪F ′)∩W ⊂

Fkd, Ïd d ∈ intK(K ∩ Fkd). nþ¤ã, d ∈ intK(K ∩ Fkd ∩Gnd ∩ Pnd).

eã½n��
1nÚ��¦.

½n 3.8.8 é�K�mX, eã^��d:

(1) X ´ ℵ �m;

(2) X äk σ ¢D4��± cs � [232, 409];

(3)X äk σ¢D4��±k��Ø¹4f�mÓ�uSω1

[193]. (Junnila-Yun

½n)

y² d½n 3.8.4, Ún 3.8.3 ±9·K 3.8.5, �Ly (3) ⇒ (1). � F =
⋃

n∈N
Fn ´ X � k �, Ù¥Fn ´HCP 48x�Fn ⊂ Fn+1. é n ∈ N, �

Dn = {x ∈ X : |(Fn)x| > ℵ0}.

K Dn ´ X �48, ¿�dÚn 3.2.21 � (21.2), �±P Dn =
⋃

k∈N
Dnk, Ù¥

Dnk ´ X �4lÑ8�Dnk ⊂ Dnk+1. é n, k ∈ N, �3 X �lÑ48xHnk,

÷vÚn 3.8.7 ��¦ (H = Hnk, D = Dnk). �

Fnk = ∪{F ∈ Fk : F ∩Dn = ∅},

Fnk = Fn|Fnk
.

du Fn 3 X − Dn ´ÛÜk��, ¤±Fnk ´ X �ÛÜk�8x. e¡y²

P =
⋃

n,k∈N
(Hnk ∪ Fnk) ´ X � k �. é X �;8 K ⊂ U ∈ τ , �3 n ∈ N

Ú F ′ ∈ F<ω
n , ¦ K ⊂ ∪F ′ ⊂ U . dÚn 2.5.10, K ∩ Dn ´k�8, u´�3

k ∈ N, ¦ K ∩Dn ⊂ Dnk. é d ∈ K ∩Dn, dHnk �5�, �3 Hd ∈ Hnk, ¦

d ∈ intK(K ∩Hd) �Hd ⊂ U . -

L = K −∪{intK(K ∩Hd) : d ∈ K ∩Dn}.

K�3 i ∈ N ÚF ′′ ∈ F
<ω
i , ¦ L ⊂ ∪F ′′ ⊂ X −Dn, u´ L ⊂ Fni. ½Â

P
′ = {Hd : d ∈ K ∩Dn} ∪ {F ∩ Fni : F ∈ F

′′}.

KP ′ ∈ P<ω �K ⊂ ∪P ′ ⊂ U . �X ´ ℵ �m.

d~ 1.8.7 � (7.5), keãíØ.
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íØ 3.8.9 �K�mX ´ ℵ �m��=�X Qäk σ ¢D4��± k �,

qäk:�ê cs∗ �.

íØ 3.8.10[193] � X, Y ´äk σ ¢D4��± k ���K�m. X × Y

äk σ ¢D4��± k ���=�½öX, Y Ñ´ ℵ �m, ½öX,Y ���¤k

;8´k�8.

y² 7�5. XJX Ø´ ℵ �m, d½n 3.8.8, X ¹4f�mÓ�u Sω1
.

2d~ 2.5.22, Y Ø¹f�mÓ�u S1, u´ Y �¤k;8´k�8.

¿©5. �
⋃

n∈N
Pn ´X � k �, Ù¥Pn ´HCP , ¿�� Y �¤k;8

´k�8. dÚn 3.2.35, �±P Y =
⋃

k∈N
Yk, Ù¥ Yk ´ Y �4lÑf�m. é

n, k ∈ N, ½Â

Fnk = {P × {y} : P ∈ Pn, y ∈ Yk}.

K
⋃

n,k∈N
Fnk ´X × Y � σ ¢D4��± k �.

íØ 3.8.11 �È�mX =
∏

n∈N
Xn ´äk σ ¢D4��± k ���K�

m. ez� |Xn| > 2, KX ´ ℵ �m.

¯K 3.8.12[319] ½Â·��Ä±�x ℵ �m.

�!1oÜ©, ?Ø ℵ �ma�N�½n. d·K 1.6.9, 2.7.2 Ú 2.1.13, ke

ã(J.

·K 3.8.13 �N� f : X → Y , Ù¥X ´ ℵ0 �m, Y ´�K�m. e f ÷

veã^���,K Y ´ ℵ0 �m.

(1) f ´S�ûN�;

(2) f ´S�CXN�;

(3) f ´4N�.

¯K 3.8.14 ℵ0 �m��K�m;N�´Ä´ ℵ0 �m?

d½n 3.4.12, eã·K¤á.

·K 3.8.15 � f : X → Y ´4N�. e X äkeã5�, K Y äk�A

�5�.

(1) äk σ ¢D4��±4�Ä.

(2) äk σ ¢D4��±4 k �.

½n 3.8.16[127, 223, 366] � f : X → Y ´ L 4N�, Ù¥ Y ´�K�m. e

X ´ ℵ �m, @o Y ´ ℵ �m.

y² d·K 3.8.15, Y äk σ ¢D4��± k �. �P ´ X � σ ÛÜk

� cs �, du f ´4 L N�, f(P) ´ Y �:�ê cs∗ �. 2díØ 3.8.9, Y ´

ℵ �m.
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½n 3.8.17[257] � f : X → Y ´4N�. eX ´ k,ℵ �m, Y ´�K�m,

Keã^��d:

(1) Y ´ ℵ �m;

(2) Y Ø¹4f�mÓ�u Sω1
;

(3) f ´>� L N�.

y² dÚn 2.1.15, ½n 3.8.16 Ú 3.8.8 � (3) ⇒ (1) ⇒ (2). d½n 3.4.16

� (2) ⇒ (3).

é�m Y , Y �A�P� χ(Y ) = min{α : é y ∈ Y, y 3 Y ¥ÛÜÄ�Äê

Ø�L α}.

eãíØ²1uHanai-Morita-Stone ½n.

íØ 3.8.18[128] � f : X → Y ´4N�. e X ´Ýþ�m, Keã^��

d:

(1) Y ´ ℵ �m;

(2) f ´>� L N�;

(3)(CH) χ(Y ) 6 ℵ1.

y² ½n 3.8.17 ®y²
 (1) ⇔ (2). Ï� χ(Sω1
) > ℵ1, d½n 3.8.17 �

(3) ⇒ (1).

(2) ⇒ (3). dÚn 2.1.15, Ø�� f ´4 L N�. �½ y ∈ Y , K f−1(y)

äk�êÄ, d CH, |f−1(y)| 6 ℵ1. é x ∈ X, � Ux ´ x ��êÛÜÄ. 4

U = ∪{Ux : x ∈ f−1(y)}, B = {Y − f(X − ∪U ′) : U ′ ´ U ��ê8 }. @o

|B| 6 ℵ1, ¿�B ´ y �ÛÜÄ. � χ(Y ) 6 ℵ1.

dd����½n 2.3.10 �q�(J: éÝþ�m X, X �z�4N�´ ℵ

�m��=�Xd ´ X � Lindelöf f�m.

e¡0� ℵ �m�_;_�Gδ é��½n.

Ún 3.8.19[223] ��K�mX ´ ℵ �m�_;_�.eU ´X �mCX,

@o

(1) U �3 σ lÑ4\[F , ¦K (X) \[FF .

(2) U �3m\[S� {Wn} ÷v: é X ���;8K, �3 m ∈ N, {Ki :

i 6 m} ⊂ K (X), {ni : i 6 m} ⊂ N, ¦K =
⋃

i6m Ki � |(Wni
)Ki

| = 1.

y² � f : X → Y ´_;N�, Ù¥ Y ´ ℵ �m. 4P =
⋃

n∈N
Pn ´

Y � k �, Ù¥Pn ´lÑ48x. d�K5, À� X �mCX V , ¦ V \

[ U . é y ∈ Y , d f �_;5, �3 y �m��Hy, ¦ f−1(Hy) ¹u V ¥k

����¿S. Ø��P \[ {Hy}y∈Y . @oé P ∈ P, �3 VP ∈ V <ω, ¦

f−1(P ) ⊂ ∪VP . �F = ∪{{f−1(P )} ∧ V
−

P : P ∈ P}. KF ÷v (1).
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PF =
⋃

n∈N
Fn, Ù¥Fn = {Fα : α ∈ Λn} ´ X �4lÑ8x. é n ∈ N,

α ∈ Λn, � Uα ∈ U , ¦ Fα ⊂ Uα. -

Wα = Uα −∪{Fβ : β ∈ Λn − {α}},

Wn = {Wα : α ∈ Λn} ∪ {U − ∪Fn : U ∈ U }.

K {Wn} ´ U �m\[S�. é K ∈ K (X) − {∅}, �3 (F )K �k�8

{Fi : i 6 m}CXK. é i 6 m,�3 ni ∈ N,¦Fi ∈ Fni
,@oK =

⋃
i6m(K∩Fi)

� |(Wni
)K∩Fi

| = 1. � {Wn} ÷v (2).

½n 3.8.20[223] ℵ �m÷v_;_�Gδ é��½n.

y² � f : X → Y ´_;N�, Ù¥ X ´äk Gδ é����K�m, Y

´ ℵ �m.

äó: �3X �mCX� {Un}, ÷

éK ∈ K (X) − {∅}, K =
⋂

n∈N
st(K,Un).

d·K 1.4.9, X äk G∗
δ é��S� {An}, Ù¥ An+1 \[ An. é K ∈

K (X) − {∅}, e x ∈ X −K, du {X − st(x,An)}n∈N CX K, �3 k ∈ N, ¦

K ⊂ X − st(x,Ak), @o x /∈ st(K,Ak), Ïd K =
⋂

n∈N
st(K,An). é j ∈ N, d

Ún 3.8.19, �3X �mCX� {Bjn} äke�5�:

(20.1) é n ∈ N,Bjn \[ (
∧

i,l<j Bil) ∧ (
∧

k6j Ak),

(20.2) {Bjn}n ÷vÚn 3.8.19(2).

é K ∈ K (X) − {∅} 9 k ∈ N, � j > k. d (20.2), �3k�� {Ki :

i 6 m} ⊂ K (X), {ni : i 6 m} ⊂ N, ¦ K =
⋃

i6m Ki � |(Bjni
)Ki

| = 1, @o

st(Ki,Bjni
) ⊂ st(Ki,Ak). � h > max{j, n1, n2, · · · , nm}. k

K ⊂
⋂

s,t∈N
st(K,Bst) ⊂ st(K,Bh1) ⊂

⋃
i6m st(Ki,Bjni

) ⊂ st(K,Ak).

l
K =
⋂

s,t∈N
st(K,Bst). äó¤á.

� {Un} ´ X �÷väó�S�. Ø��Un+1 \[ Un. é n ∈ N, dÚn

3.8.19, Un k σ lÑ4\[Fn, ¦K (X) \[FF
n . PFn =

⋃
m∈N

Fnm, Ù¥

Fnm ´ÛÜk�48x�Fnm ⊂ Fnm+1. 4
⋃

k∈N
Pk ´ Y � k �, Ù¥Pk

´ÛÜk�8x�Pk ⊂ Pk+1. ½Â

Hnmk = Fnm ∧ f−1(Pk), n,m, k ∈ N.

KHnmk ´X �ÛÜk�8x. �y
⋃

n,m,k∈N
Hnmk ´X � k �. eX ���

;8K ⊂ U ∈ τ(X), @o {U} ∪ {X − st(K,Un)}n∈N CX
 f−1f(K), u´�3

n ∈ N, ¦ f−1f(K) ⊂ U ∪ (X − st(K,Un)), ¤± st(K,Un) ∩ f−1f(K) ⊂ U , l


(f−1f(K) − U ) ∩ st(K,Un) = ∅, Ïd�3 V ∈ τ(X), ¦ f−1f(K) − U ⊂ V �

V ∩st(K,Un) = ∅. � f(K) ⊂ Y −f(X−(U∪V )),¤±�3 k ∈ NÚP ′ ∈ P
<ω
k ,

¦ f(K) ⊂ ∪P ′ ⊂ Y − f(X − (U ∪ V )). ù� f−1f(K) ⊂ ∪f−1(P ′) ⊂ U ∪ V .
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d Fn �5�, �3 m ∈ N Ú F ′ ∈ F<ω
nm , ¦ K ⊂ ∪F ′ ⊂ st(K,Un), @o

K ⊂ ∪(F ′ ∧ f−1(P ′)) ⊂ U . �X ´ ℵ �m.

íØ 3.8.21[267] ℵ0 �m÷v_;_�Gδ é��½n.

~ 3.8.22 ℵ �ma.

(1) Lašnev �m; ℵ �m, X÷�m Sω1
(~ 1.8.7).

(2) ℵ �m; äk σ-HCP �Ä, X¢ê�m R �Ø�êÿÀÚ.

(3) �©, äk σ-HCP �Ä ; �55, X~ 3.4.18(2) ��m X. d½n

3.8.1, X äk σ-HCP �Ä.

~ 3.8.23 ℵ �ma�N�.

(1) mN�Ø�± ℵ0 �m
[280]: R/�m (~ 1.8.3) �L� ℵ0 �m�mN�.

4X ´R/�m,Ù¥ A = R × {0}. 24M = N∪ {p} ´Michael �m (~

1.8.8). ½Â

Z = ((X −A) × N) ∪ (A× {p}) ⊂ X ×M.

�N� f = π1|Z : Z → X.

(23.1) f ´mN�. é V ∈ τ(X×M),duN´M �È8,¤±éB ∈ τ(X),

k π1(V ∩ (B × N)) = π1(V ∩ (B ×M)). �Ä B = X −A, K

π1(V ∩ Z) = π1(V ∩ ((X −A) × N)) ∪ π1(V ∩ (A× {p}))

= π1(V ∩ ((X − A) ×M)) ∪ π1(V ∩ (A× {p}))

= π1(V ∩ ((X − A) ×M)) ∪ π1(V ∩ (X × {p})).

du π1|X×{p} ´mN�, ¤± f(V ∩ Z) ∈ τ(X). � f ´mN�.

(23.2) Z ´ ℵ0 �m. w,, Z ´�K�m. du (X − A) × N Ú A× {p} Ñ

´�©Ýþ�m,�y Z ´ ℵ0 �m, �LyéK ∈ K (Z), e-

K1 = K ∩ ((X −A) × N), K2 = K ∩ (A× {p}),

K K1,K2 ∈ K (Z). du π2(K) ´k�8, u´ π2(K) ∩ N ´ M �48, l


K1 = K ∩π−1
2 (π2(K)∩N) ∈ K (Z). Ï�A×{p}´ Z �48,¤±K2 ∈ K (Z).

(2) äk σ-HCP �Ä5�Ø÷v_;_�Gδ é��½n.

é α < ω1, � Iα Ó�� I. 4X =
⊕

α<ω1
Iα, Y = ω1, ¿�D� Y lÑÿÀ.

½Â f : X → Y , ¦ f(Iα) = {α}. @o f ´_;N�, X äk Gδ é��, � Y

äk σ-HCP �Ä. ,
, X Øäk σ- HCP �Ä.

¯K 3.8.24 äk σ ¢D4��± k ���K�m´Ä´ ℵ �m�4N�?

3.9 g �Ýþ�m

UìïÄ2ÂÝþ�m�Ä�¯K,é g �Ýþ�m,a,�§�äk σ lÑ
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fÄ��K�m, äk σ-HCP fÄ��K�m�'X. Tanaka[378] QJÑ¯K:

äk σ-HCP fÄ��K�m´Ä´ g �Ýþ�m? �!k0�ù�¯K��½

£�9�'(J,Ùg?Ø g �Ýþ�m�N�½n.

dfÄ�½Â, eãÚn´w,�.

Ún 3.9.1 �P =
⋃

x∈X Px ´�mX �fÄ. e a ´ X ���à:, K

Pa ´ a �ÛÜÄ.

Ún 3.9.2 �P ´�m X ��êf¢D4��±8x. XJP ´ X ¥

,�²�ÂñS�4�:�S���x,KP ´k��.

y² � X ¥�²��S� S Âñu x �P ´ x �S���x. XJP

¹Ã�8� {Pn}, K S ªuz� Pn, ¤±�3 S �f� {xn}, ¦ xn ∈ Pn, l


{xn : n ∈ N} ´4lÑ8, gñ. �P ´k��.

½n 3.9.3 é�K�mX, eã^��d:

(1) X ´ g �Ýþ�m;

(2) X äk σ lÑfÄ [109];

(3) X äk σ ¢D4��±fÄ [256];

(4) X ´äk σ ¢D4��± k �� g 1��ê�m [230, 378].

y² (2) ⇒ (1) ⇒ (3) ´w,�.

(3) ⇒ (4). díØ 1.6.20 ÚÚn 3.8.3, �Lyäk σ-HCP fÄ��m

´ g 1��ê�m. � P =
⋃

n∈N
Pn ´ X �fÄ, Ù¥ Pn ´ HCP . P

P =
⋃

x∈X Bx, Ù¥Bx ´ x �fÄ.�½ x ∈ X. é n ∈ N, -P ′
n = Pn ∩Bx.

Ø�� x ´ X �à:. K x ´ X ¥,��²�ÂñS��4�. ¯¢þ, �

½ X �m8� {Vn} ÷v: V n+1 ⊂ Vn � {x} =
⋂

n∈N
Vn. é P ∈ P ′

n, x ´ P �

à:, �3 x(P, n) ∈ (P −{x})∩ Vn. - Y = {x}∪ {x(P, n) : P ∈ P ′
n, n ∈ N}. K

Y ´X �48,l
 Y äk σ-HCP fÄ� x ´ Y ���à:. dÚn 3.9.1, Y

äk σ-HCP Ä. 2d Burke-Engelking-Lutzer Ýþz½n, Y ´�Ýþf�m,

��3 Y ¥�²��S�Âñu x.

díØ 1.6.19 ÚÚn 3.9.2, P ′
n ´k��. l
Bx ´�ê�. � X ´ g 1

��ê�m.

(4) ⇒ (2). díØ 1.6.18, Sω1
Ø´ g 1��ê�m. 2d½n 3.8.8, 3.8.4 Ú

·K 1.6.21, X äk σ lÑfÄ.

d Lašnev �m�Ýþz½n (�½n 2.5.17), ��) g �Ýþ�m�Ýþz

½n.

íØ 3.9.4[351] X ´�Ýþ�m��=�X ´ Fréchet � g �Ýþ�m.

¯K 3.9.5[108] äk σ ÛÜk�4fÄ��m´Ä´�K�m?
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Ún 3.9.6[237] ��K�mX äk:�ê cs∗ �. X ´ g 1��ê�m�

�=�X ´Ø¹4f�mÓ�u Sω �S��m.

y² �Ly¿©5. �P ´ X �'uk��µ4�:�ê cs∗ �. é

x ∈ X, �

Bx = {∪P
′ : P

′ ∈ (P)<ω
x ,∪P

′ ´ x�S��� }.

KBx ´�ê�. e¡y²B =
⋃

x∈X Bx ´X �fÄ.

� G ⊂ X, �é x ∈ G, �3 B ∈ Bx, ¦ B ⊂ G. @o G ´Ù¥z�:�S

���, u´ G ´S�m8. Ï�X ´S��m, ¤± G ∈ τ .

,��¡, � G ∈ τ , ��3 x ∈ G, ¦Bx �?Û�Ø¹uG S. �

P
∗ = {P ∈ (P)x : P ⊂ G} = {Pi}i∈N.

é n ∈ N, - Fn =
⋃

i6n Pi. K Fn Ø´ x�S���.Ï�P ´ cs∗ �,é i ∈ N,

�3X ¥Âñu x �S� T ′
i Ú ni ∈ N, ¦ T ′

i ⊂ Pni+1
− Fni

� ni < ni+1. -

Q = {P ∈ P : x 6∈ P ��3 i ∈ N,¦ P ∩ T ′
i 6= ∅} = {Qk}k∈N.

é i ∈ N, �3 T ′
i �f� Ti ⊂ X −

⋃
k6i Qk. ù�, Qk ⊂ X −

⋃
i>k Ti. 2-

T = {x} ∪ (∪{Ti : i ∈ N}).

KØ�3 T ¥�²��S� {xk} Âñu, x′ ∈ X �ØÓ� xk áuØÓ� Ti.

¯¢þ, e x′ = x, �3 i ∈ N, ¦ Pi ¹ {xk} �fS� {xkm
}, l
�3m, j ∈ N,

¦ j > i � xkm
∈ Tj , Ï
 xkm

∈ Pi ∩ (X − Fnj
) = ∅, gñ. e x′ 6= x, K�3

Q ∈ Q, ¦ Q ¹ {xk} �Ã��,ù� Ti �À��gñ. Ï�X ´S��m,¤±

T Q´X �4f�mqÓ�u Sω, gñ.

nþ¤ã, X ´ g 1��ê�m.

½n 3.9.7[258] �K�mX ´ g �Ýþ�m��=�X ´äk σ ¢D4�

�± k �� k �m, �Ø¹4f�mÓ�u Sω.

y² �Ly¿©5. du X Ø¹4f�mÓ�u Sω, ¤± X 7Ø¹4f

�mÓ�u Sω1
. d½n 3.8.8, X ´ ℵ �m. 2dÚn 3.9.6 Ú½n 3.9.3, X ´ g

�Ýþ�m.

¯K 3.9.8[252] äk σ ;k�fÄ��K�m´Ä´ g �Ýþ�m?

½n 3.9.9[248] eã^��d:

(1) X äk σ ;k�fÄ;

(2) X ´äk σ f¢D4��±fÄ� k �m;

(3) X ´äk σ f¢D4��±fÄ� g 1��ê�m.

y² (1) ⇒ (2). �L5¿�, k �m�;k�8x´f¢D4��±�.

e¡y² (2) ⇒ (3) ⇒ (1). PX ��á:8� I.
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� X ´äk σ f¢D4��±fÄ� k �m. dÚn 2.5.10, X k σ ;k�

�, ¤± X �;8´�Ýþ�, l
 X ´S��m, u´ X �à:´ X ¥,�

²�ÂñS��4�:. dÚn 3.9.2, X ´ g 1��ê�m.

�P =
⋃

n∈N
Pn ´ g 1��ê�mX �fÄ, Ù¥Pn ´f¢D4��

±��Pn ⊂ Pn+1. é x ∈ X, �Hx = {P ∈ P : P ´ x�S��� }. XJ

x ∈ I, K {x} ∈ P, ¤± I ´X � σ 4lÑf�m. é n ∈ N, P ∈ Pn, -

Dn = {x ∈ X : |(Pn)x| > ℵ0},

Wn(P ) = (P −Dn) ∪ {x ∈ X − I : P ∈ Hx}.

KWn(P ) ⊂ P . XJ x ∈ X − I, P ∈ Hx ∩ Pn, KWn(P ) ´ x �S���. ¯¢

þ,�S� {xi}Âñu x. K {xi}ªu P , dÚn 2.5.10, ({xi : i ∈ N}∪{x})∩Dn

´k��, ¤± {xi} ªu (P −Dn) ∪ {x} ⊂ Wn(P ), ÏdWn(P ) ´ x �S��

�. 2-

Wn = {Wn(P ) : P ∈ Pn}.

K Wn ´:k��. ¯¢þ, é x ∈ X, d {P −Dn : P ∈ Pn} �:k�5, Ø�

� x ∈ X − I. dÚn 3.9.2, Hx ∩ Pn ´k��, u´ Wn ´:k��. l
 Wn

´:k�Úf¢D4��±�8x. 2dÚn 2.5.10, Wn ´;k��.

é x ∈ X,XJ x ∈ I,�Bx = {{x}};XJ x ∈ X−I,�Bx = {Wn(P ) : n ∈

N, P ∈ Hx∩Pn}. K
⋃

x∈X Bx ´X �fÄ.Äk,é x ∈ X−IÚ U,V ∈ Bx,�

3 n,m ∈ NÚ P ∈ Hx∩Pn, Q ∈ Hx∩Pm,¦U = Wn(P ), V = Wm(Q),l
�

3 k > max{n,m}ÚR ∈ Hx∩Pk,¦R ⊂ P∩Q,¤±Wk(R) ⊂ Wn(P )∩Wm(Q).

Ùg, é x ∈ G ∈ τ , Ø�� x ∈ X − I. @o�3 n ∈ N Ú P ∈ Hx ∩ Pn, ¦

P ⊂ G, u´ x ∈ Wn(P ) ⊂ P ⊂ G. 2g, � G ⊂ X, ÷vé x ∈ G k,�

B ∈ Bx, ¦ B ⊂ G. K G ´Ùz�:�S���, @o G ´S�m8, ¤±

G ∈ τ . �Bx ´ x �fÄ.

nþ¤ã,
⋃

x∈X Bx ´ X � σ ;k�fÄ.

íØ 3.9.10[248] äk σ f¢D4��±fÄ� ℵ1 ;�mäk�êfÄ.

y² �P =
⋃

n∈N
Pn´ ℵ1 ;�mX �fÄ,Ù¥Pn´f¢D4��±

�. PX ��á:8� I. é x ∈ X − I, 4Hx = {P ∈ P : P ´ x�S��� }.

XJ�3 n ∈ N ÚHx ∩ Pn �Ø�ê8 {Pα}α<ω1
, Ï� X − {x} Ø´ X �4

8, Ké α < ω1 Ú x �m�� U , k Pα ∩ U ∩ (X − {x}) 6= ∅. d8B{, �3

X �f8 {xα : α < ω1}, ¦ xα ∈ Pα ∩ (X − {xβ : β < α}) ∩ (X − {x}), @o

{xα : α < ω1} ´ X �Ø�ê4lÑ8,gñ. l
Hx ∩ Pn ´�ê�. � X ´

g 1��ê�m.
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d½n 3.9.9, X äk σ ;k�fÄ. dÚn 3.2.13, X �:k��f¢D4

��±8x´�ê�,¤±X äk�êfÄ.

e¡, ^CX��x g �Ýþ�m. �ì½Â 2.10.4, �aq½ÂÛÜk�f

Ðm!¢D4��±fÐmÚ4��±fÐm�Vg.

½n 3.9.11[244] é�K�mX, eã^��d:

(1) X ´ g �Ýþ�m;

(2) X kÛÜk�fÐm;

(3) X k¢D4��±fÐm.

y² �Ly (3) ⇒ (1) ⇒ (2).

� X äk HCP CX� {Un}, ¦ {Un} ´ X �fÐm. é X �S� {xn},

� xn → x ∈ V ∈ τ(X). K�3 m ∈ N, ¦ st(x,Um) ⊂ V . díØ 1.6.19, �

3 i > m, ¦ {xn : n > i} ⊂ st(x,Um). 2dÚn 2.5.4, �3 U ′ ∈ (Um)<ω
x , ¦

{xn : n > i} ⊂ ∪U ′, u´�3 U ∈ Um 9 {xn} �f� {xnj
}, ¦ {x} ∪ {xnj

: j ∈

N} ⊂ U ⊂ V . �
⋃

n∈N
Un ´ X � cs∗ �. dÚn 3.8.3 Ú½n 3.9.3, X ´ g �

Ýþ�m.

�P =
⋃

n∈N
Pn ´ g �Ýþ�mX �fÄ, Ù¥Pn ´X �lÑ48x.

PP =
⋃

x∈X Bx, Ù¥Bx ´ x �fÄ. é n ∈ N, -

Un = {x ∈ X : Bx ∩ Pn = ∅},

Un = {Un} ∪ Pn.

K Un ´X �ÛÜk�CX.5¿�, eBx ∩ Pn = ∅, @o

x ∈ X − ∪{P ∈ Pn : x /∈ P} ⊂ st(x,Un),

u´ st(x,Un) o´ x �f��. l
 {Un} ´X �fÐm.

¯K 3.9.12 äk4��±fÐm��K�m´Ä´ g �Ýþ�m?

|^ σ N�, �¼� g �Ýþ�m�N��x.

½n 3.9.13 é�K�mX, eã^��d:

(1) X ´ g �Ýþ�m;

(2) X ´Ýþ�m�û, π � σ N� [216];

(3) X ´Ýþ�m�û,;� σ N�;

(4) X ´Ýþ�m�;CX,û, ;� σ N� [250].

y² (1) ⇒ (4). � X ´ g �Ýþ�m. d½n 3.9.11 ¥ (1) ⇒ (2) �

y²9PÒ, X kÛÜk��fÐm {Un}. é n ∈ N,K ∈ K (X), 4 Γn =

{α : Pα ∈ Pn, Pα ∩ K 6= ∅}. K Γn ´k�8. é α ∈ Γn, � Kα = Pα ∩ K,

Kn = K −
⋃

α∈Γn
Kα. @o {Kα : α ∈ Γn} ∪ {Kn} ´K �4CX. é x ∈ Kn, �

3K −
⋃

α∈Γn
Kα �S� {xi} Âñu x. XJ�3 P ∈ Bx ∩Pn, K P ´ x �f
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��, u´�3m ∈ N, α ∈ Γn, ¦ xm ∈ P ∩Kα, gñ. �Bx ∩ Pn = ∅, ¤±

x ∈ Un, l
Kn ⊂ Un. ÏdUn ´X � cfp CX.

é i ∈ N, P Ui = {Uα : α ∈ Λi}. æ^·K 2.9.6 �PÒ, �½ÂÝþ�mM

Ú;CX� π N� f : (M,d) → X. d½n 2.10.6, f ´û, ;N�. e¡y² f

´ σ N�. é (αi) ∈ M,n ∈ N, � B(α1, · · · , αn) = {(γi) ∈ M : γi = αi, i 6 n}.

K f(B(α1, · · · , αn)) =
⋂

i6n Uαi
. ¯¢þ, w,, f(B(α1, · · · , αn)) ⊂

⋂
i6n Uαi

. 4

z ∈
⋂

i6n Uαi
. �3 β′ = (β′

i) ∈ M , ¦� f(β′) = z. é k ∈ N, e k 6 n, -

βk = αk; e k > n, - βk = β′
k. K z ∈

⋂
k∈N

Uβk
. � β = (βk). @o β ∈ M �

f(β) = z, l
 z ∈ f(B(α1, · · · , αn)). ùL² f(B(α1, · · · , αn)) =
⋂

i6n Uαi
. Ï�

{B(α1, · · · , αn) : (αi) ∈ M,n ∈ N} ´ M �Ä�
∧

i6n Ui ´ÛÜk��, ¤± f

´ σ N�.

(2) ⇒ (1). � f : M → X ´û, π � σ N�, Ù¥M ´Ýþ�m. dN�Ú

nÚ½n 2.11.12, X ´ ℵ �m. d½n 2.9.10, X ´ g 1��ê�m. 2d½n

3.9.3, X ´ g �Ýþ�m.

¯K 3.9.14 g �Ýþ�m´�Ýþ�m�ûk���N�í?

d~ 3.1.16, _;N��7�± g �Ýþ�m. d·K 3.8.15 Ú½n 3.9.7, k

eã g �Ýþ�m�N�½n.

½n 3.9.15 � f : X → Y ´4N�, Ù¥X ´ g �Ýþ�m, Y ´�K�

m. eã^��d:

(1) Y ´ g �Ýþ�m;

(2) Y ´ g 1��ê�m [230, 378];

(3) Y Ø¹4f�mÓ�u Sω
[258].

½n 3.9.16[244] g �Ýþ5÷v_;_�Gδ é��½n.

y² � f : X → Y ´_;N�, Ù¥ X ´äk Gδ é����K�m, Y

´ g �Ýþ�m. d½n 3.8.20, X ´ ℵ �m. XJX Ø´ g �Ýþ�m,d½n

3.9.7, X ¹4f�m T Ó�u Sω. - h = f|T : T → f(T ). K h ´_;N�, u

´ f(T ) ´ Y � Fréchet �4f�m. díØ 3.9.4, f(T ) ´�Ýþ�m. 2d½

n 2.2.12, T ´�Ýþ�m, gñ. Ïd, X ´ g �Ýþ�m.

~ 3.9.17 g �Ýþ�ma.

(1) :�ê cs �, Ø¹4f�mÓ�u Sω, k �m; S��m, X;z βN.

(2) Ø¹4f�mÓ�u Sω, ℵ0 �m; k �m, XMichael �m (~ 1.8.8).

(3) σ f¢D4��±fÄ; k �m, X~ 2.5.18 ¥��mX.
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3.10 ,
ÿ�)û�¯K

�!ò±þ�Ù!J��¯K8¥,øk,��ÖöïÄ�. ��B�é, ¯

KE¦^�SÒ.

¯K 1.7.8[66] äk:�êÄ�w∆ �m´Ä´�Ð�m?

¯K 1.7.9[107] [�Ð� β �m´Ä´�Ð�m?

¯K 1.7.10[175] äk Gδ é��� wM �m´Ä´�Ýþ�m?

¯K 1.8.16[283] ´Ä�3�K¢D Lindelöf ��Ýþ�mX, ¦ X2 Ø´

�5�m?

¯K 1.8.17[140] ´Ä�3� σ �m��K¢D Lindelöf ��Ýþ�m?

¯K 2.1.17[290] A��m Y , ¦z�÷�4N� f : X → Y ´�êVûN

�.

¯K 2.1.18[381] � f : X → Y ´4N�. �mX ½ Y N\�o^�, éz

� y ∈ Y, ∂f−1(y) äk�Ð5�?

¯K 2.2.21[140] �5Moore �m´Ä´g�Ýþ�m?

¯K 2.4.6[386] 1��ê�ëÏ�m´Ä´ëÏÝþ�m�mN�?

¯K 2.4.16[341] (Olson R C) äk:�êÄ�m�äk:�ê.�m�ûL

N�´Ä´�êVûN�?

¯K 2.5.20[260] äk σ f¢D4��±Ä��m´Ääk:Gδ 5�?

¯K 2.5.21[262] äk σ ;k� k ���K� k �m´Ä´æ Lindelöf�m?

¯K 2.5.25[370] Ï¦�ê� Lašnev �m¦È�f�m�S3�x?

¯K 2.6.5 ^Ýþ�m�N��x5�: z�;8´�Ýþ�1��ê�

m.

¯K 2.9.17 (1) �Ýþ�m´Ä´,�Ýþ�m�S�CX� π N�?

(2) �Ýþ�m´Ä´,�Ýþ�m�;CX� π N�?

¯K 2.10.10 �©Ýþ�m�û π N�´Ä´,��©Ýþ�m�û;N

�?

¯K 2.10.11[173] äk σ :k� cs ��é¡Ýþ�m´Ä´Ýþ�m�û

;N�?

¯K 2.10.18[24] _;N�´Ä�±MOBI a?

¯K 2.10.19[85] äk:�êÄ��m´ÄáuMOBI2 a?

��Ö1 1 �¥®)û�¯KXe: ¯K 1.6.20 (�~ 1.6.23), ¯K 2.7.7(1) (�~ 3.1.22), ¯K 2.7.20

(�íØ 2.7.19��`²), ¯K 3.1.16 (�~ 3.1.20) ,¯K 3.2.29 (�½n 3.2.22), ¯K 3.4.1(5) (�·K

3.5.18), ¯K 3.8.3 (�½n 3.9.3).
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¯K 3.1.5 (1) äk:�ê p æÄ� β �m´Ä´���m?

(2) äk:�êÄ� β �m´Ä´���m?

(3) äk:�êÄ�8��5� β �m´Ä´�Ýþ�m [38]?

¯K 3.1.18[71] _;N�´Ä�±äk:�ê p Ä��m?

¯K 3.1.19[143] _;N�½�m s N�´Ä�±Ýþ�m��m s N�?

¯K 3.1.21[345] ?��m´Ä�L�äk:�ê k ��m�4N�?

¯K 3.1.23[261] äk:�ê k ���K Fréchet �m´Ääk;�ê k �?

¯K 3.2.4 äkeã5���mX ´Ä´ Σ♯ �m? X k4��±�4C

X� {Fn} ÷v: éX �: x 9S� {xn}, e xn ∈ C(Fn, x), K {xn} kà:.

¯K 3.2.7 äk σ =G (modk) ���m´Ä´gæ;�m?

¯K 3.2.11[372] Σ �m´Ääk σ lÑ�4[ (modk) �?

¯K 3.2.23[324] perfect � Σ♯ �m´Ä´ Σ �m?

¯K 3.2.32 (1) r Σ∗ �m´Ä÷v Lindelöf .©)½n [332]?

(2) perfect �r Σ �m´Ä÷v;.©)½n [84]?

¯K 3.2.34 (1) � X × I ´r Σ∗ �m, @oX ´Ä´r Σ �m?

(2) Σ �m5�´Ä´k��È5?

¯K 3.3.8[296] æ; σ �m´Ääk�� (G)?

¯K 3.3.13[84] σ �m�_;_�´Ä÷v;.©)½n?

¯K 3.3.19 (1) �ê�;���m�_�ê;_�´Ä÷v�ê;.©)

½n[140]?

(2) �K���m´Ä÷v;.©)½n?

¯K 3.3.22[94, 71] Fréchet ����m´Ä�L��Ýþ�m�4N�?

¯K 3.3.23[379] � f : X → Y ´4N�. XJ X ´é¡Ýþ�m, Y ´ g

1��ê�m, @o Y ´Ä´é¡Ýþ�m?

¯K 3.4.2[121] k ���m´Ääk σ 4��± k �?

¯K 3.4.5 äk:�êfÄ, ½ σ ÛÜ�êfÄ� k ���m´Ä´ g �

Ýþ�m?

¯K 3.4.17 k ���m´Ä÷v_;_�Gδ é��½n?

¯K 3.4.20 �5� k, σ �m´Ä´�;�m?

¯K 3.4.21 äk(�ê k ���K� k �m´Ä´ k ���m?

¯K 3.4.22 k ���m��K��m;N�´Ä´ σ �m?

¯K 3.5.1 Ceder ¯K [79].

(1) M2 �m´Ä´M1 �m?

(5) M1 �m´Ääk4¢D5?
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(6) 4N�½_;N�´Ä�±M1 �m?

¯K 3.5.21[254] � X ´ Fréchet ���m. eX äk:�ê k �, X ´Ä

´ Lašnev �m?

¯K 3.6.6[293] ^ σ ¢D4��±�é��x�Ð�m�4N�.

¯K 3.6.8[91] ÷vm (G) ��m´Ääk:�êÄ?

¯K 3.6.13[71] _;N�´Ä�±w∆ �m?

¯K 3.6.16[84] Moore �m�_;_�´Ä÷v;.©)½n?

¯K 3.6.19[382] Moore �m�k�����mN�´Ä´�Ð�m?

¯K 3.7.8 (1) M♯ �m´Ä´M∗ �m [306]?

(2) �5 wM �m´Ä´M �m [175]?

(3) wM �m´Ä´M♯ �m?

¯K 3.8.12[319] ½Â·��Ä±�x ℵ �m.

¯K 3.8.14 ℵ0 �m��K�m;N�´Ä´ ℵ0 �m?

¯K 3.8.24 äk σ ¢D4��± k ���K�m´Ä´ ℵ �m�4N�?

¯K 3.9.5[108] äk σ ÛÜk�4fÄ��m´Ä´�K�m?

¯K 3.9.8[252] äk σ ;k�fÄ��K�m´Ä´ g �Ýþ�m?

¯K 3.9.12 äk4��±fÐm��K�m´Ä´ g �Ýþ�m?

¯K 3.9.14 g �Ýþ�m´�Ýþ�m�ûk���N�í?
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ù´�
�B�©��Ö
O��N¹, Ì�0��©¥¦^�Ê«C

X5�: �;5!æ;5!g�;5!gæ;5±9æ Lindelöf 5��
�x

Ú�'�N�½n. 'uCX5��XÚ0�, í��Ö Burke � “Covering

Properties”[72], ½öU1�5��ÿÀÆ;KÀù6[184].

�N¹�½: Øýkb��m÷v?Û©l5ún,N��ëY�÷¼ê. k

£Á�
Ä��â�.� X ´ÿÀ�m, ¿�U = {Uα}α<γ ´ X �CX. U ¡

� X �ûSCX, XJé α < β < γ, k Uα ⊂ Uβ . U ¡� X �½�CX, XJ

é α, β < γ, �3 δ < γ, ¦ Uα ∪ Uβ ⊂ Uδ. é X �8x V Ú W , ¡ V Ü©\[

W , XJé V ∈ V , kW ∈ W , ¦ V ⊂ W . ¡ V \[W , XJ V CXX � V

Ü©\[W . Ù¦�
~^�PÒ9â���© § 1.1.

A.1 � ; � m

½Â A.1.1 X ¡��;�m [95], e X �z�mCX�3ÛÜk��m\

[. X ¡��ê�;�m [98, 196], eX �z��êmCX�3ÛÜk��m\[.

�;�m�Michael A�´¯¤±��.

½n A.1.2[274, 275, 276] é�K�mX, eã^��d:

(1) X ´�;�m;

(2) X �z�mCX�3(/m\[;

(3) X �z�mCX�3 σ lÑm\[;

(4) X �z�mCX�3 σ =Gm\[;

(5) X �z�mCX�34��±4\[.

íØ A.1.3[275] (Michael ½n) 4N��± T2 �;5.

·K A.1.4[148] �;�m�_;_�´�;�m.

y² � f : X → Y ´_;N�, Ù¥ Y ´�;�m. é X �mC

X U , e y ∈ Y , K�3 Uy ∈ U <ω, ¦ f−1(y) ⊂ ∪Uy. � y �m�� Vy,

¦ f−1(Vy) ⊂ ∪Uy. ù� Y �mCX {Vy : y ∈ Y } �3ÛÜk��m\[
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{Wy : y ∈ Y }, ¦Wy ⊂ Vy. l
 {f−1(Wy) ∩ U : y ∈ Y, U ∈ Uy} ´ U �ÛÜk

��m\[. �X ´�;�m.

½Â A.1.5 � U ,V ´ X �CX. V ¡� U �ÛÜ(/\[ [191], eé

x ∈ X, �3 x �m��G Ú U ∈ U , ¦ st(G,V ) ⊂ U . V ¡�U �:�W \

[ [398], eé x ∈ X, �3 U ′ ∈ U <ω, ¦ (V )x Ü©\[ U ′. V ¡� U �ÛÜ

W \[ [399], eé x ∈ X, �3 x �m�� G Ú U ′ ∈ U <ω, ¦ (V )G Ü©\[

U ′.

Ún A.1.6[191] �U ´�mX �mCX. �Äeã^�:

(1) U F k4��±�4\[F , ¦F ◦ CX X;

(2) U F kSÜ�±�ÛÜ(/m\[;

(3) U F kSÜ�±�ÛÜW m\[.

@o (3) ⇒ (2) ⇒ (1). eU ´X �SÜ�±mCX,@o (1) ⇒ (3).

y² (3) ⇒ (2) ´w,�.

(2) ⇒ (1). � V ´U F �SÜ�±�ÛÜ(/m\[. �

F (U ′) = {x ∈ X : st(x,V ) ⊂ ∪U ′},U ′ ∈ U <ω;

F = {F (U ′) : U ′ ∈ U <ω}.

@oF ´ U F �4��±�4\[�F ◦ CXX.

y3, � U ´ X �SÜ�±�mCX. 4 F ´ U F �4��±�4\[,

�F ◦ CXX. ½Â

Wx = (∩(U )x) ∩ (X − ∪(F − (F )x)), x ∈ X;

W = {Wx : x ∈ X}.

K W ´ X �SÜ�±�mCX. é x ∈ X, �3 F ∈ F , ¦ x ∈ F ◦, ù�k

U ′ ∈ U <ω, ¦ F ⊂ ∪U ′, l
 (W )F◦ Ü©\[U ′. �W ´U �ÛÜW \[.

Ún A.1.7 eF ´�ê�;�mX � σ 4��±48x. XJF ◦ CX

X, KF �34��±�4\[H , ¦H ◦ CXX.

y² PF =
⋃

n∈N
Fn,Ù¥Fn ´X �4��±�48x. é n ∈ N,½Â

Pn = ∪F ◦
n . -P = {Pn : n ∈ N}. P �3ÛÜk��m\[R = {Rα : α ∈ Λ}.

é α ∈ Λ, �3 nα ∈ N, ¦ Rα ⊂ Pnα
, �

Hα = {F ∩Rα : F ∈ Fnα
},

H = ∪{Hα : α ∈ Λ}.

KH ´F �4��±�4\[�H ◦ CXX.

Ún A.1.8[191] � {Un} ´ X �mCX�. ez� Un+1 ´ Un �:�W

\[ (ÛÜW \[), @oU1 �3 σ :k�m\[ (σ ÛÜk�m\[).

y² PU1 = {Uα : α < γ}. é U ∈
⋃

n∈N
Un, -
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α(U ) = min{α < γ : U ⊂ Uα}.

é n > 1, U ∈ Un, ¡ Un−1 äk5� Φ(U ), XJ U ⊂ U ′ ∈ Un−1, K α(U ′) =

α(U ). ½Â

Wn = {U ∈ Un : Un−1äk5� Φ(U )}.

(8.1)
⋃

n>1 Wn CXX.

é n > 1, x ∈ X, ½Â αn = sup{α(U ) : x ∈ U ∈ Un}. du Un+1 ´ Un �

:�W \[, ¤± αn+1 6 αn < γ, u´k β < γ Ú k > 3, ¦� n > k − 1 �,

αn = β. Ï�Uk+1 ´ Uk �:�W \[, Ï
�3U ∈ (Uk)
<ω
x , ¦ (Uk+1)x Ü

©\[ U . À� U ∈ U , ¦� U ′ ∈ U �, α(U ′) 6 α(U ). Ï� (Uk+1)
<ω
x Ü©

\[ U , ¤± αk+1 6 α(U ), 
 α(U ) 6 αk, @o α(U ) = β. du αk−1 = β, u

´ Uk−1 äk5� Φ(U ): é U ′ ∈ (Uk−1)x, k α(U ′) 6 β = α(U ); e U ⊂ U ′, K

α(U ′) > α(U ), ¤± α(U ′) = α(U ). ù� x ∈ U ∈ Wk.

y3, é n > 1, ½Â

Vnα = ∪{W ∈ Wn : α(U ) = α}, α < γ;

Vn = {Vnα : α < γ}.

w,,
⋃

n>1 Vn ´ U1 �m\[.

(8.2) Vn ´ X �:k�8x (ÛÜk�8x).

é x ∈ X, �3 G = {x} (x �m��G) 9 U ′ ∈ U <ω
n−1, ¦ (Un)G Ü©\[

U ′. -

Γ = {α(U ′) : U ′ ∈ U ′},

∆ = {α < γ : G ∩ Vnα 6= ∅}.

K ∆ ⊂ Γ. ¯¢þ, � β ∈ ∆, K�3 U ∈ Wn, ¦ α(U ) = β � U ∩ G 6= ∅, u´

U ∈ (Un)G, l
�3 U ′ ∈ U ′, ¦ U ⊂ U ′, ¤± α(U ) = α(U ′), Ïd β ∈ Γ. �

Vn ´ X �:k�8x (ÛÜk�8x).

nþ¤ã,
⋃

n>1 Vn ´ U1 � σ :k�m\[ (σ ÛÜk�m\[).

½n A.1.9[191, 266] eã^��d:

(1) X ´�;�m;

(2) X �z�ûSmCXkÛÜk�m\[;

(3) X �z�SÜ�±½�mCXkSÜ�±ÛÜ(/m\[;

(4) X �z�SÜ�±½�mCXk σ 4��±4\[F , ¦F ◦ CXX;

(5) X �z�½�mCXk4��±4\[F , ¦F ◦ CXX.

y² (1) ⇒ (5). � U ´ X �½�mCX. 4 V ´ U �ÛÜk��m\

[. @o V ´U �SÜ�±ÛÜW m\[. dÚn 1.6, U F k4��±4\[
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F , ¦F ◦ CXX. ù�F \[U .

(5) ⇒ (4) ´w,�.

(4)⇒ (3).dÚn 1.7Ú 1.6,�LyX ´�ê�;�m. �U = {Un : n ∈ N}

´ X �mCX. @o X �SÜ�±�½�mCX {
⋃

k6n Uk : n ∈ N} k4\[
⋃

n∈N
Fn, ¦Fn ´4��±8x�

⋃
n∈N

F ◦
n CXX. -

R0 = ∅;

Rn = ∪{F ∈
⋃

k6n Fk : F ⊂
⋃

k6n Uk}, n ∈ N.

@o {Un −Rn−1 : n ∈ N} ´U �ÛÜk�m\[. �X ´�ê�;�m.

(3) ⇒ (2). � U ´ X �ûSmCX. dÚn 1.6, X �3SÜ�±�mCX

� {Un}, ¦ U1 = U � Un+1 ´Un �ÛÜW \[. dÚn 1.8, U �3m\[
⋃

n∈N
Vn, ¦ Vn ´ X �ÛÜk�8x. dÚn 1.6, X ÷v (4), u´X ´�ê�

;�m, l
 {∪Vn : n ∈ N} kÛÜk��m\[ {Wn : n ∈ N}, ¦Wn ⊂ ∪Vn,

@o
⋃

n∈N
{Wn ∩ V : V ∈ Vn} ´ U �ÛÜk��m\[.

(2) ⇒ (1). éÄê γ, ± P (γ) L«·K: X �z�Äê� γ �mCXkÛ

Ük��m\[. b½ γ ´Ã�Äê�é λ < γ, k P (λ) ¤á. XJ U ´ X

�Äê� γ �mCX, P U = {Uα : α < γ}, @o {
⋃

β6αUβ : α < γ} ´ X

�ûSmCX, u´§kÛÜk��m\[W . é W ∈ W , � α(W ) < γ, ¦

W ⊂ ∪{Uβ : β 6 α(W )}. é α < γ, -

Pα = ∪{W ∈ W : α(W ) > α},

Pα = {Pα} ∪ {Uβ : β 6 α}.

d8Bb�, Pα �3ÛÜk��m\[Hα. ½Â

R(W ) = {W ∩H : H ∈ Hα(W ) �é,� α 6 α(W ), kH ⊂ Uα},W ∈ W ;

R = ∪{R(W ) : W ∈ W }.

@o R ´ X �ÛÜk�m8x. é x ∈ X, �3W ∈ (W )x, ¦éW ′ ∈ (W )x,

k α(W ′) 6 α(W ). - β = α(W ), � H ∈ Hβ , ¦ x ∈ H. du x /∈ Pβ �Hβ \

[Pβ , ¤±�3 α 6 β, ¦ H ⊂ Uα, u´ x ∈ W ∩H ∈ R(W ) ⊂ R. � U �3

ÛÜk��m\[R, Ïd P (γ) ¤á.

e¡0��;5��55�m��
'X.

½Â A.1.10 X ¡�8��5�m [53], e {Fα}α∈Λ ´ X �lÑ48x,

K�3 X �pØ���m8x {Uα}α∈Λ, ¦ Fα ⊂ Uα. X ¡��)ä�m [197],

e {Fα}α∈Λ ´ X �ÛÜk�48x, K�3 X �ÛÜk�m8x {Uα}α∈Λ, ¦

Fα ⊂ Uα.

8��55�{ã�z�lÑ48xkpØ���m*Ü. �)ä5�{ã

�z�ÛÜk�48xkÛÜk��m*Ü.
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½n A.1.11 T2 �;�m´8��5�mÚ�)ä�m
[197].

y² �X ´ T2 �;�m. 4F = {Fα}α∈Λ ´ X �lÑ48x. é α ∈ Λ,

- Vα = X − ∪(F − {Fα}). X �mCX {Vα}α∈Λ �3(/m\[ V . 2-

Uα = st(Fα,V ). K {Uα}α∈Λ ´F �pØ���m*Ü.�X ´8��5�m.

4 F = {Fα}α∈Λ ´ X �ÛÜk��48x. é Γ ∈ Λ<ω, - V (Γ) =

X − ∪{Fα : α ∈ Λ − Γ}. é x ∈ X, - Γx = {α ∈ Λ : x ∈ Fα}. K Γx ∈ Λ<ω

� x ∈ V (Γx). 4 V ´ X �mCX {V (Γ) : Γ ∈ Λ<ω} �ÛÜk�m\[. é

α ∈ Λ, � Uα = st(Fα,V ). K Fα ⊂ Uα. é x ∈ X, �3 x �m�� V Ú

n ∈ N, ¦ (V )V = {Vi : i 6 n}. é i 6 n, �3 Γi ∈ Λ<ω, ¦ Vi ⊂ V (Γi). -

Γ = {α ∈ Λ : V ∩ Uα 6= ∅}. K Γ ⊂
⋃

i6n Γi, l
 Γ ∈ Λ<ω. Ïd {Uα}α∈Λ ´ X

�ÛÜk��m8x. �X ´�)ä�m.

�)ä5�y²v¦^ T2 ©l5�. dd, é�ê�;�mX �ÛÜk�4

8x {Fn}n∈N, �3X �ÛÜk�m8x {Un}n∈N, ¦ Fn ⊂ Un.

·K A.1.12 � {Fα}α∈Λ ´8��5�mX �lÑ48x. K�3 X �

lÑm8x {Gα}α∈Λ, ¦ Fα ⊂ Gα.

y² d X �8��55, �3 X �pØ���m8x {Uα}α∈Λ, ¦ Fα ⊂

Uα. - F =
⋃

α∈Λ Fα, U =
⋃

α∈Λ Uα. dX ��55, �3ëY¼ê f : X → I, ¦

f(F ) ⊂ {1}, f(X − U ) ⊂ {0}. é α ∈ Λ, ½Â Gα = Uα ∩ {x ∈ X : f(x) > 1/2}.

K {Gα}α∈Λ ´X �lÑm8x� Fα ⊂ Gα.

·K A.1.13[177] X ´�ê�;�m��=�é X �4O�mCX

{Gn}n∈N, �3X �48� {Hn}, ¦ Hn ⊂ Gn �X =
⋃

n∈N
H◦

n.

y² 4 {Gn}n∈N ´�ê�;�mX �4O�mCX. �3 X �ÛÜk

�mCX {Vn}n∈N, ¦ Vn ⊂ Gn. é n ∈ N, - Hn = X −
⋃

m>n Vm. K48

Hn ⊂
⋃

m6n Vm ⊂ Gn. é x ∈ X, �3 x �m�� Ux =�k�� Vn ��. �

k = max{n ∈ N : Ux ∩ Vn 6= ∅}. K Ux ⊂ Hk. ¤±X =
⋃

n∈N
H◦

n.

��,�U = {Un}n∈N ´X ��êmCX.é n ∈ N, -Gn =
⋃

m6n Um. K

{Gn}n∈N ´ X �4OmCX, �348� {Hn}, ¦ Hn ⊂ Gn � X =
⋃

n∈N
H◦

n.

- Vn = Un −
⋃

m<nHm. K {Vn}n∈N ´ U �m\[. é x ∈ X, �3 n ∈ N, ¦

x ∈ H◦
n, u´�m > n �, H◦

n ∩ Vm = ∅. ¤± {Vn}n∈N ´ÛÜk��. � X ´

�ê�;�m.

A.2 æ ; � m

½Â A.2.1 X ¡�æ;�m (½f�;�m) [16], e X �z�mCXk:
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k��m\[. X ¡��êæ;�m [135], e X �z��êmCX�3:k��

m\[.

^�·K 1.4 (½Ún 1.6) Ó���{, �y²·K 2.2 (½Ún 2.3).

·K A.2.2 æ;�m�_;_�´æ;�m.

Ún A.2.3 � U ´ X �SÜ�±�mCX. U F k4��±�4\[�

�=�U kSÜ�±�:�W m\[.

½n A.2.4[191, 346] eã^��d:

(1) X ´æ;�m;

(2) X �z�ûSmCXk:k��m\[;

(3) X �z�mCXU , U F k4��±�4\[.

y² dÚn 2.3 � (1) ⇒ (3). |^8B{, �½n 1.9 ¥ (2) ⇒ (1) Ó��

�{, �Lò “ÛÜk�” �� “:k�” �y² (2) ⇒ (1). e¡y² (3) ⇒ (2).

� U ´X �ûSmCX.dÚn 2.3, X �3SÜ�±�mCX� {Un}, ¦

U1 = U � Un+1 ´Un �:�W \[. dÚn 1.8, U �3m\[
⋃

n∈N
Vn, ¦

Vn ´ X �:k�8x. ù�, X �½�mCX {∪Vn : n ∈ N} �34��±�4

\[ {Fn : n ∈ N}, ¦ Fn ⊂ ∪Vn. l

⋃

n∈N
{V −

⋃
k<n Fk : V ∈ Vn} ´ U �:

k��m\[.

d½n 2.4 � (1) ⇔ (3), keãæ;�m�N�½n.

íØ A.2.5[398] (Worrell ½n) 4N��±æ;5.

½n A.2.6[190, 398] eã^��d:

(1) X ´æ;�m;

(2) X �z�mCXk:k��\[H , ÷vé x ∈ X, k x ∈ st(x,H )◦;

(3) X �z�mCXk:�W m\[.

y² (1) ⇒ (2) ´w,�.

(2) ⇒ (3). é X �mCX U , U k:k�\[H , ÷v (2) ��¦. é

H ∈ H , � UH ∈ U , ¦ H ⊂ UH . é x ∈ X, ½Â

Vx = st(x,H )◦ ∩ (∩{UH : H ∈ (H )x}).

K {Vx : x ∈ X} ´ U �:�W m\[.

(3) ⇒ (1).éX �mCXU , �3X �mCX� {Un}, ¦U1 = U �Un+1

´ Un �:�W \[. dÚn 1.8, U km\[
⋃

n∈N
Vn, ¦ Vn ´ X �:k�

8x. 4W ´ {∪Vn : n ∈ N} �:�W m\[. é n ∈ N, -

Fn = {x ∈ X : st(x,W ) ⊂ ∪{∪Vi : i 6 n}}.

@o F n ⊂
⋃

i6n(∪Vi) � X =
⋃

n∈N
Fn. u´

⋃
n∈N

{V −
⋃

i<n F i : V ∈ Vn} ´

U �:k�m\[.
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íØ A.2.7[191] �;�m��m;N�´æ;�m.

y² � f : X → Y ´�m;N�, Ù¥ X ´�;�m. e U ´ Y �mC

X, @oX �mCX f−1(U ) kÛÜk��m\[V , u´ f(V ) ´U �:k�

\[�÷v½n 2.6(2). � Y ´æ;�m.

d·K 1.13 aq��{, �y²·K 2.8.

·K A.2.8[135, 177] X ´�êæ;�m��=�e {Fn} ´ X �4~�4

8��
⋂

n∈N
Fn = ∅, K�3X �m8� {Gn}, ¦ Fn ⊂ Gn �

⋂
n∈N

Gn = ∅.

A.3 g�;�m

½Â A.3.1[64] X ¡�g�;�m, e X �z�mCX�3 σ lÑ�4\

[.

·K A.3.2[63] � f : X → Y ´_;N�, Ù¥X ´ T2 �m. XJ Y ´g

�;�m, KX ´g�;�m.

y² �U ´X �mCX.é y ∈ Y, f−1(y)´X �;8,d�©Ún 3.2.8,

�3 Oy ∈ τ(X), ¦ f−1(y) ⊂ Oy �3 Oy ¥ U|Oy
kk��4\[. du f ´4

N�, �3Hy ∈ τ(Y ), ¦ y ∈ Hy � f−1(Hy) ⊂ Oy, @o3 f−1(Hy) ¥U|f−1(Hy)

kk��4\[Fy. 4H = {Hy : y ∈ Y }. Ï� Y ´g�;�m, H k\[
⋃

i∈N
Wi, Ù¥ Wi = {Wiy : y ∈ Y } ´lÑ�48x�Wiy ⊂ Hy. é i ∈ N, �

Pi = {f−1(Wiy) ∩ F : y ∈ Y,F ∈ Fy}.  yP =
⋃

i∈N
Pi ´ U � σ lÑ�4

\[. w,, P ´U �\[. é i ∈ N, Ï� f−1(Wi) ´lÑ��é y ∈ Y , Fy ´

k��,u´Pi ´ σ lÑ�. é y ∈ Y Ú F ∈ Fy, XJ x ∈ X− (f−1(Wiy)∩F ),

�

Lx =

{
X − f−1(Wiy), x ∈ X − f−1(Wiy),

f−1(Hy) − F, x ∈ f−1(Wiy) − F,

@o Lx ´ x 3 X �m��� Lx ∩ (f−1(Wiy) ∩ F ) = ∅, u´ f−1(Wiy) ∩ F ´

4�. �X ´g�;�m.

½n A.3.3[64, 189] eã^��d:

(1) X ´g�;�m;

(2) X �z�mCXU �3m\[S� {Un}, ÷vé x ∈ X, �3 n ∈ N Ú

U ∈ U , ¦ st(x,Un) ⊂ U ;

(3) X �z�mCXk σ ÛÜk��4\[;

(4) X �z�mCXk σ 4��±�4\[;

(5) X �z�mCXk σ =G\[.
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y² �Ly (1) ⇒ (2) ⇒ (5) ⇒ (1).

(1) ⇒ (2). �U ´X �mCX. 4
⋃

n∈N
Fn ´U �4\[, Ù¥Fn ´l

Ñ�. é n ∈ N, F ∈ Fn, À� UF ∈ U , ¦ F ⊂ UF . -

En = ∪Fn,

VF = UF − (En − F ),

Vn = {VF : F ∈ Fn} ∪ {U −En : U ∈ U }.

K X �mCX� {Vn} ÷v (2) ��¦.

(2) ⇒ (5). � U ´ X �mCX. 4 {Un} ´ U �m\[S��÷v (2) �

�¦. PU = {Uα : α ∈ Λ}. é n ∈ N, α ∈ Λ, -

F (n, α) = {x ∈ X : st(x,Un) ⊂ Uα},

Fn = {F (n, α) : α ∈ Λ}.

@o
⋃

n∈N
Fn ´U �\[. é Λ′ ⊂ Λ,� x ∈ X−

⋃
α∈Λ′ Uα. XJ n ∈ N, α ∈ Λ′

� y ∈ F (n, α), @o x /∈ st(y,Un), l
 y /∈ st(x,Un), u´ x /∈
⋃

α∈Λ′ F (n, α).

Ïd,
⋃

n∈N
Fn ´U � σ =G\[.

(5) ⇒ (1).�Qã{'å�,æ^PÒ:én, k ∈ N,9 s = (i1, i2, · · · , ik) ∈ Nk,

P s⊕ n = (i1, i2, · · · , ik, n). é X �mCXU = {Uα : α < γ}. e k ∈ N, s ∈ Nk,

�eã�ªé k ?18B, ½Â U �m\[ U (s) ±9 U (s) � σ =G\[

F (s). é t ∈ N, �

Vα(t) = Wα(t) = Uα, α < γ;

U (t) = {Vα(t) : α < γ} ∪ {Wα(t) : α < γ}.

y�U (s) ´U �m\[, ä/ª

U (s) = {Vα(s) : α < γ} ∪ {Wα(s) : α < γ}.

4F (s) ´U (s) � σ =G\[, ä/ª

F (s) = {Hα(s⊕ n) : α < γ, n ∈ N} ∪ {Kα(s⊕ n) : α < γ, n ∈ N},

Ù¥ {Hα(s ⊕ n) : α < γ}, {Kα(s ⊕ n) : α < γ} ©O´ {Vα(s) : α < γ} Ú

{Wα(s) : α < γ} �=G. - Uα(s) = Vα(s) ∪Wα(s). ½Â

Vα(s⊕ n) = Uα(s) −∪{Hβ(s⊕ n) ∪ Kβ(s⊕ n) : α 6= β < γ},

Wα(s⊕ n) = Uα(s) ∩ (∪{Uβ(s) : α < β < γ})

−∪{Hβ(s⊕ n) ∪Kβ(s⊕ n) : β < α},

U (s⊕ n) = {Vα(s⊕ n) : α < γ} ∪ {Wα(s⊕ n) : α < γ}.

(3.1) U (s⊕ n) ´ X �CX.

é x ∈ X, XJ x /∈
⋃

α<γ Vα(s ⊕ n), 4 δ = min{α < γ : x ∈ Uα(s)}.

@o x ∈
⋃

δ<β<γ Hβ(s⊕ n) ∪Kβ(s⊕ n), u´k β > δ, ¦ x ∈ Uβ(δ), l


x ∈Wδ(s⊕ n). Ïd, U (s⊕ n) CXX.
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é s ∈ Nk, n ∈ N, α < γ, ½Â

Tα(s⊕ n) = Hα(s⊕ n) −∪{Vβ(s) : α 6= β < γ}.

du {Hα(s⊕n) : α < γ} ´ {Vα(s) : α < γ} �=G, {Tα(s⊕n) : α < γ} ´X �

lÑ48x� Tα(s⊕ n) ⊂ Uα.

(3.2) {Tα(s⊕ n) : α < γ, s ∈
⋃

k∈N
Nk, n ∈ N} ´ X �CX.

é x ∈ X, - δ = min{β < γ : x ∈ Hβ(h) ∪Kβ(h), h ∈
⋃

k∈N
Nk}. @o�3

t ∈
⋃

k∈N
Nk, n ∈ N, ¦ x ∈ Hδ(t⊕ n) ∪Kδ(t⊕ n). �m ∈ N, σ < γ, ÷v

x ∈ Hσ(t⊕ n⊕m) ∪Kσ(t⊕ n⊕m) ⊂ Vσ(t⊕ n) ∪Wσ(t⊕ n).

u´,e α > δ,@o x /∈ Vσ(t⊕n)∪Wσ(t⊕n),l
 σ = δ. 
 x /∈
⋃

β>δ Uβ(t⊕n),

¤± x /∈Wδ(t⊕n⊕m),Ïd x ∈ Hδ(t⊕n⊕m). qdu x ∈ Hδ(t⊕n)∪Kδ(t⊕n),u

´� β 6= δ�, x /∈ Vβ(t⊕n),� x ∈ Hδ(t⊕n⊕m)−
⋃

β 6=δ Vβ(t⊕n) ⊂ Tδ(t⊕n⊕m).

nþ¤ã, U äk σ lÑ4\[, ¤±X ´g�;�m.

íØ A.3.4[64] 4N��±g�;5.

A.4 gæ;�m

½Â A.4.1 X ¡�gæ;�m [189] (½ θ �\[�m [400]), e X �?�m

CX�3m\[S� {Un}, ÷vé x ∈ X, �3 n ∈ N, ¦ Un ¥=kk���¹

: x. ùCXS�¡�X � θ S�. m\[� θ S��¡� θ m\[S�.

X �CX� {Un} ¡�X �CXU �:�W \[S�, eé x ∈ X, �3

U ′ ∈ U <ω Ú n ∈ N, ¦ (Un)x Ü©\[U ′.

½n A.4.2[400] gæ;��ê;�m´;�m.

y² � X ´gæ;��ê;�m. 4 U ´ X �mCX. @o U �3 θ

m\[S� {Un}. é n ∈ N, P Un = {Uα : α ∈ Λn}. é Λn ¥pØ�Ó��

α1, · · · , αk, �

Fn(α1, · · · , αk) = ∩{Uαi
: i 6 k} − ∪{Uα : α ∈ Λn − {α1, · · · , αk}}.

du {Fn(α) : α ∈ Λn} ´ X �lÑ8x, u´§´k�8, l
�3 Un

�k�8 Un1 CX {Fn(α) : α ∈ Λn}. Ón, �3 Un �k�8 Un2 CX

{Fn(α1, α2)−∪Un1 : α1, α2 ∈ Λn}. �daí,���Un �k�8�S� {Unk},

¦
⋃

k∈N
Unk CX ∪{Fn(α1, · · · , αk) : αi ∈ Λn, i 6 k ∈ N}. ù�

⋃
n,k∈N

Unk ´⋃
n∈N

Un ��êfCX.Ïd, U �3k�fCX.�X ´;�m.

e¡, ïágæ;�m� Junnila A�.
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Ún A.4.3 e X �z� (SÜ�±) mCX�3 (SÜ�±) m\[:�

W \[S�, KX � (SÜ�±) mCXkm\[S� {Un}, ÷v

(∗) é x ∈ X, �3 N �f� {ni}, ¦ (Uni+1
)x Ü©\[Uni

.

y² éX � (SÜ�±)mCXU ,�3 (SÜ�±)m\[:�W \[S

� {H1n}, PÙ�U → {H1n}n>1. Ón, ém ∈ N, kHmm ∧ (
∧

i6m Him+1) →

{Hm+1n}n>m+1. - Un = Hnn. @oé x ∈ X,m ∈ N, �3 n > m, ¦ (Un)x Ü

©\[ Um. � X � (SÜ�±) mCX U k (SÜ�±) m\[S� {Un}, ÷

v (∗).

ÚnA.4.4 eX �CXB �3m\[S� {Un}÷v (∗), @oB k θ m

\[S�.

y² P B = {Bα : α < γ}, Ù¥ γ ´Ð©Sê. é U ∈
⋃

k∈N
U k, -

α(U ) = min{β < γ : U ⊂ Bβ}. é n ∈ N, V ∈
⋃

k∈N
U k, ¡ Un äk5� Φ(V ),

XJ {α(U ) : V ⊂ U ∈ Un} ⊂ {α(V )}. é n, k ∈ N, ½Â

Vnk = {V ∈ Uk : Unäk5� Φ(V )},

Lnk = {x ∈ X : (Uk)x Ü©\[Un}.

é n > 1, s ∈ Nn, �

Ls =
⋂

i<n Ls(i)s(i+1), Ù¥ s(i) L« s �1 i ��I;

Hs = {x ∈ Ls : st(x,Us(n)) ⊂ ∪(
⋃

i<n Vs(i)s(i+1))}.

(4.1) {Hs : s ∈
⋃

n>1 Nn} ´X �CX.

é x ∈ X,�3N�f� {tn}ÚX �k�fx�S� {Fn},¦Fn ⊂ (Utn
)x

� (Utn+1
)x Ü©\[Utn

. é n > 1, �

Pn = {F ∈ Fn : F 6⊂ ∪(∪{Vtiti+1
: i < n})}.

K, Pn = ∅. ÄK, é n > 1, - αn = max{α(P ) : P ∈ Pn}. du Pn+1

Ü©\[Pn, u´ αn+1 6 αn, l
�3 k > 3, ¦ αk = αk−1 = αk−2. �

P ∈ Pk, ¦ α(P ) = αk. äó: Utk−1
ä5� Φ(P ). ¯¢þ, é P ⊂ U ∈ Utk−1

,

K U ∈ (Utk−1
)x, u´�3 F ∈ Fk−2, ¦ U ⊂ F , l
 P ⊂ U ⊂ F , @o

αk = α(P ) 6 α(U ) 6 α(F ) 6 αk−2, Ïd α(U ) = α(P ), ¤± Utk−1
ä5�

Φ(P ). � P ∈ Vtk−1tk
, ù� P ∈ Pk �gñ. Ï
�3 n > 1, ¦Pn = ∅. �

t = (t1, t2, · · · , tn+1). @o x ∈ Ht. (4.1) �y.

é k ∈ N, �

Wnkα = ∪{V ∈ Vnk : α(V ) = α}, α < γ;

Wnk = {Wnkα : α < γ}.

(4.2) Wnk 3 Lnk þ´:k�8x.



A.4 gæ;�m · 195 ·

é x ∈ Lnk, �3F ∈ U <ω
n , ¦ (Uk)x \[F . - Λ = {α(F ) : F ∈ F}. �

y² (Wnk)x ´k��,�L�y {α < γ : x ∈Wnkα} ⊂ Λ. � α < γ � x ∈Wnkα.

K�3 V ∈ Vnk, ¦ x ∈ V � α(V ) = α, u´ V ∈ (Uk)x, l
�3 F ∈ F , ¦

V ⊂ F . 
Un ä5� Φ(V ), ¤± α(V ) = α(F ), Ïd α ∈ Λ.

é n > 1, s ∈ Nn, ½Â

Ws =
⋃

i<n Ws(i)s(i+1),

Us = {U ∈ Us(n) : U 6⊂ ∪Ws},

Hs = Ws ∪ Us.

@oHs ´B �m\[�

(4.3) Hs 3 Hs þ´:k�8x.

é x ∈ Hs, st(x,Us(n)) ⊂ ∪(
⋃

i<n Vs(i)s(i+1)) = ∪Ws, u´ x /∈ ∪Us, l


(Hs)x = (Ws)x =
⋃

i<n(Ws(i)s(i+1))x. d (4.2), (Hs)x ´k��.

nÜ (4.1) Ú (4.3), {Hs : s ∈
⋃

n>1 Nn} ´B � θ m\[S�.

Ún A.4.5 e X �z�ûSmCXk θ m\[S�, K X �z�mCX

k:�W m\[S�.

y² éÄê γ,± P (γ)L«·K: X �z�Äê� γ �mCXk:�W m

\[S�. ^��8B{y², éz�Äê γ, P (γ) �ý. b� γ ´Ã�Äê�é

λ < γ, k P (λ) ¤á. XJU ´ X �Äê� γ �mCX, P U = {Uα : α < γ}.

@o {
⋃

β6αUβ : α < γ} ´ X �ûSmCX, u´§k θ m\[S� {Vn}. é

V ∈
⋃

n∈N
Vn, � α(V ) < γ, ¦ V ⊂ ∪{Uβ : β 6 α(V )}. é α < γ, n ∈ N, -

Pαn = ∪{V ∈ Vn : α(V ) > α},

Pαn = {Pαn} ∪ {Uβ : β 6 α}.

d8Bb�, Pαn �3:�W m\[S� {Wαnk}. é n, i ∈ N, �

Fni = {x ∈ X : |(Vn)x| 6 i},

Gn =
⋃

i∈N
Fni.

@oFni ´ X �48�X =
⋃

n∈N
Gn. é x ∈ Gn, -

α(x, n) = max{α(V ) : V ∈ (Vn)x}.

�Wnk(x) ∈ (Wα(x,n)nk)x, 2-

Hnk(x) = (
⋂

i6k Wni(x)) ∩ (∩(Vn)x),

Hnk = {Hnk(x) : x ∈ Gn} ∪ {X − Fnk}.

(5.1) Hnk ´X �CX.

ù´Ï�, é x ∈ X, XJ x ∈ Fnk, @o x ∈ Hnk(x).

(5.2) {Hnk} ´U �:�W \[S�.

é x ∈ X, � n ∈ N, ¦ x ∈ Gn. -
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Λ = {α(V ) : V ∈ (Vn)x}.

é α ∈ Λ, �3 kα ∈ N,Fα ∈ P<ω
αn , ¦ (Wαnkα

)x Ü©\[Fα. ½Â

F =
⋃

α∈Λ Fα ∩ U ,

k = max{kα : α ∈ Λ} + |(Vn)x|.

äó: (Hnk)x Ü©\[ F . ¯¢þ, � H ∈ (Hnk)x. K x ∈ Fnk, u´�

3 y ∈ Gn, ¦ H = Hnk(y). P α = α(y, n), � V ∈ (Vn)y, ¦ α(V ) = α. u´

x ∈ Hnk(y) ⊂ V � α ∈ Λ. - j = kα. du j 6 k, l
Hnk(y) ⊂ Wnj(y), Ïd�

3 F ∈ Fα, ¦Wnj(y) ⊂ F . qdu y ∈ F − Pαn, ¤± F ∈ U , � H ⊂ F ∈ F .


F ´k��, u´ {Hnk} ´U �:�W \[S�.

dd��, X �z�mCXk:�W m\[S�.

Ún A.4.6 e X �z�SÜ�±�½�mCX�3 σ 4��±�4\[,

@oX �z�SÜ�±�mCX�3 θ m\[S�.

y² � U ´ X �SÜ�±�mCX. K U F ´ X �SÜ�±�½�m

CX, u´U F k4\[
⋃

n∈N
Fn, Ù¥Fn ´4��±�. é x ∈ X,n ∈ N, -

Vn(x) = ∩(U )x − ∪{F ∈ Fn : x /∈ F},

Vn = {Vn(x) : x ∈ X}.

K Vn ´ U �SÜ�±�m\[.  y {Vn} ´ U �:� W \[S�. é

x ∈ X, � n ∈ N Ú F ∈ Fn, ÷v x ∈ F , u´k U ′ ∈ U <ω, ¦ F ⊂ ∪U ′. �

y ∈ X, � x ∈ Vn(y). K y ∈ F . u´�3 U ∈ U ′, ¦ y ∈ U , l
 Vn(y) ⊂ U , ¤

± (Vn)x Ü©\[U ′. dÚn 4.3 Ú 4.4, U �3 θ m\[S�.

Ún A.4.7 eX �mCXU �3 θ m\[S�,@okX � σ 4��±

�4CXF , ÷vé x ∈ X, �3 F ∈ F ÚU ′ ∈ (U )<ω
x , ¦ x ∈ F ⊂ ∪U ′.

y² � {Vn} ´U � θ m\[S�. é n, k ∈ N, -

Fnk = {x ∈ X : |(Vn)x| 6 k}.

K Fnk ´X �48. ½Â

Fn(V ) = X −∪(Vn − V ), V ∈ V <ω
n ;

Fn = {Fn(V ) : V ∈ V <ω
n };

Fnk = Fn|Fnk
.

du Vn|Fnk
´:k��, u´§´ X �f�m Fnk �SÜ�±�mCX, l


Fnk ´X �4��±�48x. �

F = ∪{Fnk : n, k ∈ N}.

é x ∈ X, � n, k ∈ N, ¦ x ∈ Fnk. 2�U ′ ∈ (U )<ω
x , ¦ (Vn)x Ü©\[U ′. @

o F = Fn((Vn)x) ∩ Fnk ∈ F � x ∈ F ⊂ ∪U ′.
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½n A.4.8[189] eã^��d:

(1) X ´gæ;�m;

(2) X �z�mCXk:�W m\[S�;

(3) X �z�ûSmCXk θ m\[S�;

(4) X �z�SÜ�±�½�mCXk σ 4��±�4\[;

(5) X �z�½�mCXk σ 4��±�4\[;

(6) X �z�mCX U �3 σ 4��±�48xF , ÷vé x ∈ X, �3

F ∈ F ÚU ′ ∈ (U )<ω
x , ¦ x ∈ F ⊂ ∪U ′.

y² dÚn 4.7 � (1) ⇒ (6). (6) ⇒ (5) ⇒ (4) ´w,�. dÚn 4.6 �

(4) ⇒ (3). dÚn 4.5 � (3) ⇒ (2). dÚn 4.3 Ú 4.4 � (2) ⇒ (1).

íØ A.4.9[189] (Junnila ½n) 4N��±gæ;5.

½n A.4.10[357] X ´�;�m��=�X ´gæ;��)ä�m.

y² �Ly¿©5. � X ´gæ;��)ä�m. du�)ä�m´

�ê�;�m, �y X ´�;�m, �Ly X �?�mCX�3 σ ÛÜk�

�m\[. é X �mCX U , � {Ui} ´ U � θ m\[S�. é i ∈ N, P

Ui = {Uα : α ∈ Λi}. 8B�EX �m8x�S� {Vij}, ÷v

(1) Vij ´Ui �ÛÜk��Ü©\[;

(2) é x ∈ X, XJ |(Ui)x| 6 m, @o x ∈
⋃

j6m Vij , Ù¥ Vij = ∪Vij ;

(3) XJ x ∈ Vij , @o |(Ui)x| > j.

Äk, - Vi0 = ∅. b�é 0 6 j 6 n, ®�E
 Vij ÷v^� (1) – (3). P

A = {A ⊂ Λi : |A| = n+ 1}. é A ∈ A , ½Â

FA = (X −
⋃

j6n Vij) ∩ (X − ∪{Uα : α ∈ Λi −A}).

@oF = {FA : A ∈ A } ´ X �48x. é x ∈ X, XJ |(Ui)x| < n + 1, @o x

���
⋃

j6n Vij Ø�F ¥�?Û���; XJ |(Ui)x| > n + 1, À� A ∈ A , ¦

x ∈ ∩{Uα : α ∈ A}, @o ∩{Uα : α ∈ A}=�U�F ¥�� FA ��. Ï
F ´

X �lÑ48x. dX ��)ä5, �3X �ÛÜk��m8x {GA : A ∈ A },

¦ FA ⊂ GA. �

Vin+1 = {GA ∩ (∩{Uα : α ∈ A}) : A ∈ A }.

@o Vin+1 ´÷v^� (1) – (3) �8x.

Ï� {Ui} ´ U � θ m\[S�, ¤±
⋃

i,j∈N
Vij ´ U � σ ÛÜk��m

\[. �X ´�;�m.

·K A.4.11[135] gæ;�m´�êæ;�m.

y² � U = {Un}n∈N ´gæ;�mX ��êmCX.4 {Un} ´ U � θ

m\[S�. - V1 = U1, Vn = st(X −
⋃

i<n Ui,
∧

i<n Ui), n > 1. K {Vn}n∈N ´
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U �:k�m\[.

A.5 æ Lindelöf �m

½ÂA.5.1[14] X ¡�æ Lindelöf�m,eX �z�mCX�3:�ê�m

\[. XJ X �z��f�mÑ´æ Lindelöf �m, @o X ¡�¢Dæ Lindelöf

�m.

�m X �CX U ¡� X �U�IûSCX, e U = {Uα}α∈Λ, Ù¥ Λ ´

ûS�I8. éù«CX, e x ∈ X, P αx = min{α ∈ Λ : x ∈ Uα}; e α ∈ Λ, P

Ũα = {x ∈ X : αx = β}. w, Ũα ⊂ Uα.

½n A.5.2[143] eã^��d:

(1) X ´¢Dæ Lindelöf �m;

(2) X �z�U�IûSmCX {Uα}α∈Λ �3:�êm\[ V , ÷ve

x ∈ X, K�3 V ∈ V , ¦ x ∈ V ⊂ Uαx
;

(3) X �z�U�IûSmCX {Uα}α∈Λ �3:�êm\[ {Vα}α∈Λ, ÷v

e α ∈ Λ, K Ũα ⊂ Vα ⊂ Uα.

y² (1) ⇒ (2). ��3Sê γ 9¢Dæ Lindelöf �mX �U�IûSmC

X {Uα}α<γ , ¦§vk÷v (2) �:�êm\[. Ø�� γ ´äkþã5����

Sê. é α < γ, �m
⋃

β<αUβ �U�IûSmCX {Uβ}β<α k:�ê�m\[

Vα, ÷v (2) ��¦. XJ�3Sê α, ¦ γ = α+ 1, K Vα ∪ {Uα} ´ {Uβ}β<γ �

÷v (2)�¦�:�êm\[,¤± γ ´4�Sê. �W ´X �mCX {Uα}α<γ

�:�êm\[. éW ∈ W , À� α(W ) < γ, ¦W ⊂ Uα(W ). ½Â

V = {W ∩ V : W ∈ W , V ∈ Vα(W )+1}.

@o V ´ X �:�ê�m8x. é x ∈ X, ?�W ∈ (W )x. @o x ∈ Uα(W ) ⊂

∪{Uβ : β < α(W )+1},u´�3 V ∈ Vα(W )+1, ¦ x ∈ V ⊂ Uαx
, l
W ∩V ∈ V

� x ∈W ∩ V ⊂ Uαx
. Ïd V ´ {Uα}α<γ �÷v (2) �:�êm\[,gñ.

(2) ⇒ (3). � {Uα}α∈Λ ´ X �U�IûSmCX.4 V ´ {Uα}α∈Λ �÷v

(2) �:�êm\[. é α ∈ Λ, �

Vα = ∪{V ∈ V : V ⊂ Uα; XJ β < α, K V 6⊂ Uβ}.

@o {Vα}α∈Λ ´÷v (3) �:�êmCX.

(3) ⇒ (1). � Y ´ X �f�m. é Y �U�IûSmCXW = {Wα}α<γ ,

� X �U�IûSmCX {Uα}α6γ , ¦ Uγ = X ¿�� α < γ �, Uα ∩ Y = Wα.

4 {Vα}α6γ ´ {Uα}α6γ �÷v (3) �:�êm\[. e y ∈ Y , K�3 α < γ, ¦
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y ∈ Ũα ⊂ Vα, l
 {Vα ∩ Y }α<γ ´W �:�êm\[. Ïd, Y ´æ Lindelöf �

m. �X ´¢Dæ Lindelöf �m.

íØ A.5.3[143] �m s N��±¢Dæ Lindelöf 5.

y² � f : X → Y ´�m s N�, Ù¥ X ´¢Dæ Lindelöf �m. �

{Uα}α∈Λ ´ Y �U�IûSmCX. @o {f−1(Uα)}α∈Λ ´ X �U�IûSm

CX, u´§k:�ê�m\[ {Vα}α∈Λ, ÷ve α ∈ Λ, K f−1(Uα)∼ ⊂ Vα ⊂

f−1(Uα). ù� f(Vα) ⊂ Uα, � f−1(Ũα) ⊂ f−1(Uα)∼ ⊂ Vα. du f ´�m s N�,

é α ∈ Λ, e-Wα = f(Vα)◦, @o {Wα}α∈Λ ´ {Uα}α∈Λ �:�êm\[, ¿�

÷vé α ∈ Λ, k Ũα ⊂Wα ⊂ Uα. � Y ´¢Dæ Lindelöf �m.



N¹ B 2ÂÝþ�mnØ�/¤

D. Hilbert 3 1900 cniISêÆ[�¬þ��5êÆ¯K6�Í¶üù¥

�Ñ: �����Æ©|UJÑ�þ�¯K, §Ò¿÷)·å, 
¯K"yKý«

XÕáuÐ�P�½¥�. 20 ­V��ÿÀÆ�uÐy¢
Hilbert �¶ó.

1944 c J. Dieudonné Ú?�;5�Vg, ´��ÿÀÆ?\��Ï�­�I

�. ��ÿÀ�mØ×�uÐ, ÙLy/ª´�·AØÓ�8�uy
�«ÿÀ5

�, ÙÄ���´�)û�a¯K
é�;5��Ýþ5��ª�í2. ù
ó�

�)
 20 ­V 60 c�±5��ÿÀÆïÄ�­��K: 2ÂÝþ�mnØ. d

Aull Ú Lowen[39∼41] Ì?� “Handbook of the History of General Topology”, é

��ÿÀÆ�{¤�
�¢�Pã, Ù¥ Hodel[166] � “A history of generalized

metrizable spaces” ­:�²
 1950 ∼ 1980 cm2ÂÝþ�mnØ�Ì�¤Ò.

�N¹±¯K��¢, åã�²T�K�/¤L§��
uÐóä. �u�Ì, ý

­£ã 1944 ∼ 1976 cm�a2ÂÝþ5��)��µ. A�(²�´���Ï

�y©��´�
Bu`²¯K�59�ó. �u2ÂÝþ�mnØ9�'�

K�y�uÐ, Ø�Ö	, Öö�ë�Ö���'©z, cÙ´ Hart, Nagata Ú

Vaughan[149] Ì?� “ Encyclopedia of General Topology”.

B.1 { ¤ £ �

@Ï��ÿÀÆïÄ�¥%�K´'u�m�Ýþz9;5¯K [4]. �X

Rudin[341] �Ñ, 3ù�ã�m¥, ��z�êÆó�ö���£��Ü©��õ

ê½n��
y². �þ�Ä:5ó����ÿÀÆC½
j¢�Ä:,¦Ù¤�

��Õá�êÆ©|, éêÆÙ¦Æ��uÐåÈ4�r?�^. �­��¤J

k:

½n B.1.1 (Urysohn Ýþz½n, 1925) äk�êÄ��K�m´�Ýþ

�m.

½n B.1.2 (Tietze *Ü½n, 1925) ���m´�5�m��=�½Âu

§�4f�mþ�¢�ëY¼ê�ëY/*Ü����mþ.

½n B.1.3 (Tychonoff È½n, 1935) ;�m�?¿È�m´;�m.



B.2 CÄ�Ï · 201 ·

½n B.1.4 (Tychonoff ;*Ü½n, 1935) ���m´���K�m��=

�§�3;*Ü.

þã½n�9oa�m: Ýþ�m!;�m!�5�mÚ���K�m. du

A^�2�5, ùoa�m´@�ÿÀÆö'5�Ì�é�, Ï
��´a¤J.

dd��)�X���)û�¯K. ùÌ�5gü�¡��Ï: Ù�, Ýþ�m!

;�m��5�m�m�3����Y,k7�ÏéäkûÐ5��0uÝþ�

m!;�m��5�m�m��ma;Ù�, ù��ÏÿÀÆöÌ�'58x�,


k�5½�ê5, 
é�
Ø�ê�¹AXÛ\±?Ø? ~X 1925 c Urysohn

ÒJÑÏé���m�Ýþz½n,¦ Urysohn Ýþz½n´§�g,íØ.

1936 c±��3ni�Æ¼�{II[�ÆÆ¬Æ , :8ÿÀÆØ© [89]

uLuÍ¶rÔ Fund. Math.

@Ï��ÿÀÆÌ�¤Ò�¿Â3u���ÿÀÆ8��uÐïá
�ª�.

ù�Ï½Â�ÿÀ�mþ�ÿÀÚ$� (Tietze, 1923), �ÿÀ (Tietze, 1923),

Cartesian È (Tychonoff, 1930), _X�4� (Lefschetz, 1931), ÊX$� (Borsuk,

1937), �«a.�;*Ü [;z (Carathéodory, 1913), Alexandroff ;z (1924),

Stone-Čech ;z (1937), Wallman ;z (1938)], �
­���ma [�ê;�

m (Fréchet, 1906), ;�m (Vietoris, 1921), Lindelöf �m (Alexandroff, Urysohn,

1929), �©�m (Fréchet, 1906), CCC (Suslin, 1920), ÛÜ;�m (Alexandroff,

1921), Ýþ�m (Fréchet, 1906), 1��ê�m (Hausdorff, 1914), 1��ê�m

(Hausdorff, 1914), Moore �m (Moore, 1916), �Ð�m (Alexandroff, Urysohn,

1923), �Ýþ�m (Wilson, 1931), ëÏ�m (Hausdorff, 1914), �«©lún],

�«/ª�N� [ëYN� (Fréchet, 1910), Ó�N� (Fréchet, 1910), 4N�

(Hurewicz, 1926), mN� (Aronszajn, 1931), ûN� (Baer, Levi, 1932), üNN�

(Whyburn, 1934)], ±9ëY¼ê8Üþ�:�ÂñÿÀÚ;mÿÀ (Fox, 1945)

�Ñ®¤�y���ÿÀÆïÄ�­�óä.

B.2 C Ä � Ï

�N¹�½: ¤Ø�m��÷v T2 ©l5ún, τ L«�m�ÿÀ,N��ë

Y�÷¼ê. �O�mb��©l5���©�kØÓ.

B.2.1 �;5�Ú\

â»é�m8x�k�5½�ê5���'�´3ÿÀ�mØ�ïÄ¥2�

¦^ÛÜk� (ÛÜ�ê) 8xÚ:k� (:�ê) 8x.

�]�Ì�5
uR. Engelking[101].
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½Â B.2.1 �P ´�m X �8x. P ¡� X �ÛÜk� [5] (ÛÜ�ê)

8x, XJ X �z�:�3��=�P ¥k� (�ê) ����; P ¡� X �

:k� (:�ê) 8x, XJX �z�:=áuP ¥k� (�ê) ��.

½Â B.2.2 X ¡��;�m [95], e X �z�mCX�3ÛÜk��m\

[.

;�m⇒ �;�m⇒ �5�m. 1940 c Tukey[388] /^�5CX�VgÚ

\
��;�m�aq��m: �÷�5�m, y²
Ýþ�m´�÷�5�m.

1948 c Stone[362] y²
�÷�5�m�du�;�m, u´Ýþ�m´�;�

m. �;�m´0uÝþ�m!;�m��5�m�m��ma. 
§� [406]!p

I¬ [119] �'5�;�m�5�.

�ê;��;�m´;�m. ù�·K%º
��5�¯K:N���ê;�

m´;�m? Arens Ú Dugundji[16] |^:k�8xÚ?
æ; (½f�;) �m,

¿�y²
æ;��ê;�m´;�m.

½Â B.2.3 X ¡�æ;�m,e X �z�mCX�3:k��m\[.

�;5!æ;5�ù
dmCX9Ù\[½Â�ÿÀ5�Ú¡�CX5�.

B.2.2 Ýþz¯K

�uÝþ�m3êÆ�¯õ+�¥¤å��^, ïÄ��ÿÀ�m�Ýþz

½näk­��¿Â.

½Â B.2.4 �P ´�mX �8x. P ¡�X �lÑ8x [53], eX �z

�:�3��=�P ¥�õ�����. � Φ ´�8x5�, X �8xP ¡�

σ-Φ 8x, eP ´ X ¥�ê�äk Φ 5��8x�¿.

σ lÑ8x, σ ÛÜk�8xÑ´�ê8x�í2. |^ù
Vg, Bing[53],

Nagata[311], Smirnov[354] ��
��ÿÀÆ¥R��Ýþz½n.

½n B.2.5 (Bing-Nagata-Smirnov Ýþz½n) �K�mX �Ýþ�¿�

^�´X ÷veã^���:

(1) X äk σ lÑÄ;

(2) X äk σ ÛÜk�Ä.

�d��, 1964 c�æ, [393] �Ñ
 ωµ �Ýþ�m�1��¿�^�:�K

�m X ´ ωµ �Ýþ���=�X äk ωµ Ä. Morita, Hanai[304], Stone[363] Õ

á/y²
_;N��±�Ýþ5. eZc�, <�éÝþ5?1
««���

z, d Hanai-Morita-Stone ½n�-u, ÿÀÆ[�2�ïÄ
Ýþ�mN��

�Ýþz¯K,½�_;N��±�ÿÀ5�. X, 1964c4A²Ú4áw [264] y

²
üÝþ�m�ÊX�m´�Ýþ���=�§´1��ê�m.

Ýþz¯K¿Ødu®�����m�Ýþz½n
\w�.)û. l,«
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¿Âþ`, ���m�Ýþz½n==´�
��äkA½ÿÀ5��m�Ýþ

z½n�xù, Ï�AÏ�m�Ýþz¯K���)û, ¿�3¢S�A^¥w

��\�­�. Nõ²;�Ýþz¯K, X 1923 cJÑ� Alexandroff[6] ¯K (�

�5�ÿÀ6/´Ä�Ýþ), Jones[186] JÑ��5Moore �mßÿ (�5Moore

�m´�Ýþ�m), ��(¾¿-yX�����ÿÀÆ[, Ù¿Â´ØN�¦

�. =�5Moore �mßÿÒ|�
��­V5Ýþz¯K�ïÄ,r¦��ÿ

ÀÆ¥�'+��?Ð. Bing[53] 'uÿÀ�mÝþz�Í¶Ø©, ½Â
8��

55, Ü©£�
�5Moore �mßÿ. �7ù�ßÿ, Alexandroff[2] Ú?
�

�Ä�Vg.

½Â B.2.6 �m X �ÄB ¡����, XJé x ∈ U ∈ τ, {B ∈ B : x ∈

B 6⊂ U} ´k��.

Alexandroff ßÿ: äk��Ä��5�m´�Ýþ�m. Heath[151] JÑ

Alexandroff ßÿ�,�/ª: æ;��5Moore �m´�Ýþ�m. ����Ä

�m�í2, Arhangel’skǐı[21] Ú?
 BCO (= base of countable order)�m.

½Â B.2.7 �m X �ÄB ¡� BCO, XJé x ∈ X, e {Bi} ´B ¥¹

x �î�4~�8�,K {Bi} ´ x 3X ���Ä.

�Ð�m´ BCO �m, ¿��; BCO �m´�Ýþ�m. ,
, 8��5

� BCO �m�7´�Ýþ�m. ��Ä�m�,�í2´äk σ :k�Ä��

m[21]. ¦+äk σ :k�Ä��;�m�7´�Ýþ�m,�´äk σ :k�Ä

�8��5� perfect �m´�Ýþ�m. �d�'�´Heath[164] JÑ�²;¯

K [322]: äk:�êÄ� perfectly �5��;�m´Ä´�Ýþ�m? 1991 c

Todorčevic̀[387] Ä½
ù�¯K.

<�é�;5�5ã��9�´� 20 ­V 50 c����X�'u�;�

m�Ä�A�©Øm�. é�;5ïÄ�­�â»´Michael[274∼276] |^lÑ8

x!ÛÜk�8x!4��±8x±9=G8x�Ñ�;5�`{�x.

½Â B.2.8 �P ´�mX �8x. P ¡� X �4��±8x [275], XJ

éP ′ ⊂ P, k ∪P ′ = ∪P ′; �B ´ X �CX, B ¡�P �=G\[ [276], X

Jé B ∈ B, �3 PB ∈ P, ÷véB′ ⊂ B, k ∪B′ ⊂ ∪{PB : B ∈ B′}.

½n B.2.9 eã^��d:

(1) X ´�;�m;

(2) X �?�mCXkÛÜk�4\[;

(3) X �?�mCXk4��±4\[;

(4) X �?�mCXk=G\[.

XJ2�X ´�K�m, §���eã^��d:
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(5) X �?�mCXk σ lÑm\[;

(6) X �?�mCXk σ ÛÜk�m\[;

(7) X �?�mCXk σ 4��±m\[;

(8) X �?�mCXk σ =Gm\[.

½n B.2.9 ���íØ´4N��±�;5 [275]. ù´ïÄ4N�´Ä�

±A½�CX5�ù�¯K�mà. É Michael 'u�;5�x�é«, éX

Bing-Nagata-Smirnov Ýþz½n, Ceder[79] 3K� “Ýþ�m�,
í2”�²

;Ø©¥Ú?
Mi �m (i = 1, 2, 3).

½Â B.2.10 �B ´�mX �8é B = (B1, B2) �8x. B ¡�X �é

Ä,XJéB ∈ B kB1 ∈ τ ,¿�e x ∈ U ∈ τ ,K�3B ∈ B,¦ x ∈ B1 ⊂ B2 ⊂

U . B ¡�X �=G8x,XJéB′ ⊂ Bk∪{B1 : B ∈ B′} ⊂ ∪{B2 : B ∈ B′}.

X �8xP ¡�X �[Ä, XJ {(P ◦, P ) : P ∈ P} ´ X �éÄ.

½Â B.2.11 � X ´�K�m. X ¡�M1 �m, XJX äk σ 4��±

Ä; X ¡�M2 �m, XJ X äk σ 4��±[Ä; X ¡�M3 �m, XJ X ä

k σ =GÄ.

M1 �m⇒ M2 �m⇒ M3 �m. �´, M3 �m´Ä´M2 �m? M2 �m

´Ä´M1 �m? ù´ Ceder JÑ�Í¶¯K. Ceder �Ø©�m
2ÂÝþ�m

ïÄ�S4. Mi �m�ïÄ´2ÂÝþ�mnØuÐ�Ì�¢��.

B.2.3 È�m��;5

Dieudonné[95] 3y²
;�m��;�m�È�m´�;�m��¯: ü

�;�m�È�m´Ä´�;�m? Sorgenfrey[359] �E
���;�m (�

¡� Sorgenfrey��), ¦Ùg¦$�Ø´�5�m. �Ýþ�m½;�m'�,

�;�m��·"�3uü�;�m�È�m�7´�;�m. Dowker[98] Ú

Katětov[196] ÕáÚ?�ê�;�m±?ØÈ�m��55.

½Â B.2.12 X ¡��ê�;�m, XJ X �z��êmCXkÛÜk�

�m\[.

Dowker y²
�5�m´�ê�;�m��=�§�ü 4«m I �È�

m´�5�m. Dowker 3?Ø
�55��ê�;5�m�°�'X��JÑ¯

K: ´Ä�3��ê�;��5�m? ù«¡�� Dowker �m�~f�� 1971

câd Rudin[339] �Ñ.

Michael[274] ¯: �;�m�Ýþ�m�È�m´Ä´�;�m? 10 c�

Michael[278] �E
���;�m (�¡�Michael��), ¦§���©Ýþ�m

�È�mØ´�5�m. Tamano[368] JÑ, é�m X Ïé��¿�^�, ¦é?

ÛÝþ�m Y , X × Y ´�5�m. Morita[301] �Ø©� Tamano ¯K��Ü·
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�).

½ÂB.2.13 X ¡�P�m (½Morita�m),XJX �m8x {G(α1, · · · , αi) :

α1, · · · , αi ∈ Ω, i ∈ N} ÷v G(α1, · · · , αi) ⊂ G(α1, · · · , αi+1), @ok X �48x

{F (α1, · · · , αi) : α1, · · · , αi ∈ Ω, i ∈ N} äeã5�:

(1) F (α1, · · · , αi) ⊂ G(α1, · · · , αi);

(2)XJΩ�S� {αi},¦X =
⋃

i∈N
G(α1, · · · , αi),KX =

⋃
i∈N

F (α1, · · · , αi).

Morita y²
 X ´�5 P �m��=� X �?�Ýþ�m�È�m´�

5�m. Froĺık[117] y²
�ê� Čech ��� (Čech-complete) �;�m�È�

m´�;�m. Froĺık �½nÃ¦´È�m�;5�1��-<÷¿�(J. §

�Øv�?3uÝþ�m�7´ Čech ���m. ~f Čech ��5�}ÁÄkd

Morita[301] ÏL½ÂM �m¢y.

½Â B.2.14 X ¡� M �m, XJ X �3mCX��5S� {Ui} ÷v:

é X �: x 9S� {xi}, e xi ∈ st(x,Ui), K {xi} 3 X ¥kà:.

�ê;�m, Ýþ�m±9 Čech ����;�mÑ´M �m, 
M �m´

P �m. �ê��;M �m�È�m´�;M �m.

þãØã´Äu�Ýþ5´�ê�È5Ðm�. éÝþ�mØ�êÈ��5

5, Stone[362] ��
�
�d^�.

½n B.2.15 é��Ýþ�mx {Xα}α∈Λ, eã^��d:

(1)
∏

α∈ΛXα ´�5�m;

(2)
∏

α∈ΛXα ´�;�m;

(3) Λ ¥�õ�ê� α, ¦Xα Ø´;�m.

dd, Nℵ1 Ø´�5�m. <�rïÄØ�êÃ�È��55½�;5�,�

=£�¦È�m�·�f�m��55½�;5. ù«g���
 Corson[92] J

Ñ σ ÈÚ Σ È�Vg, ±©O��k�ÈÚ�êÈ�í2.

½Â B.2.16 �
∏

α∈ΛXα ´Ã�È�m. �½ b = (bα) ∈ X. é x ∈ X, P

supp(x) = {α ∈ Λ : xα 6= bα}, �

σ(b) = {x ∈ X : |supp(x)| < ℵ0},∑
(b) = {x ∈ X : |supp(x)| 6 ℵ0}.

@o X �f�m σ(b),Σ(b) ©O¡�± b �Ä:��mx {Xα : α ∈ Λ} � σ

ÈÚ Σ È. ��/, §�©OP� σ{Xα : α ∈ Λ} Ú Σ{Xα : α ∈ Λ}.

Corson y²
�©Ýþ�mx� σ È´ Lindelöf �m, ��Ýþ�mx� Σ

È´�5�m. Ýþ�mx� Σ È´Ä´�5�m¤�
��äkáÚå�Í¶

¯K. 1977 c Gul’ko[144] �¡/£�
ù�¯K, 1983 c Rudin[343] y²
Ýþ

�mx� Σ È´� �m.



· 206 · N¹B 2ÂÝþ�mnØ�/¤

B.2.4 �m�©a

¯¢L², ��ÿÀÆ[@Ï'uëY¼ê!ûN�!mN�±94N���

ó�®¤�TÆ��cuÐ�Äå. g 1944 c±5, �
�rkå�N�ØäZ

y, X;N� (Vǎınštěın, 1947), _;N� (Vǎınštěın, 1947), π N� (Ponomarev,

1960), �mN� (Arhangel’skǐı, 1963), ;CXN� (Michael, 1966) �. N���

m´p����'X, ¤±N�a�´L³7�?Ø§��m�Ý��^. 1961

cé��ÿÀÆuÐ�)ã�K��­�¯�´,3Ù.�ðm
1�g¶� “�

�ÿÀÆ±9§�y�©ÛÚ�ê�'X”�ISÆâ?Ø¬ (±�z 5 cðm

�g). 3ùg¬Æþ, Alexandroff[3] JÑ
^N�5ïÄ�m���, =ò�ª

����maÏLN���Ý�ò§�éX3�å, ,�U�ma�N�a�

m�ØÓ
©�Oa/?1ïÄ. Alexandroff ��´k¢~���â�. ~X,

Gale[118] r k �m�x�ÛÜ;�m�ûN�; Ponomarev[333] r1��ê�m

�x�Ýþ�m�mN�; Froĺık[117] r Čech ����;�m�x���Ýþ�

m�_;_�. Alexandroff �JÑß�: �;�m�x
Ýþ�m�_;_�. �

,ù´Ø�(�,�§Ú� Arhangel’skǐı[19] Ú? p �m�Vg.

½Â B.2.17 ���K�mX ¡� p �m, XJ βX ¥�3CX X �m8

x� {Un}, ÷vé x ∈ X, k
⋂

n∈N
st(x,Un) ⊂ X. {Un} ¡�X � pluming.

Čech ���m, ���K�Moore �mÑ´ p �m. Arhangel’skǐı rÝþ�

m�_;_��x��; p �m. p �m�­��^�Ly3�ê� (�;) p �

m�È�m´ (�;) p �m. �, p �m�M �mpØ%º,�´�; p �ma

%­Üu�;M �ma. o�, Alexandroff 'uN���m��p©a�K®¤

���ÿÀÆ?�ÚïÄ�­�
�,¿3NõäN��maþ¢y. ~X,

(1) Ponomarev[333] ^Ýþ�m�m s N��x
äk:�êÄ��m;

(2) Arhangel’skǐı[18] ^Ýþ�m�m;N��x
äk��Ä��m;

(3) Arhangel’skǐı[20] ^Ýþ�m��mN��x
Fréchet �m;

(4) Morita[301] ^Ýþ�m�_�ê;_��x
M �m;

(5) Franklin[115] ^Ýþ�m�ûN��x
S��m;

(6) Heath[153] ^Ýþ�m�m π N��x
�Ð�m.

dc¤ã, 1944 ∼ 1964c 20cm��ÿÀÆ�uÐ�2ÂÝþ5��ïÄC

½
O��Ä:,(á
2ÂÝþ5��ïÄµe. k8�/A^lÑ8x!ÛÜ

k�8x!4��±8x�5?n�m8x�Ø�ê�/´ù�ÏïÄ�Ì�A

:. �;5�Ú\, òNõ�5·Üu;�m½Ýþ�m�­�½nÿ2��;�

m (ù«í2  ´���), 
��;�m�NõûÐ5�3��ÿÀÆ±	�

¯õ+�¥��
A^, \�
��ÿÀÆ���Ä:©|�Ù§+��'ß.¤
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õ/�Ñ���m�Ýþz½n, ¦<��\��/@£�Ýþ�m���á5,

�XÛ��\Ú[�/&?Ýþ5�Ð«
1²�cµ. �­��´, ;�
Ï¦

A½ÿÀ�mÝþzL§¥�Eål¼ê�(J��,, Ó�k|u<�éÝþ

5�?1�ª���í2ÚA^. �÷�;�m�5�±9��?�Ú�Ýþz

½n´ù��Ï�¥%�K.ÿÀÆ[®r@Ï8¥u;�mÚÝþ�m�,�

�5¿åìì=£��;�m9Ýþ�m�í2�mþ. (�/`, Æö�Ø�


Ó/ò°å8¥uXeoa¯K:

(1) 3äkN��fÿÀ5���ma¥�ê;5�;5�p�d?

(2) 3N������ma¥�;5'u�êÈµ4?

(3) ?�Ú�÷äkA½ÿÀ5��m�Ýþz½n.

(4) |^N�é�m?1©a.

B.3 / ¤ � Ï

1965 ∼ 1966c, Arhangel’skǐı, Borges, Michael, WickeÚWorrell �, uL


�1­��Ø©, r��ÿÀÆ�ïÄ�\%ÇuÐ�ã, ¿/¤
2ÂÝþ�m

nØ.

B.3.1 �;5��55

Bacon[42] ¡�mX ��;�, XJ§�?�4�ê;f�m´;�m.

CÄ�Ï�ó�L²,�Ð�m3Ýþz¯K¥��^. �Ð�mäkN��

CX5��Ä5�? Worrell ÚWicke[400] uL� “�ÐÿÀ�m�A�” ´'u

�Ð�m�`D�Ø©. ¦�Ú\� θ �\[5�Ú θ Ä�Vg�þã¯K��

÷¿�£�.

½Â B.3.1 X ¡� θ �\[�m, XJ X �?�mCX�3m\[S�

{Ui}, ¦é x ∈ X k i ∈ N ÷v ord(x,Ui) < ℵ0, Ù¥ ord(x,Ui) = |{U ∈ Ui :

x ∈ U}|.

½Â B.3.2 X �m8x
⋃

i∈N
Bi ¡� X � θ Ä, XJé x ∈ U ∈ τ , �3

i ∈ N Ú B ∈ Bi, ÷v x ∈ B ⊂ U � ord(x,Bi) < ℵ0.

�Ð�mäk θ �\[5�Ú θ Ä5�, ¿��Ð�m�du θ �\[�

BCO �m. 1977 c4A² [263] Ú?
dÂ[�;�m. θ �\[�m⇒ dÂ[

�;�m⇒ �;�m. 1976 c Reed Ú Zenor[338] y²
�5�Ð�6/´�Ý

þ�, m8
ÿÀ6/Ýþz¯K¢�5�ïÄ´».

��?U�Ð�m�½Â, 1968 c Bennett[47] ½Â
[�Ð�m.



· 208 · N¹B 2ÂÝþ�mnØ�/¤

½Â B.3.3 X ¡�[�Ð�m, XJ�3 X �m8x�S� {Bi}, ¦é

x ∈ X, {st(x,Bi) : i ∈ N, st(x,Bi) 6= ∅} ´ x 3X ���Ä.

��Ð�mØÓ�´, [�Ð��;�m�7´�Ýþ�m, �´�Ð�m�

©)� perfect �[�Ð�m. Bennett Ú Lutzer[51] y²
[�Ð5�du θ Ä

5�. Smith[356] �½/£�
 Bennett[49] �¯K: [�Ð�m´�;�mí?

:�êÄ� θ Ä´pØ%º�. XJò θ Ä½Â¥�^� ord(x,Ui) < ℵ0 �

� ord(x,Ui) 6 ℵ0, @o¤�)�ÿÀ5�´Aull[37] ½Â� δθ Ä. w,, äk:

�êÄ� θ Ä��mÑäk δθ Ä. Nõ'u:�êÄ½ θ Ä�(Ø·^u δθ Ä

��m. X, äk δθ Ä��m´�;�m.

Arhangel’skǐı Ú Projzvolov[34] 3?Ø;�m�ÝþzL§¥,Ú?
 p Ä�

Vg, Ó�y²
äk:�ê p Ä�;�m´�Ýþ�m.

½Â B.3.4 X �m8xB ¡�X � pÄ,XJé x 6= y ∈ X, �3B ∈ B,

¦ x ∈ B ⊂ X − {y}.

Shiraki[348] �Ñ, äk:�ê p Ä��m´�;�m.

½Â B.3.5 X ¡�äk Gδ é��
[79], XJ�3 X �mCX� {Un}, ¦

é x ∈ X k
⋂

n∈N
st(x,Un) = {x}. eòþãmCX�U�m8x�S�, ¤½Â

��m¡�äk[Gδ é��
[165].

Šněıder[358] y²
äk Gδ é���;�m´�Ýþ�m. Anderson[12],

Bennett[49] Ú Heath[157] Ñ¯L´ÄäkGδ é��½[Gδ é����ê;�m

´;�m? Chaber[80] �½/£�
ù�¯K. Bennett, Byerly Ú Lutzer[50] �y

²
eã�kå�(J.

½n B.3.6 äk[ Gδ é����ê;�m´;�Ýþ�m.

�d, 'u2ÂÝþ�;5�ïÄ�6w�ãá. 3CX5��¡�Ð�(J

´ Uspenskii[389] y²
 σ æ;��;�m´;�m. �;�mäkN��SÜA

��´��ÿ�)û�¯K.

È�m��55��;5´�éÌ)73, �cöw��\��Ú(J. 20

­V 50 c� Dowker!60c�Morita �, 'uT�K�ÑÚó��<�?�Ú&

?å
�<Ú���^. 1969 c Nagata[312] y²
�m X ´�;M �m��

=� X Ó�uÝþ�m�;�mÈ�m�4f�m. ?\ 20 ­V 70 c�, `D

�(J�ÑØ¡. Rudin[340] y²
éz��lÑ�m Y , 7�3�5�mX, ¦

X × Y Ø´�5�m. 3 Rudin Ú Starbird[344] ó��Ä:þ, Przymusińsky[336]

c[ïÄ
�;Ïf½ÝþÏfÈ��55¯K, �ÑÙÈ´�5�m�¿�^

�, ¦�X�(J¤�§�íØ. 1977 c Burke Ú van Douwen[73], Kato[198] Õá

/�E
M �mX, ¦X ØÓ�uÝþ�m��ê;�mÈ�m�4f�m. È
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�m�55�,��¢´Morita[303] ßÿ.

ßÿ B.3.7 eã·K¤á:

(1) X ´lÑ�m��=�é?��5�m Y , X × Y ´�5�m;

(2) X ´Ýþ�m��=�é?��5P �m Y , X × Y ´�5�m;

(3) X ´ σ ÛÜ;�Ýþ�m��=�é?��5, �ê�;�m Y , X × Y

´�5�m.

Rudin[342] y¢
ßÿ (1). Morita[303] y²
XJßÿ (2) �£�´�½�,

Kßÿ (3) Ò´�(�. 2001 c Balogh[45] y²
ßÿ (2) .

e¡0� Σ È��55. ;�m� Σ È�7´�5�m (�½n B.3.8). Ï

d, ?Ø Σ È�55��b½Ïf�m´,«�2ÂÝþ�m. Kombarev[206] �

�
�; p �m Σ È�55�¿�^�.

½n B.3.8 � X = Σ{Xα : α ∈ Λ}, Ù¥ {Xα}α∈Λ ´�; p �mx. eã

^��d:

(1) X ´�5�m;

(2) X ´8��5�m;

(3) X äk�ê tightness;

(4) z�Xα äk�ê tightness.

��êÈ�;5�a', ½n B.3.8 éu<�?Ø�; Σ �ma Σ È�

�55. Yajima[402] y²
 M1 �mx� Σ È�7´�5�m. 1995 c Eda,

Gruenhage, Koszmider, Tamano Ú Todorčevic̀[100] y²
3b� CH e, Lašnev

�m Sω2
� Σ ÈØ´�5�m. c� [384] y²
���mx�Σ È´8�g�

5�m.

B.3.2 Ä�í2))�

d Bing-Nagata-Smirnov Ýþz½n, pu
<�éäk�«Ä5��m�

9�. ,
, dÄ¤½Â��m�Øv��3u, �Ä�
� “4” 5k'�$

��¬�5ÃõØB, k�$�é(J. Ï
k7�éÄ�Vg�·��í2.

Arhangel’skǐı[17] �y²?¿Äê�Alexandroff-Urysohn \{½n��
¤õ�

}Á.

½Â B.3.9 X �8xP ¡�X ��, XJX �?�m8´P �,f8

�¿.

Arhangel’skǐı ?Ø
�ê��m�5�. Michael[280] y²
�©Ýþ�m�

N�TÐ´äk�ê���m, dd½Â cosmic �m�äk�ê���K�m.

�?Ø�©Ýþ�m�ûN�, Michael[280] Ú?
�Ä�Vg.
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½Â B.3.10 X �8xP ¡� X ��Ä, XJé X �;8 K ⊂ U ∈ τ ,

�3 P ∈ P, ¦ K ⊂ P ⊂ U . äk�ê�Ä��K�m¡�ℵ0 �m.

ℵ0 �m�±�x��©Ýþ�m�;CX�KN�.,
, Ýþ�m�7´

ℵ0 �m. O’Meara[325] Ú?
 k ��Vg, ��ÄÚ�Ä��Óí2.

½Â B.3.11 X �8xP ¡� X � k �, XJé X �;8 K ⊂ U ∈ τ ,

�3P �k�8P ′, ¦ K ⊂ ∪P ′ ⊂ U . äk σ ÛÜk� k ���K�m¡�

ℵ �m.

ℵ �mí2
Ýþ�mÚ ℵ0 �m. /Ï��Vg, Okuyama[323] ½Â
 σ �

m, §í2
 ℵ �mÚ cosmic �m.

½Â B.3.12 äk σ ÛÜk����K�m¡� σ �m.

Okuyama 3ïÄ
 σ �m��
Ä�5��,JÑü�¯K:

(1) äk σ 4��±���K�m´Ä´ σ �m?

(2) σ �m��K4N�´Ä´ σ �m?

Siwiec Ú Nagata[352] y²
 σ �m�`{�A�½n,)û
 Okuyama �

ü�¯K.

½n B.3.13 (Nagata-Siwiec ½n) é�K�mX, eã^��d:

(1) X ´ σ �m;

(2) X äk σ lÑ�;

(3) X äk σ 4��±�.

lMichael��;�m�x, Ceder�Mi �m¯K9Nagata-Siwiec½n,<

�g,é'% σ �m�äk σ =G���K�m´Ä�d? �
�²
/Lãù

�¯K, 0� Borges[56] 'uM3 �m�M#5ó�.

½Â B.3.14 X ¡���m, XJX �3¼êG : N × τ c → τ ÷v:

(1) H ⊂ G(n,H) � H =
⋂

n∈N
G(n,H);

(2) H ⊂ F ⇒ G(n,H) ⊂ G(n,F ).

��m�duM3 �m. dd, Borges )û
 Ceder[79] JÑ�'uMi �m

�Ü©¯K, X4N��±M3 �m. 1967 cMichael ½Â
���m [94].

½Â B.3.15 X ¡����m,XJX �3¼êG : N × τ c → τ ÷v:

(1) H =
⋂

n∈N
G(n,H);

(2) H ⊂ F ⇒ G(n,H) ⊂ G(n,F ).

Creede[93, 94] XÚ/ïÄ
���m. ��m, σ �m±9�Ýþ�mÑ´�

��m. Kofner[203] òäk σ =G���m·¶����m,y²
���m�d

u���m, Ó��E
� σ �m��K Lindelöf ����m.
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Okuyama[323] 'u σ �m�1��Ø©y²
�; σ �m'u�êÈµ4.

du (�;) M �m� (�;) σ �mpØ%º,Ï
 σ �mÑy����,��¯

K´, ÏéÓ�¹uM �mÚ σ �m��ma, ¦3Taþ�;5'u�êÈµ

4. Nagami[309] ¤õ/Ú?
·Üþã�¦�Σ �ma.

½Â B.3.16 �P ´ X �CX. é x ∈ X, - C(P, x) = ∩(P)x. X �

Σ �´� X �ÛÜk��4CX� {Pi} ÷v: é X �: x 9S� {xi}, e

xi ∈ C(Pi, x), K {xi} 3 X ¥kà:. äk Σ ���m¡� Σ �m. éd Σ �,

�

C(x) = ∩{C(Pi, x) : i ∈ N}, x ∈ X.

@o C(x) ´ X ��ê;�48. �z� C(x) ´ X �;8�, {Pi} ¡� X �

r Σ �, X ¡�r Σ �m.

M �m, σ �mÑ´ Σ �m, Σ �m´ P �m, ¿��; Σ �m'u�êÈ

µ4. Nagami y²
_;N��±Σ �m. �´, Michael[282] �E
ÛÜ;�;

�m (Ï
r Σ �m), ¦§�4N�Ø´ Σ �m. �ud, Michael[282] Ú?
r

Σ♯ �m.

½Â B.3.17 X �8xP ¡� X � (modk) �, XJ�3X �d,
;

8|¤�CXK ÷v: éK ∈ K , {P ∈ P : K ⊂ P} ´ K 3 X ¥��.

r Σ �m�duäk σ ÛÜk�4 (modk) ���m. Michael[282] ¡äk σ

4��±4 (modk)���m�rΣ♯ �m, w,, 4N��±rΣ♯ �m. Michael

?�Ú�Ñ, r Σ♯ �m´ÄkUY�\ïÄ�d�, �ûu�;r Σ♯ �m´Ä

'u�êÈµ4. 1984 c Patsei[327] �½/£�
ù�¯K. Okuyama[324] XÚ

/ïÄ
�rΣ �m�'��
�ma. �
BuÚ�Qã,3 (modk)��½Â

¥òK U�d X �,
4�ê;8|¤�CX,@oP ¡� X �[ (modk)

�, u´ Σ �Ò´ σ ÛÜk��4[ (modk) �.

½Â B.3.18[212] X �8xP ¡� X �¢D4��±8x,XJéHP ⊂

P ∈ P, 8x {HP : P ∈ P} ´X �4��±8x.

½Â B.3.19[324] äk σ ¢D4��±4[ (modk) ���m¡� Σ∗ �m;

äk σ 4��±4[ (modk) ���m¡� Σ♯ �m.

Σ �m⇒ Σ∗ �m⇒ Σ♯ �m, ���%º'XþØ¤á. 4N��± Σ∗ �

mÚ Σ♯ �m. Okuyamay²
é�;�mX, X ´ Σ �m��=�X × I ´ Σ∗

�m. ���J�´, ���ma¥�;5�7'u�êÈµ4. 3b� CH e,

Michael[283] �E
�K¢D Lindelöf ��Ýþ�m,¦Ùg¦Ø´�5�m.

m� (modk) �¡� (modk) Ä [282]. 1970 c Lutzer Ú Michael[282] y²


X ´�;M �m��=�X ´äk σ ÛÜk� (modk) Ä��K�m.
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|^Ä��«/ª�í2: �, k �, (modk) �, (modk) Ä, ��
�G�2

ÂÝþ�m: cosmic �m, σ �m, ���m, ℵ �m, Σ �m�. ùg,Úåü�

¯K:

(1) ù
�makN��Ýþz½n?

(2) ù
�makN�� “Ïf©)”½n?

kwÝþz¯K. ùp8¥�Nu���mÚ Σ �m�Ýþz¯K. ���

mäkGδ é��, Chaber[80] y²
äkGδ é���M �m´�Ýþ�m. é

Σ �m, Ì�&?N��Σ �m´ σ �m. ù��±�@�´ σ �m©)½n�

�«�ª. Siwiec Ú Nagata[352] ½Â
 p � (��¡� ct �) Ú σ♯ �m.

½Â B.3.20 X �8xP ¡�X � p�, XJé x 6= y ∈ X, �3 P ∈ P,

¦ x ∈ P ⊂ X − {y}. äk σ 4��±4 p ���m¡� σ♯ �m.

Shiraki[348] y²
 σ �m�©)��K Σ♯ �mÚ σ♯ �m, ¿�äk:�

ê p Ä��K Σ �m´ σ �m. Burke Ú Lutzer[75] �E
Øäk:�ê p Ä�

Moore �m, Ä½
 Reed[337] JÑ�¯K.

'uÏ¦2ÂÝþ�m�Ïf©)½n´Rk¤��. ~X,

(1) σ �m = �K c ���m + Σ♯ �m [268];

(2) �Ýþ�m = 1��ê�m+ ���m [94];

(3) Nagata �m = 1��ê�m+ ��m [79].

Ceder[79] Q¯: Nagata�m´Ä�©)��;�mÚ�Ýþ�m? Heath[154]

3�E
 Ceder ¯K��~�¯: �±�;�Ýþ�m´ Nagata �m�¿�^

�´�o? Lutzer[265] ½Â
 k ���m.

½ÂB.3.21 �K�mX ¡� k���m,XJX �3¼êG : N×τ c → τ ,

÷v���m�^�, Ó�é X �;8 K Ú48 H, e K ∩ H = ∅, K�3

n ∈ N, ¦ K ∩G(n,H) = ∅.

Lutzer y²
 Nagata �m = �Ýþ�m + k ���m, Ù¢�´ Na-

gata �m = 1��ê�m + k ���m. ù
ÑvU�Ñ��m�©).

Arhangel’skǐı[24] Q¯: N�� cosmic �m´��m? Heath, Lutzer Ú Zenor[160]

½Â
üN�5�m, Ó�y²
��m= üN�5�m + ���m, Ýþ�m

= üN�5�m+ p �m + Gδ é��.

½Â B.3.22 X ¡�üN�5�m, XJé X ¥Ø���48H,F , �3

X �m8D(H,F ) ÷v:

(1) H ⊂ D(H,F ) ⊂ D(H,F ) ⊂ X − F ;

(2) H ⊂ H ′, F ⊃ F ′ ⇒ D(H,F ) ⊂ D(H ′, F ′).
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'uMi �m¯K, Gruenhage[139] Ú Junnila[188] Õá/y²
M3 = M2. d

�, ´Ä M3 �m´M1 ��
éõ?Ð. XëY¼ê�m Ck(P) ´��m [132].

XUy² Ck(P) Ø´M1 �m, KMi �m¯K�Ü)û.

B.3.3 Alexandroff ��

Alexandroff[3] JÑ�^N�é�m?1©a���®3NõäN��mþ

¢y. ,
, ù
ïÄ¿ØäkXÚ5. 1966 c, Arhangel’skǐı[24] uL
{¤5

�©z “N���m”, mM
^N�ïÄ�m�#V�. §�XÚ/o(
�

�ÿÀÆuÐ��­V5, <�3N�nØ�¡���­�¤J, �­��´é

XÛ/ÏN�5ïÄ�ª����m�Ñ
äN�¯K. dd/¤ Alexandroff-

Arhangel’skǐı ¯K, ÙØ%SN´^N�ïáÝþ�ma�äk(½ÿÀ5��

�ma�m�'X. ù
¯K´é��ÿÀÆ�âÑ�z, ¦N���m�©a�

�¤�2ÂÝþ�mØ�©��­�|¤Ü© [4].

lål¼ê5£ãÝþ�m��Ýw,�Ýþ5���í2�í�Ýþ5 [396]

Úé¡Ýþ5 [7]. ù
´�@�2ÂÝþ5�.

½Â B.3.23[24] X �8xP ¡�X �fÄ,XJé x ∈ X, �3Px ⊂ P

÷v:

(1) x ∈ ∩Px,P =
⋃

x∈X Px;

(2) U, V ∈ Px ⇒ �3W ∈ Px, ¦W ⊂ U ∩ V ;

(3) F ´X �48��=�é x ∈ X − F , �3 P ∈ Px, ¦ F ∩ P = ∅.

X ¡� g 1��ê�m (½ gf �ê�m), XJ�3X �fÄP, ¦z�Px ´

�ê�.

é¡Ýþ�m´ g 1��ê�m, 
1��ê�m = g 1��ê�m +

Fréchet �m. |^é¡Ýþ���'�Ýþ�2��Ýþz½n,
�k�/�

x
Ýþ�mA½�ûN�,~X

(1) X ´Ýþ�m�û π N���=�X ´÷vf Cauchy ^��é¡Ýþ

�m [204];

(2) X ´Ýþ�m��m π N���=�X ´�Ýþ�m [1, 67].

fÄ��Ä��«í2�<�ïÄ����2ÂÝþ�mJø
�«å».

X, Siwiec[351] |^fÄ½Â
 g �Ýþ�m: äk σ ÛÜk�fÄ��K�m.

1982 c Foged[109] y²
 g �Ýþ�mäk σ lÑfÄ, £�
 Siwiec �¯K.

2005 c4A [256] y²
 g �Ýþ�m�duäk σ ¢D4��±fÄ��K�

m, £�
 Tanaka �¯K. �uäk σ ;k�fÄ��K�m´Ä´ g �Ýþ�

�´��ÿ�)û�¯K [252].

ïÄÝþ�m���kå(J´Ýþ5%º�;5. ��Ýþ�m­�í2
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��Ð�m�7´æ;�m. Ø
 θ �\[5�	,�Ð�m´Ä�k�Ýþ�m

�²1�Ù¦CX5�? Arhangel’skǐı[24] ½Â
 σ �;�m.

½Â B.3.24 X ¡� σ �;�m, XJ X �z�mCX U �3m\[S

� {Un} ÷v: é x ∈ X, �3 n ∈ N Ú U ∈ U , ¦ st(x,Un) ⊂ U .

3ïÄ�Ýþ�m�, McAuley[273] uy�Ýþ5%º¤¢� Fσ-screenable

5�: �m�?�mCX�3 σ lÑ�4\[.

Burke[64] ïá
ù
5��m�°('X.

½n B.3.25 eã^��d:

(1) X ´ σ �;�m;

(2) X ´ Fσ-screenable �m;

(3) X �?�mCXk σ ÛÜk�4\[;

(4) X �?�mCXk σ 4��±4\[.

Burke òäkþã5�����m¡�g�;�m. æ;5�g�;5´p

Ø%º�, 
g�;�m´ θ �\[�m. Burke[65] Ú Katuta[199] ¯: ?�mC

Xäk σ =G\[��m´Ä´g�;�m? 1978 c Junnila[189] �½/£�


ù�¯K.

¦+�; p �m�x
Ýþ�m�_;_�, �´ Arhangel’skǐı[24] ®`² p

�m�7´�Ð�m�_;_�.�d�', Arhangel’skǐı[19] Ú?
î� p �m.

½Â B.3.26 ���K�mX ¡�î� p �m, XJ βX ¥�3CXX �

m8x�S� {Un}, ÷v p �m�^�, ¿�é x ∈ X,n ∈ N, �3 m ∈ N, ¦

st(x,Um) ⊂ st(x,Un).

î� p �mî�/ru p �m. Burke[66] y²
 θ �\[� p �m´î� p

�m. Burke[69] JÑ¯K: î� p �m´Ä´ θ �\[�m? 1986 côÅr [185]

�½/£�
ù�¯K.,��¡, �Ð�m����K_;_�´g�;� p �

m, Isiwata[178] �E~f`²Ù_·K´Ø�(�, ¿£ã
�Ð�m�_;_

�. Suzuki[367] �x
 σ �m�_;_�.

�;�m�4N�´�;�m, �´Ýþ�m�4N�%�7´Ýþ�m.

Arhangel’skǐı[24] ¯: Ýþ�m�4N�äkN��SÜA�? Lašnev[212] Äkï

Ä
ù�¯K, �<¡Ýþ�m�4N�� Lašnev �m. Slaughter[353] y²


Lašnev �m´M1 �m. ¢D4��±8x (½Â B.3.18) �´ Lašnev 3ïÄÝ

þ�m4N�¯K�Ú?�. ¦òÝþ�m�4N��x�äk¢D4��±C

X�A�\[S�|¤�� Fréchet �m. ù��x¥­��´¢D4��±V

g�JÑ.X, Morita Ú Rishel[306] ^ Lašnev��{�Ñ (�;) M �m4N��

A�; Okuyama[324] � Σ∗ �m´±¢D4��±8x�Ä:ïá�. ��k��
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´, Burke, Engelking Ú Lutzer[74] ïá
��#L�Ýþz½n.

½n B.3.27 (Burke-Engelking-LutzerÝþz½n) X ´�Ýþ�m��=

� X ´äk σ ¢D4��±Ä��K�m.

_;N��±�Ýþ5. _;N���±�;M �m. �´_;N��7�

±M �m [302].

½ÂB.3.28[174] X ¡�M∗ �m,XJ�3X �ÛÜk��4CX�{Fi}

÷v: éX �: x 9S� {xi}, e xi ∈ st(x,Fi), @o {xi} 3X ¥kà:.

Morita, Rishel[306] Ú Nagata[313] Ñy²
M �m�_;N�TÐ´M∗ �

m. XJòM∗ �m½Â¥� “ÛÜk�”�� “4��±”, @o¤£ã��m´

Siwiec Ú Nagata[352] ½Â�M♯ �m. Morita Ú Rishel[306] JÑ�´ÄM♯ �m

´M∗ �mù�¯K�8ÿ�)û.

±þ, ý­?Ø�m�4N�. é�m�mN��ïÄÓ�>u
2ÂÝþ�

mNõ���ó�. �Í¶�´ Arhangel’skǐı[24] �MOBI aÚMichael[285] �Ê

«ûN�.

½Â B.3.29 MOBI a´÷vXeü�^��4��ma:

(1) Ýþ�máuù�a;

(2) ù�a'um;N�µ4.

���8ÿ�)û�¯K: MOBI aäkN��SÜA�? 1��¢�5�

?ÐA´ Bennett[48] �½n.

½n B.3.30 X áuMOBI a��=��3Ýþ�mM Úm;N��k

�8 {f1, f2, · · · , fn}, ¦X = fn ◦ fn−1 · · · ◦ f1(M).

Bennett ½nïá
MOBI a!Ýþ�ma±9m;N�aùnö�m�

��°['X. 20 ­V 70 � 80 c�� 20 cm, <�ïÄMOBI aÃ�Ø´l

Bennett �½n����Ä:. dd��, MOBI a¥��mäk:�êÄ [24]. ²

L�X�ó�, Arhangel’skǐı �cJÑ�¯K�Ñ�Ä½£�. X, Chaber[86] y

²
MOBI a¥��mQ�±Ø´f θ �\[�m, q�±Ø´ σ♯ �m. �´_

;N�´Ä�±MOBI a, ���K�æ;�m´Ä´�;�m�m;N���

´ÿ�)û�(J¯K [28].

ûN�´�a�f�N�a, ¤±Ýþ�mA½�ûN��É'5.X,

Arhangel’skǐı[24]JÑÏ¦Ýþ�m�ûsN��S3�x; MichaelÚNagami[289]

¯Ýþ�m�û s N�´Ä´Ýþ�m�;CX�û s N�? c�¯K

Hoshina[167], Gruenhage, Michael Ú Tanaka[143] �ÑØÓ�£�, ��¯K�

~+ [87, 88] Ä½£�. émN��í2, Ø
c¡J��ûN�Ú�mN�,

�k Hájek[147], Michael[281] ½Â�VûN�, Siwiec[350] ½Â��êVûN�.
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Michael[285] �nã�wo(
 20 ­V 50 c�� 70 c�Ð�ó�, XÚz
Û

Ü;Ýþ�m!ÛÜ;�;�m!�©Ýþ�m!Ýþ�m!�;M �mÚM �

m3mN�!VûN�!�êVûN�!�mN�ÚûN�e�A�,¿�^ù


�ma�N�a�x
f1��ê�ma.

e¡±Ú½n�~`²N�nØ���A^. Ú½n?Ø�SN´,3�o^

�e�\��=
ÿÀ5�U=£�§��Ú�mþ? =, � X =
⋃

α∈ΛXα, Ù

¥ X �f�m Xα äkÿÀ5� Φ, 3�o^�e, X �äk5� Φ? ù�¡�

{ü!��©�QãAT´Alexandroff Ú Urysohn[8] �Ñ�¯K: XJ;�mX

�L�ü�äk�êÄ�m�¿,@oX ´Ääk�êÄ? Smirnov[355] é���

��êÚ�/�Ñù�¯K�½�£�. Stone[364] ïÄ
Ýþ�m�Ú½n, `

²éÚ½nÌ�´&? “mÚ½n” � “4Ú½n”.

@ÏÚ½n�ïÄ��´é�O�ÿÀ5�?1?Ø�. l Hodel[161] m©,

<�@£�N�!�m9ÿÀ5��m�S3éX,/ÏN���Ãã5ïÄÚ½

n®¤��«ª³,ù�¿©`²
N��{3��ÿÀÆ¥�­�5.

½Â B.3.31 ¡ÿÀ5� Φ ÷v:k�mÚ½n,� {Xα}α∈Λ ´�mX �

:k�mCX, XJz�Xα äk5� Φ, K X �äk5� Φ.

Tanaka[373] Äk?Ø
 σ �m�:k�mÚ½n. Gittings[137] ïÄ
:k

�mÚ½n, y²
éÿÀÚ�±�ÿÀ5�Φ, ek����mN��±Φ, K

Φ ÷v:k�mÚ½n.

½Â B.3.32 �P ´�8x5�, ¡ÿÀ5� Φ ÷vP 4Ú½n, XJ

{Xα}α∈Λ ´�mX �äk5�P �4CX, ez�Xα äk5� Φ, K X äk

5� Φ.

�?Ø�8x5�P ©O��ê!ÛÜk�!¢D4��±!4��±�,

�A�Ú½n�g¡��ê4Ú½n!ÛÜk�4Ú½n!¢D4��±4Ú½

n±94��±4Ú½n. é4Ú½nïÄ�íÄå��´Tamano[369] �¯K:

�;5´Ä÷v4��±4Ú½n? Potoczny[335] �E
��;�m, äkdk

�8|¤�4��±CX.

4Ú½n�N��'Xdeã½n�«.

½n B.3.33 � Φ ´'uÿÀÚ�±�ÿÀ5�.

(1) ek����4N��±Φ, @o Φ ÷vÛÜk�4Ú½n;

(2) e4N��± Φ, @o Φ ÷v¢D4��±4Ú½n.

'¢D4��±8x����Vg´Morita[300] Ú?���x�Vg.

½Â B.3.34 �P ´ X �4CX, ¡ X �P ¤��, XJ X �f8 Z

´ X �48��=��3P �f8P ′, ¦P ′ CX Z �é P ∈ P ′, P ∩ Z ´
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X �48.

Morita JÑ
éN��ÿÀ5�÷v��Ú½n�¯K, ¿�y²
�55

��
ÿÀ5�÷v��Ú½n. Singal Ú Arya[349] ïÄ
��5���Ú½n,

±9ÊX�m�Ú½n.

B.3.4 g¼ê

1955 cWisconsin 8ØÿÀ¬Æþ, McAuley[271] JÑ¯K:Ï¦�Ýþ�m

�XÿÀA�? Brown[62] �¯, �Ýþ�m¤��Ð�mAN\N��ÿÀ5�?

1962 c Heath[150] Ú\
�«8�¼ê,�5<�¡�� g ¼ê, �þãü¯K±

÷¿�£�.

½Â B.3.35 � X ´��m, ¼ê g : N × X → τ ¡� g ¼ê, XJé

x ∈ X, n ∈ N, k x ∈ g(n+ 1, x) ⊂ g(n, x).

­��´Heath¦^ g ¼ê�mÿ5�{. 3)ûMcAuley¯K±9Brown

¯K��, Heath[156] ^ g ¼ê�x
��mÚ σ �m, ?
y²
��m´ σ �

m, )û
 Arhangel’skǐı[24] JÑ�¯K, w«
 g ¼ê�õå.

�?Øäk Gδ é���m�Ýþz¯K, Borges[57] Ú?
�Ð�m��

«í2�m: w∆ �m. �&¢�Ð�m, w∆ �mÚ���m�m�°('X,

Hodel[162] ½Â
 α �m, y²
�Ð�m = w∆ �m + α �m. Hodel[162] �

½Â
 β �m±í2 w∆ �mÚ���m, y²
���m = β �m + α �m.

�ïÄ M �m�Ýþz¯K, Ishii[175] Ú?
 M♯ �m�í2�m: wM �m.

Ishii[175] JÑ�eã¯K�8ÿ�)û: äk Gδ é��� wM �m´Ä´�Ý

þ�m?

Hodel[163] ½Â
 wN �m�� wM �mÚ Nagata �m�í2, y²
Ýþ

�m = �Ð�m + wN �m. Hodel[163] �½Â
 wγ �mÚ θ �m�, y²


wM �m = wγ �m + wN �m, �Ð�m = ���m + θ �m. eã½Â�Þ


�
d g ¼ê£ã��m.

½Â B.3.36 � g ´�mX � g ¼ê. �ÄN\^�:

(1) p ∈ g(n, zn), g(n, zn) ∩ g(n, yn) 6= ∅, yn ∈ g(n, xn) ⇒ {xn} kà:;

(2) g(n, p) ∩ g(n, xn) 6= ∅ ⇒ {xn} kà:;

(3) p ∈ g(n, xn) ⇒ {xn} kà:;

(4) yn ∈ g(n, p), xn ∈ g(n, yn) ⇒ {xn} kà:;

(5) {p, xn} ⊂ g(n, yn), yn ∈ g(n, p) ⇒ {xn} kà:;

(6) xn ∈ g(n, p) ⇒ {xn} kà:;

(7) {p, xn} ⊂ g(n, yn) ⇒ {xn} kà:.
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÷vþãN\^���m�g¡�wM�m, wN �m, β �m, wγ �m, wθ

�m, q �mÚ w∆ �m. XJòN\^�¥� “{xn} kà:”, \r� “{xn} Â

ñu p”, @o¤����m�g´Ýþ�m, Nagata �m, ���m, γ �m, θ �

m, 1��ê�m½�Ð�m��d½Â½½Â. þãN\^�þ�÷v�½^�

�S�kà:, House[168] ¡ùa�m�2Â�ê;�m. |^ù«�{, �ÏL

�m�CX��)2ÂÝþ�ma.

½Â B.3.37 � {Un} ´�mX �mCX�. �ÄN\^�:

(1) xn ∈ st(p,Un) ⇒ {xn} kà:;

(2) Un+1 (\[Un, �e xn ∈ st(p,Un) ⇒ {xn} kà:;

(3) xn ∈ st2(p,Un) ⇒ {xn} kà:.

÷vþãN\^���m�g´w∆ �m, M �mÚ wM �m. XJòN\

^�¥� “{xn} kà:” \r� “{xn} Âñu p”, @o¤½Â��m�g´�Ð

�m, Ýþ�m, Ýþ�m.

� g ¼ê�'�CXx´CWC ¼êVg. §3Ýþz¯K¥u�XÕA�

�^.

½Â B.3.38[213] � X ´��m, ¼ê g : N ×X → P(X) ( X ��8) ¡

� CWC ¼ê, XJé x ∈ X,n ∈ N, k x ∈ g(n + 1, x) ⊂ g(n, x), � U ∈ τ ��

=�é x ∈ U , �3 n ∈ N, ¦ g(n, x) ⊂ U . CWC ¼ê�¡�fÄ g ¼ê [130].

1965 ∼ 1975 c´2ÂÝþ�m%ÇuÐ� 10 c, cÙ´ 1975 c Burke Ú

Lutzer[75] �nã�w “2ÂÝþ�mnØ��#?Ð”, \w
2ÂÝþ�mn

Ø�/¤, (á
TnØ3��ÿÀÆ¥�/ . 1971 c3Ö=Mr� “General

Topology and its Applications”, Ú 1976 3{IMr� “Topology Proceedings”

Ñ¿©�N
ù«ª³. wÍ�I�´�
)ûCÄ�Ï¤/¤�oa¯K, 4

�´L
2ÂÝþnØ, Ó���)
Nõ��)û�#¯K. d Bing-Nagata-

Smirnov Ýþz½n�-u9Ä�í2�)�««Vg�kÅ(Ü, ®¤��ö

6r2ÂÝþ�m�ïÄí�p�. Siwiec Ú Nagata[352] 'u σ �m�A�½n,

Nagami[309] 'u�; Σ �m��êÈ½n±9Ù� Foged[110] 'u ℵ �m��

x, �¤ù
­�?Ð¥�°ç�Ù. ÏLé Alexandroff ���XÚïÄ, N�

®3��ÿÀÆ��Í��ü­���Ú,§�Nõ²;�{(Ü/¤�mnØ

ïÄ¥7Ø���Ãã [4]. Arhangel’skǐı[24] 3 “N���m” ¥�°8Ø:9�

�¯K, Michael[285] 'uÊ«ûN���¡£ã, ¤���ÿÀÆUY�cuÐ

�­�
���.
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[48] Bennett H R. On Arhangel’skǐı’s class MOBI. Proc Amer Math Soc, 1970, 26: 178–180. MR

42#2425. Zbl 0197. 48502

[49] Bennett H R. On quasi-developable spaces. General Topology Appl, 1971, 1: 253–262. MR

44#5921. Zbl 0222. 54037

[50] Bennett H R, Byerly R, Lutzer D J. Compact Gδ sets. Topology Appl,2006,153:2169–2181

[51] Bennett H R, Lutzer D J. A note on weak θ-refinability. General Topology Appl, 1972, 2:

49–54. MR 46#853. Zbl 0229. 54022
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