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1 
���XA
C�71dM T2 ZLs<:O~C�. ω z ω1 Z��.��h℄f�:z��h�?::�:.! {(Xα, τα)}α∈Λ 1O~C�:N. � X =
∏

α∈Λ

Xα. `
B =

{

∏

α∈Λ

Uα :Jhh α ∈ Λ, Uα ∈ τα

}

.� B RU�&! X �:O~ UiO~ [1]. �} X _�iO~ Ui�C�, �U
�

α∈Λ

Xα. 3h�C� Xα = Y ��: |Λ| = κ (, � �
α∈Λ

Xα U �Y κ. ��, '�fhO~C�:>9N��, iO~��O~1�;:; '�	O~C�N:>9N��, iO~`��O~, � �R
ω �1��?:C�."�C�:iO~bx� Tychonoff �O~bxj(&d [1]. �� Tychonoff �
#k's7J:B�O~s<, 21iO~�
#'s<, A��jjnp Tychonoff� [2]. ` D = {0, 1}, _�L�O~. 
U3�A?: k S:'C�1?HWC� [3], M

Tychonoff�C� Dω1 1�?HW�:'C�,A� Tychonoff�C� Dω1 �3�A?:
k S. �v<a:>9N�1_�iO~, �EP&Y~0:��, � �Dω1 3�A?:
k S (�DM 3.1). 2Æ�Y\jJ��mp�HWC�J:i�s<:q
.n�i�:��s<, Williams[2] P�w,i:L9�g, E�E
i�:3rs�W's. 'i�:}.=, �Vh-C:ZH: �1 Stone :ZH [4]: �(ω + 1)ω1 1[13r�W'C�? _�1 van Douwen :ZH [5]: �?:h' T2 C�:i�: σ �JC�1[1W'C�? QB�:!v&d� 1996 v. 5b, Lawrence[6] [D�/Y Stone:ZH, -M �R

ω1 �13rC�. �,, Nyikos z Pia̧tkiewicz[7] 5nY3��f,"��Y 2015 w 6 " 7 �47, 2016 w 1 " 2 �47vaf.
1mt'S1|;|�M�|!, ℄�-D 363000; y8'S|!;|~/B�℄�y8 352100.
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(finite subproducts) UW' T2 :C�N:i�: σ �JC�1W'C�, -MBD�/Y van Douwen :ZH. q�, 'i�:}.=QB�:W$6ZH [8]: 1[ “�(ω + 1)ω�1W'C�” 1h�:? n�i�:Qo*,, � Roitman z Williams :
X [9].��p�HWs<�3rs�W's, F��CL:^
s<1h�nS:, A�}.p�HWs<:i��G��j�"J^
s<:i�s<:�*. 21\jE
p�HWC�J:i�s<:�,FR. UY%�p�HWC�:i�DM,b�
�hbx. \� 1.1 !Ty:dy: f : X → Y .

(1) f  U proper � k �� [10], � K 1C� Y :'J�, * f−1(K) 1C� X :'J�. HWC�: proper �k U k ?HWC�[11].

(2) f  U subproper��[11], �.'C� X :JC� X ′, +9 f(X ′) = Y �� Y :J� K, +9 K 1 Y :'J�, * X ′ ∩ f−1(K) 1 X :'J�. HWC�: subproper�k U k∗ ?HWC�[11].
�,RÆ�� (perfect mappings)1 proper��, proper��1 subproper��;HWC�1 k ?HWC�, k ?HWC�1 k∗ ?HWC�. Banakh, Bogachevz Kolesnikov[11]<nY k∗ ?HWC�RU�p�HWC�, �}.F
I �bb
, C'�
O~�O~��TyZ^z�H
=3�AA:��. F�?, Banakh, Bogachev z Kolesnikov[11]5nY k∗ ?HWC�n�i�#>
#. 27�'Xe=-g�w'��:i��}.p�HWs<. %:n�?:i�:}.����6. Borges[12] z#�T�\\� [13] E
Y�hC� X :?:,i� �Xω : σ �JC� σB(X) :�mp�HWs<. 0)�, )� �Dω1 UO, 0?60�Z:p�HWC�JG�n�i�#>
#. k∗ ?HWC�s<1z0:p�HWC�J=��hPd:i�#>
#s<. ��rmp�HWC�Jn�i�#>
#?�� Banakh, Bogachevz Kolesnikov[11] A�9:i�DM�� k∗ ?HWC�:s<, 2��<'�i�3�:'�f^
s<, �*\j?�-=%l&j3���s:#v. �XKw�P�h��s:DM,5ni�
#�m�?HWC�hn:'?:s<, �*?4& k∗ ?HWC�:i�DM.

2 b��g[�a�U�℄rO~C�=���:��sDM, �=� “zDM” QUFo, � “1��f�zDM”, “?:�zDM”< [14−15]. ?HWsdM1��f�zDM, σ C�s<dM?:�zDM.! X 1�hO~C�. X :J�N P  U'�f:, � X :h�'J�� P =:L�fh�h!.\� 2.1 ! P 1�hO~s<.

(1)  P dM'�f�zDM (the compact-finite closed sum theorems), �C� X .''�f:�^
 {Xα}α∈Λ, +9h� Xα 3�s< P , * X �3�s< P .

(2)  P dM'�f�G.zDM (the compact-finite sum theorems of closed expan-

sions), �C� X .''�f^
 {Xα}α∈Λ zC:�G. {Zα}α∈Λ (�h� Zα 1 X :�J�� Xα ⊂ Zα), +9h� Zα 3�s< P , * X �3�s< P .
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�, '�f�G.zDM%x'�f�zDM, '�f�zDM%x1��f�zDM.�X:E�DM�a.\q 2.1 !O~s< P L(dMa9Vhs<: (1) �f?�s; (2) '�f�G.zDM. � {Xα}α∈Λ 13�s< P :C�N, *i�C� �
α∈Λ

Xα �3�s< P .Æ � X = �
α∈Λ

Xα. �V!A� Xα 6= ∅. J�h� x = (x(α)), y = (y(α)) ∈ X , �
{x 6= y} = {α ∈ Λ : x(α) 6= y(α)},

σ(x) = {y ∈ X : |{x 6= y}| < ω}.

(1) σ(x) 1 X :�JC�.J�h� y ∈ X \ σ(x), `
Uα =

{

Xα \ {x(α)}, α ∈ {x 6= y};

Xα, �C�E,* U =
∏

α∈Λ

Uα 1 y ' X =:^�. �v z ∈ σ(x), �� {x 6= y} 1℄f�, *.'
β ∈ {x 6= y} \ {x 6= z}, �1 z(β) = x(β) 6= y(β), -M z /∈ U , � σ(x) ∩ U = ∅. m σ(x) 1
X :�JC�.J�h� F ⊂ Λ, `

σF (x) = {y ∈ X : {x 6= y} = F},

ΠF (x) = {y ∈ X : {x 6= y} ⊂ F},* σF (x) ⊂ ΠF (x).

(2) � F ∈ Λ<ω, * ΠF (x) 1 σ(x) :3�s< P :�JC�.
�, ΠF (x) ⊂ σ(x) � ΠF (x) L{��f�C� ∏

α∈F

Xα. ��h� Xα 3�s<
P , �s< P 1�f?�s, �1 ∏

α∈F

Xα 3�s< P . �v y ∈ σ(x) \ ΠF (x), *.'
β ∈ {x 6= y} \ F . `

Vα =

{

Xβ \ {x(β)}, α = β;

Xα, �C�E,* V =
∏

α∈Λ

Vα 1 y ' X =:^�� V ∩ ΠF (x) = ∅. 2�n ΠF (x) 1 σ(x) :�J�.

(3) {σF (x) : F ∈ Λ<ω} 1 σ(x) :'�f^
.
�, {σF (x) : F ∈ Λ<ω} 1 σ(x) :^
. ! K 1 σ(x) :'J�. ` ΛK =
⋃

y∈K

{y 6=

x}, * ΛK 1 Λ:�fJ�.[*,ΛKx���L�P!:x[ {αn},sf.' K =:x[
{yn},+9h� αn ∈ {yn 6= x}. ! y 1x[ {yn}' K =:�h2A. 
U y ∈ σ(x), A�
{y 6= x}1�f�, �V! αn ∈ {yn 6= x}\{y 6= x},2( y(αn) = x(αn) 6= yn(αn), ∀n ∈ N.	

Wα =

{

Xαn
\ {yn(αn)}, α = αn;

Xα, �C�E,
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∏

α∈Λ

Wα 1 y ' X =:^��A�: yn /∈ W , eK. 2�n ΛK 1 Λ :�fJ�. � F ⊂ Λ � K ∩ σF (x) 6= ∅, 	D z ∈ K ∩ σF (x), * F = {z 6= x} ⊂ ΛK . � ΛK :�fs, )�:L�fh F ⊂ Λ, +9 K ∩ σF (x) 6= ∅. m {σF (x) : F ∈ Λ<ω} 1'�f:.J�h�JA x, y ∈ X , D� x ∼ y ⇔ |{x 6= y}| < ω, � σ(x) = σ(y). ��5: ∼ 1
X �:<�n_, σ(x) 1� x 6D:<�J. ��� Σ = {σ(x) : x ∈ X}.

(4) Σ 1 X :'�f^
.���, *.' X :'J� K � X =��hL:<�J:[ {σ(xn)}, +9J�h� n ∈ N, σ(xn) ∩K 6= ∅. � z ∈ σ(xn) ∩K, * σ(z) = σ(xn), A��V! xn ∈ K. ��
K :'s, ! x 1x[ {xn} ' K =:�h2A. �� Σ 1 X :�h��h!:^
,�V! x /∈

⋃

n∈N

σ(xn), �1h� {xn 6= x} 1℄f�, -M.' Λ =��L�P!:x[
{αn}, +9h� xn(αn) 6= x(αn). `

Gα =

{

Xαn
\ {xn(αn)}, α = αn;

Xα, �C�E,* G =
∏

α∈Λ

Gα 1 x ' X =:^��A�: xn /∈ G, eK. m Σ 1 X :'�f^
.J�h� x ∈ X , �s< P dM “'�f�G.zDM”� (2) z (3), σ(x) 3�s<
P . &� (1) � (4), X �3�s< P .� 2.1 �DM 2.1 :5n?�, JZLs<)+�Y T1 ZLkM. *Q, r�DM
2.1 A9:��sDMJ� Tychonoff �1�!P:. O�, 	 P U “'J�1�f�”.
�, O~s< P 1�f?�s�dM'�f�G.zDM. J�h� n ∈ N, L�C�
Xn = {0, 1} 3�s< P , 21 Tychonoff �C� ∏

n∈N

Xn = {0, 1}ω �3�s< P .a[Vh�6:#vRUDM 2.1 :N
. 'Æ�=%�w: k∗ ?HWC��a9<�A� (�X [11, DM 1.2]): O~C� X 1 k∗ ?HWC�3�)3.'HWC� M ,Ty:dy: f : M → X zy: s : X → M dM: f ◦ s : X → X 1 X �:�<�� (� s 1 f :�hz)), �� K 1 X :3�'�	:J� (� K 1 X :'J�, � K 1 X : precompact J�), * s(K) ' M =�3�'�	. Banakh, Bogachev z
Kolesnikov[11] �}.Y cs∗ ?HWC�. O~C� X  Ucs∗ ?HWC�, �.'HWC� M , Ty:dy: f : M → X zy: s : X → M dM: f ◦ s : X → X 1 X �:�<���� {xn}n∈N 1 X =:3Ux[, *x[ {s(xn)}n∈N ' M =�2A. 
�, k∗ ?HWC�1 cs∗ ?HWC�.zt 2.1 [11] a9O~s<n�i�#>
#:

(1) k∗ ?HWC�.

(2) cs∗ ?HWC�.
U k∗ ?HWC�s<� cs∗ ?HWC�s<G1?:?�s�dM'�f�G.zDM (�X [11, DM 3.5, 3.9, 4.4]), A��DM 2.1, k∗ ?HWC�s<� cs∗ ?HWC�s<G1n�i�#>
#.UY��DM 2.1, E�'��5'�f�G.zDM. zDM���s<1k�hn:. �, n�O~z
#�n��f6�:Ty���
#:s<dM1��f�zDM (�X [14, DM 5.5.3]).
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(1) P n�O~z
#;

(2) P n� proper ��
#;

(3) P n� subproper ��
#.� P dMJ� (1) z (2), * P dM'�f�zDM. � P dMJ� (1) z (3), * P dM'�f�G.zDM.Æ )5n'�f�G.zDM:�r. !O~C� X .''�f^
 {Xα}α∈Λ zC:�G. {Zα}α∈Λ, +9h� Zα 3�s< P , �= P dMJ� (1) z (3). RO~z
M =

⊕

α∈Λ

Mα, �=�C� Mα = Zα ×{α}, ∀α ∈ Λ. �� P dMJ� (1), C� M 3�s< P . D� f : M → X , +9 f(z, α) = z, ∀(z, α) ∈ Mα ⊂ M . 
�, f 1Ty:dy:. al5n f 1 subproper��. 	O~zM ′ =
⊕

α∈Λ

M ′

α,�=M ′

α = Xα×{α}, ∀α ∈ Λ. *M ′1M :JC�� f(M ′) = X . �X :J�KdMK 1X :'J�,* Λ′ = {α ∈ Λ : K∩

Xα 6= ∅}1�f:,� K =
⋃

α∈Λ′

K∩Xα ⊂
⋃

α∈Λ′

K∩Zα. �� f−1(K) =
⊕

α∈Λ

(K∩Zα)×{α},�1 M ′ ∩ f−1(K) =
⊕

α∈Λ

(K ∩ Xα) × {α} =
⊕

α∈Λ′

(K ∩ Xα) × {α} ⊂
⊕

α∈Λ′

(K ∩ Zα) × {α}.
U ⊕

α∈Λ′

(K ∩ Zα) × {α} 1 M :'J�, A� M ′ ∩ f−1(K) 1 M :'J�. -M f 1
subproper ��. � P dMJ� (3), C� X 3�s< P . m P dM'�f�G.zDM.� 2.2 dM'�f�zDM:O~s<W�dM'�f�G.zDM.�
 k S:D�. ! P 1O~C� X :^
. P  U X : k S [16], � K ⊂ U , �= K, U Z�1 X :'J��:J�, *.' P :�fJ� P ′, +9 K ⊂ ∪P ′ ⊂ U . �
k S P =:h��G1 X :�J�, * P 1 X :� k S.	 P Us< “3�A?:� k S”.

(1) P dM'�f�zDM. ! {Xα}α∈Λ 1C� X :'�f�^
, �=h� Xα3�A?::� k S Pα. ` P =
⋃

α∈Λ

Pα. ��5: P 1 X :A?::� k S.

(2) P �dM'�f�G.zDM. �C� Sω1
1� ω1 hY|R:3Ux[RO~z,  �YlPA+!�AA!:�C� (�X [14, p. 293]). � Sω1

= {∞} ∪
⋃

α<ω1

Xα, �=h� Xα = {xα,n : n ∈ N} �x[ {xα,n}n 3U�A ∞. 2(, C� Sω1
�3�s<A?:� k S (�X [14, p. 293]). 
�, {{∞}} ∪ {Xα : α < ω1} 1 Sω1

:'�f^
. J�h� α < ω1, �� {∞} ∪Xα 1'HWC�, A� Xα :�G. {∞} ∪Xα 3�A?::� k S. m P �dM'�f�G.zDM.

3 d	^soj[�g℄r�"DEDM 2.1 :�m��.?:h'�f�N7� U σ '�f�N. C� X :J�N P  U'?::, � X:h�'J�� P =:L?:h�h!. 
�, σ '�f�N1'?:�N. '?:�N1A?:�N.! P 1O~C� X :J�N. J� A ⊂ X , � P|A = {P ∩ A : P ∈ P}.
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#:

(1) 3� σ '�f k S:C�.

(2) 3�'?: k S:C�.

(3) 3� σ A�f k S:C�.

(4) 3�A?: k S:C�.

(5) 'J�?HW�:C�.Æ 
�, s< (1)–(5) G1�f?�s. U5nCjn�i�#>
#, �DM 2.1,9w5nCj7dM'�f�G.zDM. Za[VA�r5n.v� 1 s< (1)–(2), (5) � subproper ��A
#.! f : X → Y 1 subproper ��, *.'C� X :JC� X ′, +9 f(X ′) = Y ��C� Y :J� K, +9 K 1 Y :'J�, * X ′ ∩ f−1(K) 1 X :'J�.b5n (1) � subproper ��A
#. !C� X 3� σ '�f k S. Æ P 1 X: σ '�f k S, al5n f(P|X′) 1 Y : σ '�f k S. J� P ∈ P z K ⊂ Y ,��5: � f(P ∩ X ′) ∩ K 6= ∅, * P ∩ X ′ ∩ f−1(K) 6= ∅. �1, � P 1 X : σ'�f�N6 f(P|X′) �1 Y : σ '�f�N. ! K ⊂ U , �= K, U Z�1 Y:'J��:J�, * X ′ ∩ f−1(K) ⊂ f−1(K) ⊂ f−1(U), A�.' P :�fJ� P ′,+9 X ′ ∩ f−1(K) ⊂ ∪P ′ ⊂ f−1(U), �1 X ′ ∩ f−1(K) ⊂ ∪(P ′|X′) ⊂ f−1(U), -M
K ⊂ ∪f(P ′|X′) ⊂ U . m f(P|X′) 1 Y : σ '�f k S.

(2) :5n� (1) J=. al5n (5) � subproper ��A
#. !C� X :h�'J�?HW�. � K 1C� Y :'J�, �� X ′ ∩ f−1(K) 1 X :'J�, �1
X ′ ∩ f−1(K) 1 X :'?HW�:J�. 
U f :Tys, A� f(X ′ ∩ f−1(K)) 1 Y :'?HW�:J�. �
U K = f(X ′ ∩ f−1(K)) ⊂ f(X ′ ∩ f−1(K)), -M K 1 Y :?HW�:J�.�DM 2.2, s< (1)–(2), (5) GdM'�f�G.zDM.v� 2 s< (3)–(4) dM'�f�G.zDM.)5n (4) !P. �!C� X 3�'�f^
 {Xα}α∈Λ. �v {Xα}α∈Λ .'�G.
{Zα}α∈Λ, +9h� Zα 3�A?: k S, * X �3�A?: k S.J�h� α ∈ Λ, Æ Qα 1JC� Zα :A?: k S. ` Q =

⋃

α∈Λ

Qα|Xα
, � {Xα}α∈Λ:A�fs, * Q 1 X :A?:�N. al�5 Q �1 X : k S. J�h� K ⊂ U , �= K,U Z�1 X :'J��:J�, ` Λ′ = {α ∈ Λ : K ∩Xα 6= ∅}, * Λ′ 1�f:�

K =
⋃

β∈Λ′

K ∩Xβ. J�h� β ∈ Λ′, �� Qβ 1 Zβ : k S�'J� K ∩Zβ ⊂ U ∩Zβ, .'�f: Q′

β ⊂ Qβ , +9 K ∩ Zβ ⊂ ∪Q′

β ⊂ U ∩ Zβ, �1 K ∩Xβ ⊂ ∪(Q′

β |Xβ
) ⊂ U ∩Xβ .` Q′ =

⋃

β∈Λ′

Q′

β|Xβ
, * Q′ 1 Q :�fJ�� K ⊂ ∪Q′ ⊂ U . m X 3�A?: k S.DM 3.1 =A��: “k S” bx1O~{=pT+�: “S” bx:��. 'O~{=, ��E
 “S” :�C�m��r- [17]. ! P 1C� X :^
.

(1) P  U X : cs S [18], � X =:x[ {xn} 3U� x � V 1 x ' X =:^�,*.' P ∈ P , +9x[ {xn} �� P � P ⊂ V .

(2) P  U X : cs∗ S [19], � X =:x[ {xn} 3U� x � V 1 x ' X =:^�,*.' P ∈ P , +9x[ {xn} :pJx[�� P � P ⊂ V .
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Abstract The study on normality or paracompactness in box products is an extremely

difficult question in general topology. In this paper, a box product theorem on generalized

metric spaces is established by compact-finite sum theorems of closed expansions. It follows

that k∗-metrizable spaces, spaces with point-countable k-networks are preserved by box

products.
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